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Abstract
Einstein o�ered the principle of general covariance as the fundamental physical principle ofhis general theory of relativity, and as responsible for extending the principle of relativityto accelerated motion. This view was disputed almost immediately with the counter-claimthat the principle was no relativity principle and was physically vacuous. The disagree-ment persists today. This article reviews the development of Einstein's thought on generalcovariance, its relation to the foundations of general relativity and the evolution of thecontinuing debate over his viewpoint.
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1. Introduction
In November 1915, Einstein completed his general theory of relativity. Almost eight decadeslater, we universally acclaim his discovery as one of the most sublime acts of human spec-ulative thought. However, the question of precisely what Einstein discovered remainsunanswered, for we have no consensus over the exact nature of the theory's foundations.Is this the theory that extends the relativity of motion from inertial motion to acceleratedmotion, as Einstein contended? Or is it just a theory that treats gravitation geometricallyin the spacetime setting? When Einstein completed his theory, his own account of thefoundations of the theory was adopted nearly universally. However, among the voices wel-coming the new theory were small murmurs of dissent. Over the brief moments of historythat followed, these murmurs grew until they are now some of the loudest voices of thecontinuing debate.In any logical system, we have great freedom to exchange theorem and axiom withoutaltering the system's content. Thus we need no longer formulate Euclidean geometrywith exactly the de�nitions and postulates of Euclid or use precisely Newton's three lawsof motion as the foundations of classical mechanics. However, some two millennia afterEuclid and three centuries after Newton, we still �nd their postulates and laws within oursystems, now possibly as theorems and sometimes even in a wording remarkably close tothe original.The continuing disagreement over the foundations of Einstein's theory extends wellbeyond such an orderly expansion of our understanding of a theory's foundations. It is farmore than a squabble over the most perspicacious way to reorganize postulate and theoremor to clarify brief moments of vagueness. The voices of dissent proclaim that Einstein wasmistaken over the fundamental ideas of his own theory and that the basic principles Einsteinproposed are simply incompatible with his theory. Many newer texts make no mention ofthe principles Einstein listed as fundamental to his theory; they appear as neither axiom northeorem. At best, they are recalled as ideas of purely historical importance in the theory'sformation. The very name `general relativity' is now routinely condemned as a misnomerand its use often zealously avoided in favour of, say, \Einstein's theory of gravitation".What has complicated an easy resolution of the debate are the alterations of Einstein'sown position on the foundations of his theory. At di�erent times of his life, he soughtthese foundations in three principles and with varying emphasis. They were the principleof equivalence, Mach's principle and the principle of relativity. By his own admission(Einstein 1918), he did not always distinguish clearly between the last two. Again, he lostcompletely his enthusiasm for Mach's principle, abandoning it unequivocally in his laterlife.The reception an development of Einstein's account in the literature has been anythingbut a graceful evolution. It has been more a process of uncontrolled mutation, fragmen-tation and even disintegration. The principle of equivalence took root in so many variantforms that Anderson and Gautreau (1969, p1656) eventually lamented that there are `al-most as many formulations of the principle as there are authors writing about it.' Thisdissipation is at least partially fuelled by skeptical attacks on the principle such as Synge's(1960, p ix) famous complaint that he has never been able to �nd a version of the principlethat is not false or trivial.The locus of greatest controversy has been at the core of Einstein's interpretation,the principle of relativity. Does the general theory extend the principle of relativity toaccelerated motion and is this extension captured by the general covariance of its laws? Itis routinely allowed that the special theory of relativity satis�es the principle of relativity ofinertial motion simply because it is Lorentz covariant: its laws remain unchanged in form
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under a Lorentz transformation of the space and time coordinates. Now Einstein's generaltheory is generally covariant: its laws remain unchanged under an arbitrary transformationof the spacetime coordinates. Does this formal property allow the theory to extend therelativity of motion to accelerated motion? Until recent decades, the majority of expositionsof general relativity answered yes and some still do.As early as 1917, Kretschmann (1917) argued that general covariance has no real phys-ical content and no connection to an extension of the principle of relativity. Rather, the�nding a generally covariant formulation of a theory amounts essentially to a challengeto the mathematical ingenuity of the theorist. Skeptical sentiments such as these drove adissident tradition that has grown from a minority in Kretschmann's time to one of thedominant traditions at present. It had derived further support from the development ofmore sophisticated mathematical techniques that are now routinely used to give generallycovariant formulations of essentially all commonly discussed spacetime theories, includingspecial relativity and Newtonian spacetime theory.Finally, to many, Einstein's statements of his views seemed too simple or abbreviatedto stand without further elaboration or repair; whereas their at rejection by the skepticsseemed too easy. Thus much energy has been devoted to �nding ways in which the generalcovariance of Einstein's theory can be seen to be distinctive even in comparison with thegenerally covariant formulatons of special relativity and Newtonian spacetime theory. Thebest developed of these attempts is due to Anderson (1967) and is based on the distinctionof absolute from dynamical objects. General relativity satis�es Anderson's `principle ofgeneral invariance' which entails that the theory can employ no non-trivial absolute objects.This principle is o�ered as a clearer statement of Einstein's real intentions and as giving aprecise interpretation of Einstein's repeated disavowal of the absolutes of Newton's spaceand time.The purpose of this article is to review the development of Einstein's views on generalcovariance, their relation to the foundations of general relativity and the evolution ofthe continuing debate that sprang up around these views. Section 2 and 3 will reviewthe development of Einstein's views. Section 4 will outline the ways in which attemptswere made to receive and assimilate Einstein's views in a favourable manner. Section 5will review Kretschmann's famous objection, Einstein's response and the diverse ways inwhich both were received in the literature. It includes discussion of modern geometricalmethods that ensure automatic general covariance. Section 6 reviews the developmentof the characterization of a relativity principle as a symmetry principle rather than acovariance principle. Section 7 explores the tradition of exposition of general relativity thatsimply ignores the entire debate and makes no mention of principles of general relativityand of general covariance. Section 8 develops Anderson's theory of absolute and dynamicalobjects as it relates to Einstein's views. Section 9 examines Fock's and Arzeli�es proposalsfor alterations to the covariance of general relativity and gives an historical explanation ofwhy so many of Einstein's pronouncements on coordinates and covariance are puzzling tomodern readers.In the time period covered in this review article, the mathematical methods used inrelativity theory evolved from a coordinate based calculus of tensors to a coordinate free,geometric approach. The mathematical language and sensibilities used in various stagesof the article will match those of the particular subject under review. The alternativeof translating everything into a single language would harmfully distort the subject (seesection 9.2).



796 J D Norton
2. The background of special relativity
2.1. Lorentz covariance and the relativity of inertial motion
Einstein's (1905) celebrated paper on special relativity brought the notion of the covarianceof a theory to prominence in physics and introduced a theme that would come to dominateEinstein's work in relativity theory. The project of the paper was to restore the principleof relativity of inertial motion to electrodynamics. In its then current state, the theorydistinguished a preferred frame of rest, although that frame had eluded all experiment andeven failed to appear in the observational consequences of electrodynamics itself. Einstein'srenowned solution was not to modify electrodynamics, but the background space and timeitself. He devised a theory in which inertial frames of reference were related by the Lorentztransformation. If an inertial frame has Cartesian spatial coordinates (x; y; z) and time tand a second frame moving at velocity v in the x direction has spatial coordinates (�; �; �)and time coordinate � , then, under the Lorentz transformation,

� = (x� �t) � = (t� vx=c2) � = y � = z (1)
where  = (1 � v2=c2)�1=2 and c is the speed of light. Hitherto classical theory had ine�ect employed what was shortly called (by, for example, Laue (1911, p3)) the Galilei-transformation.

� = x� �t) � = t � = y � = z
Selecting suitable transformation laws for the �eld and other quantities, Einstein was ableto show that the laws of electrodynamics remained unchanged under the Lorentz trans-formation. That is, they were Lorentz covariant. Therefore, within the space and timeof special relativity, electrodynamics could no longer pick out any inertial frame of refer-ence as preferred. Each inertial frame was fully equivalent within the laws of the theory.Anything said about one by the laws of electrodynamics must also be said of all the rest.Electrodynamics was now compatible with the relativity of inertial motion.With the example of electrodynamics as its paradigm, the task of constructing a specialrelativistic version of a physical theory reduced essentially to formulating its laws in such away that they remained unchanged under Lorentz transformation. Thus Einstein's (1905,section 10) original paper proceeded to formulate a modi�ed mechanics for slowly acceler-ated electrons with this property. Thermodynamics soon also received some of its earliestrelativistic reformulations in the same manner (see Einstein 1907, part IV, for example).The lesson of Einstein's 1905 paper was simple and clear. To construct a physical theorythat satis�ed the principle of relativity of inertial motion, it was su�cient to ensure that ithad a particular formal property: its laws must be Lorentz covariant. Lorentz covariancebecame synonymous with satisfaction of the principle of relativity of inertial motion andthe whole theory itself, as Einstein (1940,p329) later declared:The content of the restricted relativity theory can accordingly be summarized in onesentence: all natural laws must be so conditioned that they are covariant with respectto Lorentz transformations.
2.2. Minkowski's introduction of geometrical methods
In Einstein's hands, Lorentz covariance was a purely algebraic property. Space and timecoordinates were, in e�ect, variables that transformed according to certain formulae. Her-mann Minkowski (1908, 1909) was responsible for introducing geometric methods andthinking into relativity theory. He explained the background to his approach in his more
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popular (1909) lecture. It amounted to an inspired but essentially straightforward appli-cation of then current ideas in geometry. Minkowski's colleague at G�ottingen, Felix Klein,had brought a fertile order to the world of 19th century geometry. That world was begin-ning to fragment after the discovery that geometry did not have to be Euclidean. In hisfamous Erlangen program, Klein (1872) proposed categorizing the new geometries by theircharacteristic groups of transformations. Euclidean geometry, for example, was character-ized by the group of rotations, translations and reections. The entities of the geometrywere the invariants of these transformations.Minkowski pointed out that geometers had concentrated on the characteristic trans-formations of space. But they had ignored the groups of transformations associated withmechanics, those that connected various inertial states of motion. Minkowski proceeded totreat these groups in exactly the same way as the geometric groups. In particular he con-structed the geometry associated with the Lorentz transformation. To begin, it was not thegeometry of a space, but of a spacetime, and the notion of spacetime was introduced intophysics almost as a perfunctory by-product of the Erlangen program. Moreover he foundthe spacetime had the hyperbolic structure now associated with a Minkowski spacetime.From this geometric perspective, the formulation of a theory that satis�ed the principleof relativity became trivial. One merely needed to formulate the theory in terms of the geo-metric entities of the spacetime|in e�ect the various types of spacetime vectors Minkowskihad de�ned|and the theory would be automatically Lorentz covariant. Thus Minkowski(1908, appendix;1908, section V) could write down the principle of relativity, for the theorywas constructed purely geometrically. Thus, in his exposition of four-dimensional vectoralgebra and analysis, Sommerfeld (1910,749) could state:According to Minkowski, as is well known, one can formulate the content of the prin-ciple of relativity as: only spacetime vectors may appear in physical equations. . .
2.3. Covariance versus invariance in special relativity
The di�erence between Einstein and Minkowski's approach to the same theory and eventhe same formalism is a polarity that will persist in various manifestations throughout thewhole development of relativity theory, both special and general. Einstein's emphasis ison the algebraic properties of the theory, the equations that express its laws and theirbehaviour under transformation, its covariance. Thus the satisfaction of the principle ofrelativity is established by often arduous algebraic manipulation. The equations of thetheory are transformed under the Lorentz transformation and the resulting equations areshown to have preserved their form. Minkowski's emphasis is on the geometric propertiesof the theory, on those geometric entities which remain unchanged behind the transforma-tions, its invariance. Thus Minkowski ensures satisfaction of the principle of relativity byquite di�erent means. The only structures allowed in constructing a theory are spacetimeinvariants. This restriction ensures compatibility with the principle of relativity and thatits satisfaction can be settled by inspection.
3. Einstein's development of general relativity
While it may have been some years in preparation, the special theory of relativity coalescedinto its �nal form quite suddenly so that Einstein's �rst paper on the theory remains oneof its classic expositions. The development of general relativity was far slower and moretangled. Eight years elapsed between the inception and completion of the theory, duringwhich time Einstein published repeated reports on the intermediate phases, false turns andunproven expectations. Even after the completion of the theory Einstein's account of its
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foundations continued to evolve. The modern image of Einstein's view of the foundationsof general relativity is drawn fairly haphazardly from pronouncements that were madeat di�ering times in this evolution. As a result they are not always compatible. Indeedthe pronouncements were sometimes as much expressions of results anticipated as demon-strated. For this reason, it would be misleading to construct any single edi�ce and proclaimit Einstein's account of the foundations of general relativity. Rather we shall have to tracethe evolution of Einstein's views as they were elaborated and modi�ed in pace with thedevelopment of the theory.In developing general relativity, Einstein sought to satisfy many requirements. Howeverwe shall see that his e�orts were dominated by a single theme, covariance, and they re-duced essentially to an enduring task, expanding the covariance of relativity theory beyondLorentz covariance.
3.1. The early years 1907{1912: principle of equivalence and the relativity of inertia
Two years after his completion of the special theory, Einstein began developing ideas thatwould ultimately lead him to the general theory of relativity. In a �nal speculative sectionof a 1907 review article on relativity theory, he raised the question of whether the principleof relativity could be extended to accelerated motion (Einstein 1907, part V). The questionwas immediately understood as asking whether he could expand the covariance group ofrelativity theory. Feeling unable to tackle the general question, Einstein considered thesimple case of a transformation from an inertial reference frame of special relativity to areference frame in uniform rectilinear acceleration. In the accelerated frame of referencea homogeneous inertial �eld arises. Because of the key empirical fact the the equality ofinertial and gravitational mass, Einstein was able to identify this �eld as a gravitational�eld. He then made the postulate that would dominate the early years of his work ongravitation. In the wording of Einstein (1911, section 1). . . we assume that the systems K [inertial system in a homogeneous gravitational �eld]and K 0 [uniformly accelerated system in gravitation free space] are exactly equivalent,that is, . . . we assume that we may just as well regard the system K as being in spacefree from gravitational �elds, if we then regard K as uniformly accelerated.This assumption soon acquired the name `hypothesis of equivalence' (Einstein 1912a, p355)and then `principle of equivalence' (Einstein 1912b, p443). Through it, Einstein generateda novel theory of static gravitational �elds (Einstein 1907, part V, 1911,1912a,b). In it,the now variable speed of light played the role of the gravitational potential; light from aheavy body such as the sun would be red shifted; and light grazing a heavy body such asthe sun would be deected.For our purposes, the important point is that Einstein saw in the principle an extensionof the principle of relativity. Continuing the above passage he observed:This assumption of exact physical equivalence makes it impossible for us to speak of theabsolute acceleration of the system of reference, just as the usual theory of relativityforbids us to talk of the absolute velocity of a system. . .The principle of equivalence formed just one part of Einstein's assault on the problemof extending the principle of relativity. He had also to answer the more general worrythat acceleration seemed distinguishable from inertial motion by observable consequences,whereas no such consequences enable us to distinguish inertial motion from rest. Newtonhad driven home the point in the Scholium to the De�nitions of Book 1 of his Principia(1687). He noted that the absolute of rotation of water in a bucket was revealed by theobservable curvature of the water's surface. The inertia of the water was responsible forthis e�ect, leading it to recede from the axis of rotation.
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Einstein found his answer to Newton in his reading of Ernst Mach. Mach (1893,p284)pointed out that all that was revealed in Newton's bucket thought experiment was cor-relation between the curvature of the water and its rotation with respect to the Earthand other celestial bodies. Thus Einstein (1912c) was delighted to report his 1912 theoryentailed certain weak �eld e�ects that promised to convert this correlation into a physicalinteraction, with the rotation of the stars with respect to the water directly causing thecurvature of its surface. He found that the inertia of a test mass is increased if it is sur-rounded by a shell of inertial masses and that, if these same masses are accelerated, theytend to drag the test mass with it. These results raised the possibility of an idea which heattributed (p39) directly to Mach:. . . the entire inertia of a point mass is an interaction with the presence of all theremaining masses and based on a kind of interaction with them.Einstein (1913,p1261) soon called this idea the `hypothesis of the relativity of inertia.'Clearly if a theory could be found that implemented this hypothesis, Einstein wouldhave succeeded in generalizing the principle of relativity to acceleration. For, in such atheory, the preferred set of inertial frames would cease to be an absolute feature of thebackground space and time; the disposition of inertial frames of reference would merely bean accident of the overall distribution of matter in the universe. However, by the middle of1912, Einstein was still far from such a theory. In concluding his response to a polemicalassault by Max Abraham, Einstein (1912d, pp1063{4) described his project in terms ofthe expansion of the covariance of the current theory of relativity and his hope that `theequations of theory of relativity that also embraced gravitation would be invariant withrespect to acceleration (and rotation) transformations.' however he confessed that `it stillcannot be foreseen what form the general spacetime transformation equations could have.'The Einstein who wrote these words in July 1912 had not yet foreseen that his name wouldbe irrevocably associated with a generally covariant theory.

3.2. The `Entwurf' theory 1912{1915: general covariance gained and lost
All this changed with Einstein's move to Zurich in August 1912. There he began collab-orating with the mathematician Marcel Grossmann, a good friend from his student days.Grossman discovered for Einstein the existence of the `absolute di�erential calculus' 1 ofRicci and Levi-Civita (1901) and pointed out that this calculus would enable Einstein toconstruct a generally covariant theory.The focus of this calculus was the fundamental quadratic di�erential form

' = nX
r;s=1 arsdxrdxs (2)

which was assumed to remain invariant under arbitrary transformations of the variablesx1; : : : ; xn. Of course the modern reader immediately associates this form with the invari-ant line element of a non-Euclidean surface of variable curvature, such as was introducedby Gauss and developed by Riemann. However, Ricci and Levi-Civita's x1; : : : ; xn werevariables and not necessarily geometric coordinates. They were at pains to emphasize thatwhat was then called in�nitesimal geometry was just one of many possible applications oftheir calculus.
1The Ricci-Levi-Civita calculus only later acquired its modern name of `tensor calculus' after

Einstein and Grossman (1913) renamed all of Ricci and Levi-Civita's `contravariant and covariant
systems' as `tensors' thereby extending the formerly rather restricted compass of the term `tensor.'
See Norton (1992, appendix).
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As late as 1912, Einstein had not adopted the four-dimensional methods of Minkowski,even though these methods had already found their �rst text book exposition (Laue 1911).Einstein's 1912 static gravitational theory had been developed using essentially the samemathematical techniques as his 1905 special relativity paper. Thus it is an odd quirk ofhistory that, when Einstein did �nally immerse himself in the four-dimensional spacetimeapproach, he turned to exploit a calculus whose creators sought to skirt its geometricinterpretation in favour of a broader interpretation.Einstein and Grossmann published the results of their joint research early the followingyear with Einstein writing the `Physical Part' and Grossmann the `Mathematical part.'The theory of the resulting paper (Einstein and Grossmann 1913) is commonly known asthe `Entwurf ' theory for the title of the paper. `Entwurf einer verallgemeinerten Rela-tivit�atstheorie und einer Theorie der Gravitation' (`outline of a generalized theory of rela-tivity and a theory of gravitation'). Its central idea involved the introduction of Ricci andLevi-Civita's fundamental form (2). They started with the invariant interval of Minkowskiin di�erential form

ds2 = c2dt2 � dx2 � dy2 � dz2 (3)
where (x; y; z; t) are the space and time coordinates of an inertial frame of reference ina Minkowski spacetime. Transforming to arbitrary coordinates x� for � = 1; : : : ; 4 (3)becomes 2

ds2 = g��dx�dx� : (4)
Einstein employed his principle of equivalence to interpret the matrix of quantitiesguv that had arisen with the introduction of arbitrary coordinates. In the special caseof the principle, the transformation from (3) to (4) is from an inertial coordinate systemto a uniformly accelerated coordinate system. In that case, the matrix of coe�cients g��reduces to that of (3), except that c now is a function of the coordinates (x0; y0; z0). Thatis, (4) becomes

ds2 = c2(x0; y0; z0)dt2 � dx02 � dy02 � dz02: (30)
According to the principle of equivalence, the presence of a gravitational �eld was theonly di�erence between the spacetime of (3') and that of special relativity (3). ThereforeEinstein interpreted the coordinate dependent c of (3') as representing a gravitational �eldand, more generally, the g�� of (4) as representing a gravitational �eld.Einstein and Grossmann proceeded to develop essentially all the major components ofthe �nal general theory of relativity. Just one eluded them. The spacetimes representedby (3), (3') and (4) are all at. To treat the general case of the gravitational �eld, non-atmetrics must also be admitted and, in the �nal theory, the decision of which are admittedis made by the gravitational �eld equations. Einstein expected these equations to take thenow familiar form

G�� = �T�� (5)
where T�� is the stress-energy tensor and G�� a gravitation tensor constructed solely fromthe metric tensor g�� and its derivatives. Einstein and Grossmann considered the Riccitensor as the gravitation tensor|just a hair's breath away from Einstein's �nal choice ofthe Einstein tensor. However they reported that the resulting �eld equations failed to give

2Henceforth summation over repeated indices is implied. Einstein himself did not introduce this
summation convention until 1916.
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the Newtonian limit in the case of weak, static gravitational �elds. In their place, to theastonishment of modern readers, they o�ered a set of gravitational �eld equations that wasnot generally covariant. Einstein then descended into a long struggle with his imperfecttheory that lasted almost three intense years before he emerged victoriously with the �nalgenerally covariant theory in hand.3
3.3. The hole argument: general covariance condemned
During these three years, Einstein formulated an argument that would decisively redirecthis understanding of general covariance. He and Grossmann had been unable to �ndacceptable generally covariant �eld equations. The so-called `hole argument' purportedto show that this circumstance need not worry them since all generally covariant �eldequations would be physically uninteresting. Einstein published the argument four timesin 1914, appearing, for example, as a later appendix to the journal printing of Einsteinand Grossmann (1913). Its clearest exposition was in a review article (Einstein 1914,pp1066{7).4The argument was beguilingly simple. Einstein asked us to imagine a region of space-time devoid of matter|the `hole'|in which the stress energy tensor T�� vanished. He nowassumed that we had generally covariant gravitational �eld equations and that g�� was asolution for this spacetime in a coordinate system x� . Einstein transformed to a new coor-dinate system x0� , which agreed with x� outside the hole but came smoothly to di�er fromit within the hole. In the new coordinate system the metric would be g0�� and constructedaccording to the usual tensor transformation law. That is, the same gravitational �eldwould be represented by g�� in coordinate system x� , and by g0�� in coordinate system x0� .At this point Einstein e�ected a subtle manipulation that is the key to the hole argu-ment. One could consider the symmetric matrix g��(x� ) as a set of ten functions of thevariable x� and g0��(x0� ) as a set of ten functions of the variable x0� . One can now constructa new set of ten functions g0��(x� ). That is, take the ten functions of the new matrix g0��and consider them as functions of the old coordinates x� . The original g��(x� ) and theconstruction g0��(x� ) cannot represent the same gravitational �eld in di�erent coordinatesystems. They are both de�ned on the same coordinate system x� , yet they have di�er-ent components, since g�� and g0�� are di�erent functions. That is, g��(x� ) and g0��(x� )represent di�erent gravitational �elds in the same coordinate system. Now, by their con-struction, the functions g��(x� ) and g0��(x� ) will be the same outside the hole, but they willcome smoothly to di�er within the hole. Thus the two sets of functions represent distinctgravitational �elds. Let us call them g and g0. The �elds g and g0 are the same outside thehole but come smoothly to di�er within the hole.

3This fascinating episode has been dissected in some detail with some help from his private
calculation (see Stachel 1980 and Norton 1984).

4For further discussion see Norton (1987).
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Einstein has presumed the �eld equations general covariant. Therefore, if they aresolved by the g��(x� ), then they must be solved by g0��(x0� ) and therefore also by theconstruction g0��(x� ). That is, generally covariant gravitational �eld equations allow assolutions the two distinct gravitational �elds g and g0. Einstein found this outcome unac-ceptable. For the one matter distribution outside the hole now clearly fails to determinewhat the gravitational �eld would be within the hole. That is, we could specify the matterdistribution and gravitational �eld everywhere in spacetime excepting some matter-freehole that could be arbitrarily small in both spatial and temporal extent. Nonetheless ge-nerally covariant �eld equations would be unable to determine what the gravitational �eldwould be within this hole. This was a dramatic failure of what he called the law of causalityand we might now call determinism. Einstein deemed the failure su�ciently troublesometo warrant rejection of generally covariant gravitational �eld equations as physically inter-esting.5

3.4. Einstein's 1916 account of the foundations of general relativity: general covarianceregained
In November 1915, Einstein's long struggle with his `Entwurf' theory came to a close.His resistance to general covariance �nally broke under the accumulating weight of seriousproblems in his `Entwurf' theory. His return to general covariance and the �nal generaltheory of relativity were reported to the Prussian Academy in a series of hasty communica-tions that chronicle the tense confusions of these last desperate days.6 Early the followingyear, Einstein (1916) sent Annalen der Physik a review article on the �nal theory.The article's account of the theory's foundations was written with a freedom unavailableto Einstein in the dark years of the `Entwurf' theory. Thoughout those years, Einsteinhad maintained his allegiance to the relativity of inertia. That allegiance had to restprincipally on a sincere hope of what might be demonstrable. He had not demonstratedthe unconditional relativity of inertia in his `Entwurf' theory; he was still sure only ofweak �eld e�ects compatible with the relativity of inertia (Einstein 1913, section 9) andsimilar to those he had found in his 1912 theory. More vexing, however, was the verypublic failure of general covariance, which compromised the claim that he was extendingthe principle of relativity. Einstein did not report on equally serious problems that hadbefallen the principle of equivalence. The simple 1907/1911 version of the principle requiredonly equivalence of uniform acceleration and a homogeneous gravitational �eld. Yet in the�nal version of the 1912 theory, the principle had to be restricted to in�nitesimally smallregions of space. Einstein found the need for this restriction extremely puzzling sincethe restriction was not invoked to homogenize an inhomogeneous �eld. Worse, in the`Entwurf' theory, even this restriction failed to save this form of the principle, which hadto be reported as a result of his earlier 1912 theory (see Norton (1985, section 4.3) for adiscussion).By 1916, Einstein's problem with general covariance had evaporated and with them theproblems with the principle of equivalence. Thus the 1916 review article could commencewith a more con�dent account of the theory's foundations which remains today one of

5It was pointed out much later by Stachel (1980), using mathematical notions not available
to Einstein in 1913, that the new gravitational �eld g0 was generated from g as the carry along
g0 = hg under the di�eomorphism h induced by the coordinate transformation x� , to x0

� . The
indeterminism that worried Einstein so profoundly is now routinely obliterated as a gauge freedom
associated with arbitrary di�eomorphism so that, while g and g0 may be mathematically distinct,
they are not judged to represent physically distinct gravitational �elds (see Wald 1984, p438).

6Einstein 1915. For disscussion of this episode, see Norton (1984, sections 7,8).
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the most widely known of Einstein's accounts. The exposition began with a series of nowfamiliar considerations all of which drove towards general covariance.Both special relativity and classical mechanics, Einstein reported, su�ered an episte-mological defect. It was illustrated with Einstein's variant of Newton's bucket. Two uidbodies hover in space. They are in an observable state of constant relative rotation abouta line that connects them. In spite of the obvious symmetry of this setup, Einstein sup-posed that one sphere S1 proves to be spherical when surveyed and the other S2 provesto be an ellipsoid of revolution. Classical mechanics and special relativity could explainthe di�erence by supposing that the �rst sphere is at rest in an inertial frame of reference,introduced by Einstein into the argument as a `privileged Galilean space,' and that thesecond is not. This explanation, Einstein objected, violates the `demand of causality', forthese privileged frames are `merely factitious causes' and not an observable thing. Thetrue cause of the di�erence must lie outside the system, Einstein continued, immediatelyidentifying the true cause in the disposition of distant masses. In e�ect Einstein used hisexample to conclude that the only theory that could satisfactorily account for this examplewas one that satis�ed the requirement of the relativity of inertia. Any such theory, Einsteincontinued, cannot single out any inertial frame as preferred. Therefore:The laws of physics must be of such a nature that they apply to systems of referencein any kind of motion. along this road we arrive at an extension of the postulate ofrelativity. (Einstein's emphasis)Einstein then introduced the principle of equivalence in the form given above in section3.1 in which it asserts the equivalence of uniform acceleration and a homogeneous gravita-tional �eld. The principle is used to suggest that a theory which implements a generalizedprinciple of relativity will also be a theory of gravitation. Einstein then turns to deal witha complication that arises from using accelerated frames of reference in special relativity.In accelerated frames, in particular in rotating frames, geometry ceases to be Euclideanand clocks are slowed in a position-dependent manner. As a result it turns out that onecan no longer easily de�ne space and time coordinate systems by the familiar operationsof laying out rods and using standard clocks. This apparent complication|and not theneed for a generalization of the principle of relativity|leads Einstein to propose generalcovariance:7The method hitherto employed for laying coordinates into the space-time continuum ina de�nite manner thus breaks down, and there seems to be no other way which wouldallow us to adapt systems of coordinates to the four-dimensional universe so that wemight expect from their application a particularly simple formulation of the laws ofnature. So there is nothing for it but to regard all imaginable systems of coordinates,on principle, as equally suitable for the description of nature. This comes to requiringthat:The general laws of nature are to be expressed by equations which hold good for allsystems of coordinates, that is, are co-variant with respect to any substitutions whatever(generally covariant).It is clear that a physics theory which satis�es this postulate will also be suitable for thegeneral postulate of relativity. For the sum of all substitutions in any case includesthe those which correspond to all relative motions of three-dimensional systems ofcoordinates (Einstein's emphasis)

7A footnote at the word `imaginable' was omitted from the standard Perrett and Je�ery English
translation. It says: `Here we do not want to discuss certain restrictions which correspond to
the requirement of unique coordination and of continuity.' This now essentially unknown footnote
shows that Einstein did at least once apologize for his failure to specify precisely which group of
transformations was intended by `any substitutions whatever.'
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Why did Einstein not simply insist that the generalization of the principle of relativity toaccelerated motion forces general covariance? Following the analogy with Lorentz covari-ance, the generalized principle of relativity would require an extension of the covariance ofthe theory to include transformations between frames in arbitrary states of motion. Butgeneral covariance extends it even further. It includes transformations that have nothingto do with changes of states of motion, such as the transformation between Cartesian andpolar spatial coordinates. But, as Einstein indicates, he feels compelled to go to this largergroup since he can see no natural way of restricting the spacetime coordinate system.
3.5. The point-coincidence argument
Immediately following the above statement of the requirement of general covariance, Ein-stein gave another argument for general covariance which John Stachel has convenientlylabelled the `point-coincidence argument'.That this requirement of general co-variance, which takes away from space and time thelast remnant of physical objectivity, is a natural one, will be seen from the followingreexion. All our space-time veri�cations invariably amount to a determination ofspace-time coincidences. If, for example, events consisted merely in the motion ofmaterial points, then ultimately nothing would be observable but the meetings of twoor more of these points. Moreover, the results of our measurings are nothing butveri�cations of such meetings of the material points of our measuring instruments withother material points, coincidences between the hands of a clock and points on theclock dial, and observed point-events happening at the same place and the same time.The introduction of a system of reference serves no other purpose than to facilitatethe description of the totality of such coincidences. We allot to the universe fourspace-time variables, x1, x2, x3, x4 in such a way that for every point there is acorresponding system of values of the variables x1 . . .x4. To two coincident pointevents there corresponds one system of values of the variables x1 . . .x4 i.e. coincidenceis characterized by the identity of the co-ordinates. If, in the place of the variables x1. . .x4, we introduce functions of them, x01, x02, x03, x04, as a new system of co-ordinates,so that the system of values are made to correspond to one another without ambiguity,the equality of all four co-ordinates in the new system will also serve as an expression forthe space-time coincidence of the two point-events. As all our physical experience canbe ultimately reduced to such coincidences, there is no immediate reason for preferringcertain systems of co-ordinates to others, that is to say, we arrive at the requirementof general co-variance.
This point-coincidence argument is cited very frequently in the literature since 1916. How-ever its real purpose was essentially completely forgotten until it was rediscovered andrevealed by John Stachel (1980). Einstein's 1916 exposition of general relativity containeda very puzzling omission. In the years immediately preceding, by means of the hole ar-gument, Einstein had apparently proved that any generally covariant theory would bephysically uninteresting. Yet there was Einstein extolling exactly such a theory withoutexplaining where the hole argument went astray.

That melancholy task of correcting his past error was the real function of the point-coincidence argument. This was precisely the use to which the argument was put in Ein-stein's correspondence of December 1915 and January 1916 (see Norton 1987, section 4).According to Einstein's assumption, the physical content of a theory is fully exhausted bya catalogue of the spacetime coincidences it sanctions. Therefore any transformation thatpreserves these coincidences preserves its physical content. Now the transformation usedin the hole argument from the �eld g to the mathematically distinct �eld g0 is more than a
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mere transformation of coordinates. For g and g0 are mathematically distinct �elds in thesame coordinate system. However the transformation from g to g0 is one that preservesall coincidences. Therefore g and g0 represent the same physical �eld. Whatever indeter-minism is revealed in the hole argument is a purely mathematical freedom akin to a gaugefreedom and o�ers no obstacle to the physical interest of a generally covariant theory.Einstein scarcely ever mentioned the debacle of the hole argument again in print. How-ever it continued to inform his ideas about covariance, spacetime, �eld and coordinatesystems. For example, in executing the hole argument, in order to e�ect the transitionfrom g��(x� ) to g0��(x� ), one has to assume, in e�ect, that the coordinate system x� , hassome real existence, independent of the g�� or g0�� . For, �guratively speaking, one hasto remove the �eld g�� , leaving the bare coordinate system x� , and then insert the new�eld g0�� . In a letter of December 26, 1915, to Paul Ehrenfest, Einstein explained that onedefeats the hole argument by assuming among other things that `the reference system sig-ni�es nothing real'.8 We hear these echoes of the hole argument when Einstein (1922,p21)proclaims in a May 1920 address in Leiden:There can be no space nor any part of space without gravitational potentials; for theseconfer upon space its metrical qualities, without which it cannot be imagined at all.These same echoes still reverberate in the 1952 appendix to Einstein's popular text Rela-tivity: the Special and the General Theory, when Einstein (1952,p155) insists. . . a pure gravitational �eld might have been described in terms of the gik (as functionsof the co-ordinates), by solution of the gravitational equations. If we imagine thegravitational �eld, i.e. the functions gik, to be removed, there does not remain a spaceof the type (1) [Minkowski spacetime], but absolutely nothing, and also no `topologicalspace' (Einstein's emphasis).Most recently, the hole argument has enjoyed a revival in the philosophy of space and timeliterature where, in variant form, it provides a strong argument against the doctrine ofspacetime substantivalism (Earman and Norton 1987). For further discussion of the back-ground an rami�cations of the hole and point-coincidence arguments see Howard (1992)and Ryckman (1992).
3.6. The G�ottingen defense of general covariance
The most prominent legacy of the hole argument in the literature on general relativity doesnot arise from Einstein's analysis, however. In 1915 and 1917 David Hilbert (1915, 1917)published a two-part paper on general relativity which proved to be enormously inuential.Citing the hole argument, Hilbert (1917,pp59{63) turned to the question of the `principleof causality'. He observed that his formulation of general relativity employed fourteenindependent variables, that is, ten metrical components for the gravitational �eld andfour potentials for the electromagnetic �eld. However in the joint theory of gravitationaland electromagnetic �elds, four identities reduced the fourteen �eld equations to onlyten independent equations. These four conditions could, however, be absorbed in fourstipulations used to specify a coordinate system.Hilbert insisted that his underdetermination of the �eld was not physical. Echoing thegeometric themes of his G�ottingen colleagues Klein and the late Minkowski, he recalled(p61) `. . . an assertion that does not remain invariant under any arbitrary transformationof the coordinate system is marked as physically meaningless' (Hilbert's emphasis). Hethen argued that the four degrees of freedom did not leave the invariant content of thetheory underdetermined. His example was an electron at rest in some coordinate system.A coordinate transformation leaves the electron unchanged in the past of some instant

8As quoted in Norton (1987,p 169).
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speci�ed by time coordinate x4 = 0, but sets it in motion in the future. The two coordinatedescriptions are the same in the past, the electron is at rest, but in the future only onedescribes the electron as moving. The one past can extend to di�erent futures. Thedi�erences, however, have no physical signi�cance, since the relevant assertions about theelectron's motion are not invariant. One could make the invariant by introducing aninvariant coordinate system adapted to the spacetime geometry, such as the Gaussiansystem Hilbert considered. Coordinate based assertions of the electron's motion wouldnow be invariant, but they would no longer be underdetermined since the introduction ofthe Gaussian system used up the four remaining degrees of freedom.Hilbert's depiction of the indeterminism of a generally covariant theory was in termsof a count of independent �eld variables and independent �eld equations. It is the versionthat rapidly came to appear most often in the literature (e.g. Pauli 1921, section 56).The four identities among the �eld equations that allowed the underdeterminism were onlylater connected with the contracted Bianchi identities (see Mehra 1974, section 7.3). AgainHilbert's discussion and his example of the electron was the �rst treatment of the Cauchyproblem in general relativity, so that the literature on the Cauchy problem can trace itsdescent back to Einstein's hole argument (see Stachel 1992).9
3.7. Einstein's three principles of 1918
In March 1918, Einstein (1918) returned to the question of the fundamental principles ofgeneral relativity. As he made clear in his introductory remarks, the paper was provokedby Kretschmann's (1917) criticism (see section 5.2 below). However its purpose was tolay out his understanding of the foundations of his theory. This exposition di�ered fromthe 1916 account in at least one major area. In 1916, Einstein assumed that his generallycovariant theory would satisfy the relativity of inertia, although no proof had been given.At best Einstein would have been able to point to weak �eld e�ects compatible with therelativity of inertia. (These weak �eld e�ects are of the same type as those he reported inthe `Entwurf' theory of Einstein (1913, section 9) and are described in his text (Einstein1922a, p100)).By 1917, Einstein had found that a simple reading of the relativity of inertia wasincompatible with his theory. He reported his failure in an introductory section (section 2)to his famous paper on relativistic cosmology (Einstein 1917). On the basis of the relativityof inertia, he expected that the inertia of a body would approach zero if it was movedsu�ciently far from other masses in the universe. This expectation would be realizedin the theory if the spacetime metric adopted certain degenerate values at a mass-freespatial in�nity. However Einstein found that such degenerate behaviour was inadmissiblein his theory. Instead he seemed compelled to postulate some non-degenerate boundaryconditions for the metric at a mass-free spatial in�nity, such as Minkowskian values.This Minkowskian boundary condition became the embodiment for Einstein of thefailure of the relativity of inertia. For this boundary condition made a de�nite contributionto the inertia of a test body that could not be traced to other masses. That is, with theseboundary condition, the inertia of a body was inuenced by the presence of other masses,in so far as they a�ected the metric �eld. However its inertia was not fully determined bythe other masses. Therefore, if the relativity of inertia was to be satis�ed, it was necessaryto abolish these arbitrarily postulated boundary conditions. (The question of whether thiswas also su�cient remained unaddressed.) Einstein succeeded in abolishing these boundary

9Howard and Norton (forthcoming) conjecture that there was an encounter in 1915 between
the G�ottingen resolution of the hole argument and an unreceptive Einstein, still convinced of the
correctness of the hole argument.
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conditions at spatial in�nity by a most ingenious ploy: he abolished spatial in�nity itself.He introduced the �rst of the modern relativistic cosmologies, the one we now call the`Einstein universe', which is spatially closed and �nite. The price Einstein had to payturned out to be high. In order for his �eld equations to admit the Einstein universe as asolution, he needed to introduce the extra `cosmological' term in his �eld equations. In hisnotation and formulation of 1917, with G�� representing the Ricci tensor and � a constant,this meant that the old �eld equations

G�� = �� (T�� � 1
2g��T )

were replaced by
G�� � �g�� = �� (T�� � 1

2 g��T )
The cosmological term is �g�� and � is the cosmological constant.This development was essential background to understanding the three principles Ein-stein listed in (Einstein 1918,pp241{2) as those on which his theory rested.(a) Principle of relativity. The laws of nature are only assertions of timespace coin-cidences; therefore they �nd their unique, natural expression in generally covariantequations.(b) Principle of equivalence. Inertia and weight are identical in essence. From thisand from the results of the special theory of relativity, it follows necessarily that thesymmetric `fundamental tensor' (g��) determines the metric properties of space, theinertial relations of bodies in it, as well as gravitational e�ects. We will call thecondition of space, described by the fundamental tensor, the `G-�eld.'(c) Mach's principle. the G-�eld is determined without residue by the masses of bodies.Since mass and energy are equivalent according to the results of the special theory ofrelativity and since energy is described formally by the symmetric energy tensor (T��),this means that the G-�eld is conditioned and determined by the energy tensor.The separation of the principle of relativity and Mach's principle into two distinct prin-ciples was clearly the product of Einstein's experience with the cosmological problem. Ifthe Einstein of 1916 had assumed that the relativity of inertia would be satis�ed automat-ically within a generally covariant theory, then the Einstein of 1918 no longer harbouredsuch delusions. The 1918 version of the principle of relativity seems to assert somethingless than a fully generalized relativity of the motion of bodies. In e�ect it merely asserts thekey thesis of the point-coincidence argument: the physical content of a theory is exhaustedby its catalogue of allowed spacetime coincidences. General covariance follows from thisthesis as a consequence. The principle of relativity (a) is now supplemented by the newMach's principle (c) and it is only their conjunction that begins to resemble Einstein'soriginal goal of a fully generalized relativity of motion. In e�ect Mach's principle (c) wasintended to capture in a �eld theoretic setting the old, Mach-inspired conditions for themetric �eld at spatial in�nity, which, Einstein reported in 1917, compromised the relativityof inertia. All this was alluded to by Einstein in a footnote to the title `Mach's principle',which also announced that he was introducing the name for the �rst time:
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Up to now I have not distinguished principles (a) and (c) and that caused confusion.I have chosen the name `Mach's principle' since this principle is a generalization ofMach's requirement that inertia be reducible to an interaction of bodies.Einstein's wording of the principle of equivalence (b) was an interesting departure in sofar as it now emphasized that the principle depended on the empirical equality of twoquantities, inertial and gravitational mass, and that the e�ect of the principle had been tounify them completely. However there was little real change from Einstein's earlier use ofthe principle, as was shown by the remainder of the paragraph that described the principle.In e�ect it gave a synopsis of the transition form the line element (3) to (3') and (4) andthe resulting interpretation of the non-constant coe�cients of (3') and (4) as representingthe gravitational �eld, as well as the inertial and geometric properties of spacetime.

3.8. Mach's principle forsaken
For all his e�orts, Einstein's portrayal of the foundations of general relativity had still notreached its �nal form with the 1918 list. Over the years following, the principle of relativityand of equivalence retained their 1918 forms. However Einstein came to abandon Mach'sprinciple.The seeds of Einstein's disenchantment with Mach's principle were becoming apparentas early as 1919. Einstein (1919, section 1) described its o�spring, the cosmological termadded to his 1915 �eld equations, as `gravely detrimental to the formal beauty of thetheory'. With the discovery of the expansion of the universe, Einstein formally disowedthe cosmological term (Einstein and de Sitter 1932). In any case, the augmentation ofhis �eld equations with the cosmological term had forced neither the relativity of inertianor Mach's principle into his theory, for it had not eliminated the possibility of essentiallymatter-free solutions of the �eld equations. In such solutions, the inertia of a test bodycould not be attributed to other masses. These solutions were the subject of an extendedexchange in publication an in private between Einstein and de Sitter towards the end ofthe 1910s (See Kerzberg 1989).Einstein also began to distance himself from the relativity of inertia. Whereas the ideawas urged without reservation up to 1916, he soon came to describe it as a very signi�cantidea, but one of essentially historical interest only. For example, Einstein (1924, p87)attributed to Mach the idea that inertia arose as an unmediated interaction between masses.But he dismissed it casually as `logically possible, but cannot be considered seriously anymore today by us since it is an action-at-a-distance theory'.10 Einstein (1924, p90) didstill maintain that the metric is fully determined by ponderable masses in a spatially �nitecosmology according to his theory, although the term `Mach's principle' was not used. Astime passed, Einstein had fewer and fewer kind words for this Machian approach to inertia.He explained in 1946 for example in his Autobiographical notes (1949, p27)Mach conjectures that, in a truly reasonable theory, inertia would have to dependupon the interaction of the masses, precisely as was true for Newton's other forces, aconception that for a long time I considered in principle the correct one. It presupposesimplicitly, however, that the basic theory should be of the general type of Newton'smechanics: masses and their interaction as the original concepts. Such an attempt at aresolution does not �t into a consistent �eld theory, as will be immediately recognized.His 1918 Mach's Principle had been an attempt to translate this requirement on massesand their interactions into �eld theoretic terms, but he soon seemed to lose enthusiasmeven for this enterprise. The di�culty was that the 1918 principle required that the metric�eld g�� be determined by the masses of bodies as represented by the stress-energy tensor

10The same point is made less forcefully in Einstein (1922, pp17{18) and Einstein (1922a, p56)



General covariance and general relativity 809
T�� . However this gave a primary determining function to a quantity, T�� , which Einstein(1949, p71) reported he had always felt was `a formal condensation of all things whosecomprehension in the sense of a �eld theory is still problematic' and one that was `merelya makeshift'. Einstein gave a �nal synopsis of Mach's principle in a letter of February 2,1954 to Felix Pirani in the year prior to his death. Citing the above di�culty with thestress-energy tensor and the fact that this tensor presumes the metric, he labeled his 1918version of Mach's principle `a ticklish a�air' and concluded `In my opinion we ought not tospeak about Mach's principle any more.'11
3.9. Einstein's causal objection to absolutes
When Einstein disowed the relativity of inertia and Mach's principle, he actually disowedsomewhat less than it �rst seemed. Both these principles were introduced to solve a problemin earlier theories of space and time: these theories were defective in the way they usedinertial systems as causes. Einstein still clearly maintained that the problem was seriousand that his general theory of relativity had solved it. However he had originally thoughtthe solution was best expressed in terms inspired by his reading of Mach; that is, as ageneralized relativity of the motion of bodies. As he put it in Einstein (1913, p1260)To talk of the motion and therefore also acceleration of a body A in itself has nomeaning. One can only speak of the motion or acceleration of a body relative to otherbodies B, C etc. What holds in kinematic relation of acceleration ought also to holdfor the inertial resistance, with which bodies oppose acceleration . . .He was led away from this Machian characterization of the solution by his work on Mach'sprinciple and the cosmological problem, as well as his preference for �eld rather than bodyas a primitive notion. We shall see that his mature characterization of the solution wasthat general relativity allowed space and time to be mutable. They no longer just actedcausally, they could also be acted upon and, in this sense, had lost their absolute character.In Einstein's mature view, it is this special causal property that distinguishes generalrelativity from earlier theories and possibly even justi�es the name `general relativity', inso far as it is the �eld theoretic translation of Einstein's original notion of the generalizedrelativity of the motion of bodies.In the early years of Einstein's theory, the causal defect was located most prominentlyin the mere fact of the older theories' use of an inertial reference system as a cause. Thus inEinstein's 1916 review article, he sought to account for the centrifugal bulges in a rotatinguid body (see section 3.4 above). To say that the body bulges because it rotated withrespect to an inertial frame of reference is to introduce a `merely factitious cause, andnot a thing that can be observed' (1916, p113). This same example is treated similarlyin Einstein (1914a,pp344{6), Einstein (1917a) makes clear the sort of cause that he would�nd acceptable in his popular exposition of relativity. In ch XXI he asks for the reasonfor the preferred status of inertial systems. He draws an analogy with two pans of wateron a gas range. One is boiling, one is not. The di�erence, Einstein insists, only becomessatisfactorily explained when we notice the bluish ame under the boiling pan and noneunder the other.Einstein soon came to stress a di�erent aspect of these earlier theories as causally de-fective. He identi�ed this aspect with their absolute character. In his Meaning of relativity(1922a, p55) he wrote in parody of Newton's Latin

11Translation from Torretti (1983, p202) with `dem Mach'schen Prinzip' rendered as `Mach's
principle'.
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. . . from the standpoint of the special theory of relativity we must say, continuumspatii et temporis est absolutum. In this latter statement absolutum means not only`physically real', but also `independent in its physical properties, having a physicale�ect, but not itself inuenced by physical conditions'.And he continued to explain that such absolutes are objectionable since (pp55{6). . . it is contrary to the mode of thinking in science to conceive of a thing (the spacetimecontinuum) which acts itself, but which is not acted upon.The text immediately turned to Mach's ideas and, later (pp99{108) to the weak �eld e�ectscompatible with the relativity of inertia and his 1917 �eld formulation of this idea in aspatially closed cosmology. Around the same time, Einstein's briefer summaries advertisedgeneral relativity as eliminating the absoluteness of space and time (Einstein 1972, p260):12Space and time were thereby divested not of their reality but of their causalabsoluteness|i.e.a�ecting but not a�ected.In these briefer summaries, Einstein was no longer insisting that the spacetime metricwas to be fully determined by the distribution of masses. Space and time had lost theirabsoluteness simply because they were no longer immutable. By the 1950s, as Einsteinexplained to Pirani, he no longer endorsed his 1918 Mach's principle. However he didretain the idea that the earlier theories were causally defective in admitting such absolutes(e.g. Einstein 1950, p348) and, as he explained in the `completely revised' (p0) 1954appendix to his Meaning of relativity (1922, p139{40), general relativity had resolved theproblem as its essential achievement:It is the essential achievement of the general theory of relativity that it has freed physicsfrom the necessity of introducing, the `inertial system' (or inertial systems). . . . Thereby[in earlier theories], space as such is assigned a role in the system of physics thatdistinguishes it from all other elements of physical description. It plays a determiningrole in all processes, without in its turn being inuenced by them.This view of the de�ciency of earlier theories and general relativity's achievement is notone that grew in the wake of Einstein's disenchantment with Mach's principle. Rather,it was present even in his earliest writings beneath the concerns for the relative motionof bodies and the observability of causes. Einstein (1913, pp1260{1) makes the essentialpoint:. . . in [theories current today], the inertial system is introduced; its state of motion,on the one hand, is not conditioned by the status of observable objects (and thereforecaused by nothing accessible to perception) but, on the other hand, it is supposed todetermine the relations of material points.A footnote earlier in the paragraph also tried to identify what was so unsatisfactory aboutinertial systems.What is unsatisfactory about this is that it remains unexplained how the inertialsystem can be singled from other systems.Thus we have here the enduring core of the cluster of ideas that led Einstein to the relativityof inertia and Mach's principle: his concern that, through their introduction of inertialsystems, earlier theories allowed absolutes that acted but could not be acted upon.Finally, we may ask whether the `essential achievement' of general relativity, the elim-ination of the absolute inertial systems, follows automatically from general covariance inEinstein's view, so that general covariance would then truly amount to a generalized prin-ciple of relativity in a form adapted to a �eld theory. It is hard to �nd a clear answer inEinstein's writings. His 1918 catalogue of three principles suggested that the requirementof general covariance (`(a) principle of relativity') needed to be supplemented by some-thing additional (`(c) Mach's principle') to realize fully the general relativity of motion.

12See also Einstein (1922, p18, 1924, p88).
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Einstein's text suggests this without clearly stating it, for Einstein (1918, p241) introducesthe three principles with the remark that they are `in any case in no way independent fromeach other'. This it is not clear whether these particular two of the three principles reallyare independent or, if they are not, whether general covariance somehow leads to Mach'sprinciple. Perhaps the best answer we will �nd is Einstein's repeated insistence that generalcovariance, in conjunction with the requirement of simplicity, leads us directly to generalrelativity (see, for example, Einstein (1952, pp 152{3, 1949, pp71{3, 1933, p274)). And itis this theory that eliminates the absoluteness of the inertial system.
4. The favourable text-book assimilation of Einstein's view: fragmentation andmutation
Although Einstein had to struggle to gain acceptance of this theory in its earliest years(especially prior to 1916), by 1920 Einstein's new theory was widely celebrated. Theextravagant publicity surrounding the success of Eddington's 1919 eclipse expedition hadeven launched Einstein into the popular press and public eye. During this period, thevast majority of accounts of Einstein's theory merely sought to recapitulate Einstein's ownaccount. Thus began the tradition of writing in what I call the favourable assimilation ofEinstein's view and which is to be reviewed in this section. I shall consider an accountof the foundations of general relativity favourable to Einstein's view if it names someor all of Einstein's three principles of 1918 as foundations of the theory: principle ofrelativity/covariance, principle of equivalence and Mach's principle; it must include atleast the �rst principle.Two things will become clear about the favourable reception of Einstein's account ofthe foundations of general relativity. First, it is very widespread and still a major traditiontoday. Second, what is often o�ered as a recapitulation of Einstein's account|even ifonly tacitly|can di�er in very signi�cant ways from what Einstein really said. Mostprominently, the relativity of inertia and Mach's principle is only infrequently reported aspart of the foundations of general relativity in more technical expositions. This disfavouris not a response to Einstein's own later disillusionment with Mach's principle. From theearliest moments, the principle failed to �nd a place in the majority of accounts within moretechnical expositions. Rather the favourable accounts rapidly stabilized, most commonly,into locating the foundations of general relativity in the principle of equivalence and theprinciple of relativity. Even here, these accounts have failed to remain faithful to Einstein'sviewpoint. They almost exclusively employ an in�nitesimal principle of equivalence, avariant form that Einstein never endorsed and was quite di�erent in outlook from Einstein'sown form.In order to gauge the magnitude and character of the favourable reception, this sectionwill review the favourable accounts of the foundations of general relativity as they haveappeared in the textbooks on general relativity. The review is also limited principally toexpositions that either proved a self-contained exposition of tensor calculus or su�cientdi�erential geometry for general relativity or presume such knowledge in the reader andthat proceed at least as far as a formulation of the gravitational �eld equations. Weshould note also that the favorable reception extends beyond the realm of relativity theory.Aguirre and Krause (1991, p508) are prepared to label a mechanics as `general relativistic'merely because it is generally covariant.Jean Eisenstaedt (1986, 1989) has described the rising and falling fortunes of generalrelativity. After an initial period of great interest and activity in the late 1910s and early1920s, the theory fell into decades of neglect because of many factors: a sense that thetheory had only slender con�rmation, that its practical utility to physicists was small and
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that the theory had been eclipsed by the developments in quantum theory. The 1960ssaw a new vigour in work on the theory, in part due to a renewed interest in empiricaltests of the theory and to the exploitation of new, more sophisticated mathematical tools.In the following, the favourable receptions is divided into periods reecting these shiftsin intensity of work. First, however, I will review the special problem of the principle ofequivalence.
4.1 Einstein's principle of equivalence as a covariance principle and its latermisrepresentation
There are many instances of later accounts misrepresenting Einstein's ideas. None is asuniversal and complete as the later treatments of Einstein's principle of equivalence. In hisMeaning of Relativity, Einstein gives a statement of the principle typical of all his writing.K is an inertial system in special relativity and K 0 a system of coordinates uniformlyaccelerating with respect to K. Having noted that free masses in K 0 are accelerated `justas if a gravitational �eld were present and K 0 unaccelerated', Einstein (1922a, p57{8) thenwrites:. . . there is nothing to prevent our conceiving this gravitational �eld as real, that is, theconception that K 0 is `at rest' and a gravitational �eld is present we can consider asequivalent to the conception that only K is an `allowable' system of co-ordinates andno gravitational �eld is present. The assumption of the complete physical equivalenceof the systems of coordinates, K and K 0, we call the `principle of equivalence'; . . . [it]signi�es an extension of the principle of relativity to co-ordinate systems which are innon-uniform motion relative to each other. In fact, through this conception we arriveat the unity of nature of inertia and gravitation.Einstein however, is nearly universally understood as urging a rather di�erent principle,which I shall call the `in�nitesimal principle of equivalence'. A canonical formulation isgiven in Pauli (1921, p145):For every in�nitely small world region (i.e. a world region which is so small thatthe space- and time-variation of gravity can be neglected in it) there always exists acoordinate system K0(X1; X2; X3; X4) in which gravitation has no inuence either onthe motion of particles or any other physical process.The key idea here is that in adopting a su�ciently small region of spacetime, an arbitrarygravitational �eld becomes homogenous and can be transformed away by a suitable choiceof coordinate system. This principle exists in many variant forms. Sometimes it is strength-ened to require that when the gravitational �eld is transformed away we recover specialrelativity locally (for example, Misner et al. 1973, p386) With somewhat di�erent quali�-cations, Pauli's in�nitesimal principle corresponds to Dicke's `strong equivalence principle'(Roll et al., 1964, p444). Dicke's `weak equivalence principle', however, requires only theuniqueness of gravitational acceleration, which amounts to requiring that the trajectoriesof free fall of suitably idealized bodies are independent of their constitutions.Unlike most other writes, Pauli (1921, p145) acknowledged that his in�nitesimal ver-sion of the principle of equivalence di�ered from Einstein's, suggesting that, where Ein-stein's principle applied only to homogeneous gravitational �elds, Pauli's version was forthe `general case'. However the di�erences ran far deeper than Pauli allowed and pertainto quite fundamental questions of the role of the principle of equivalence in general rel-ativity. These di�erences can be summarized in three essential aspects of the principlewhich remained �xed throughout Einstein's writings on general relativity, from the earliestmoments in 1907, to his �nal years in the 1950s:13

13The case for these di�erences betwee Einstein's version and the common in�nitesimal version
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� Einstein's principle of equivalence was a covariance principle.Special relativity required the complete physical equivalence of all inertial coordinate sys-tems; for Einstein, general relativity required the complete equivalence of all coordinatesystems. Einstein's principle of equivalence required the complete equivalence of a set ofcoordinate systems of intermediate size: inertial systems plus uniformly accelerated coor-dinate systems. That is, the principle sanctioned the extension of the covariance of specialrelativity beyond Lorentz covariance but not as far as general covariance. Thus, for Ein-stein, the principle of equivalence was a relativity principle intermediate in range betweenthe principle of relativity of special relativity and of general relativity.The point is so important for our concerns here that it is helpful to have it in Einstein'sown words (1950, p374):This is the gist of the principle of equivalence: In order to account for the equalityof inert and gravitational mass within the theory it is necessary to admit non-lineartransformations of the four coordinates. That is, the group of Lorentz transformationsand hence the set of `permissible' coordinate systems has to be extended.Or, more succinctly, in an article devoted to explicating precisely what he intended withhis principle of equivalence, Einstein (1916a, p641) wrote in emphasized text:The requirement of general covariance of equations embraces that of the principle ofequivalence as a quite special case.The function of the alternative, in�nitesimal principle of equivalence is to stipulatethat a spacetime of general relativity with an arbitrary gravitational �eld is in some senselocally|that is, in in�nitesimal regions|like the spacetime of special relativity. (Einsteinobjected in correspondence with Schlick to the latter's use of this idea, pointing out toSchlick that the sense in which special relativity holds locally must be so weak that accel-erated and unaccelerated particles cannot be distinguished. For details, see Norton (1985,section 9).) As a covariance principle, Einstein's version of the principle served no suchfunction. Therefore it was invariably restricted in the following related ways:� Einstein's principle of equivalence was applied only in special relativity to what wenow would call Minkowski space-times.That is, the inertial coordinate system K of Einstein's formulation of the principle isnot some kind of free fall coordinate system of general relativity. It is simply an inertialcoordinate system of special relativity. Thus the coordinate systems K and K 0 are bothcoordinate systems of a Minkowski spacetime. Because of this, we would now be inclinedto picture the entire principle as operating within special relativity. This seems not tohave been Einstein's view. He seems to have regarded special relativity supplemented withthe principle of equivalence as having more physical content than special relativity alone.The supplemented theory had a wider covariance and it dealt with a new phenomenon,homogeneous gravitational �elds.� Einstein's principle of equivalence was not a prescription for transforming awayarbitrary gravitational �elds; it was just a recipe for creating a special type of gravita-tional �eld.Einstein's principle of equivalence gave a recipe for creating a homogeneous gravitational�eld by transforming to a uniformly accelerated coordinate system. The in�nitesimalprinciple gives a recipe for transforming away an arbitrary gravitational �eld: one �rsthomogenizes it by considering an in�nitesimal region of spacetime and then transforms itaway by the reverse transformation of Einstein's principle. Einstein repeatedly insisted thathis principle of equivalence did not allow one to transform away an arbitrary gravitational�eld, but only gravitational �els of a quite special type, those produced by acceleration

of the principle is laid out is some detail in Norton (1985)
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of the coordinate system. (Einstein devotes a paragraph of near page length to this point(1916a, pp640{1). See Norton (1985, section 2).)14
4.2. The early years: 1916{1930
Einstein had named Mach's principle as one of the three fundamental principles of generalrelativity. However, the principle or its precursor, the relativity of inertia, has played theleast role in accounts of the foundations of general relativity. Typically the principle doesnot appear in the discussion of the foundations of the theory. If it appears in an exposition,it arises most commonly later in the context of the cosmological problem and not alwaysin a favourable light, even in expositions otherwise well disposed to Einstein's viewpoint.This pattern was set an the earliest moments. In 1916 and 1917 the Dutch astronomerde Sitter took up the task of allowing the Germans and British to exchange more thanartillary shells. He presented a three part report to the Britisch royal Astronomical Societyon Einstein's new theory of gravitation ( de Sitter 1916). Whilst otherwise favourable toEinstein, its second part concluded with criticism of Einstein's notion of the relativity ofinertia. Development of this criticism continued in the third part. Einstein's 1917 workon the cosmological problem and his 1918 formulation of Mach's principle did not improvethe reception of his ideas on the origin of inertia. Laue's (1921,pp179{80) early generalrelativity text mentions them only in passing as incompatible with Minkowskian boundaryconditions at spatial in�nity. He �nds the whole question physically too unclari�ed towarrant further discussion. Pauli (1921) does give the question more coverage, but onlyin a later, closing section (section 62) Einstein's ideas on the relativity of inertia �guredmore prominently in more popular expositions of general relativity. For example Freundlich(1919, section 4), Thirring (1922, section XV), Born (1924, ch VII, section 1) and Kop�(1923, pp 2{5, 191{5) treat the relativity of inertia. Indeed, the more popular the text, themore likely we are to �nd these ideas used to explain the foundations of general relativity.The literature on Mach's principle has become enormous and is ourishing today. How-ever its concerns have come to diverge from the concerns of this article, general covarianceand the foundations of general relativity. The interested reader is referred to Reinhart(1973) and Torretti (1983, pp194{202) for further discussion.What is most important for our concerns is that the majority of expositions of rel-ativity theory from this period emphasize the general covariance of general relativity asespecially important. Of course this emphasis was justi�ed if only for the novelty of generalcovariance. However the achievement of general covariance was also routinely assumed toensure automatic satisfaction of a generalized principle of relativity. In some expositionsthis assumption was discussed in detail, in others it was merely suggested by labellingthe requirement of general covariance, a principle of relativity. Accounts that emphasizegeneral covariance and presume an automatic connection to a generalized principle of rel-ativity include: de Sitter (1916, pp700{02), Freundlich (1919, p28), Carmicheal (1920, chVII), Page (1920, p387), Schlick (1920, pp52{3), Cunningham (1921, ch VII), De Donder(1921, pp10{14), Laue (1921, p21), Pauli (1921, section 52), Weyl (1921, section 27), Bec-querel (1922), Kottler (1922, pp188{9), Thirring (1922, p151), Kop� (1923), Born (1924,ch VII), Reichenbach (1924, p141), Levi-Civita (1926, p294), Levinson and Zeisler (1929,p70). Some of these accounts explicitly invoke Einstein's point-coincidence argument to

14Einstein himself never employed the trick of homogenizing an arbitrary gravitational �eld by
considering in�nitesimal regions of spacetime. In 1912, when his principle still dealt only with
homogenous gravitational �elds, he was forced to restrict it to in�nitesimal regions of space to
overcome certain technical di�culties with this theory of static gravitational �elds. When they
were overcome, the restriction disappeared. See Norton (1985, section 4.3).
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establish general covariance. They include de Sitter (1916, pp700{02), Carmicheal (1920,ch VII), Schlick (1920, pp52{3).Many of the expositions also place great emphasis on the principle of equivalence. A fewfrom the very earliest years state the principle in exactly Einstein's fashion: Thirring (1922,p109), Kop� (1923, p110) (also Carmichael (1920, p80), although critically). Others employthe now familiar in�nitesimal principle of equivalence, other variant formulations of theprinciples or give vague characterizations of the principle that defy clear classi�cation. Thefollowing at least name a principle of equivalence in the foundations of general relativity:Freundlich (1922, section 55), Kottler (1922, p 192), Born (1924 ch VII), Reichenbach(1924, pp 141{2).
4.3. The lean years: 1930{1960

During these three lean decades for general relativity, the volume of publication fell tothe merest trickle. Within that trickle, Einstein's view of general covariance remained adominant theme. Accounts of general relativity which emphasized the general covarianceof the theory and either explicitly or tacitly took this general covariance to extend theprinciple of relativity include: Bergmann (1942, ch X), Schr�odinger (1950, p2), Moller(1952, ch VII), Jordan (1955, section 14), Kratzer (1956, section 15), Bargmann (1957,p162), Tonnelat (1957, ch XI) All but Schr�odinger and Jordan introduce a principle ofequivalence by name.Moller (1952, pp219{20) introduces general relativity with a discussion of the relativityof inertia. Tolman (1934, p3 and ch VI) is exceptional in o�ering Einstein's three principlesof 1918|the principle of covariance, the principle of equivalence and Mach's principle|asthe foundations of general relativity. However his version of the principle of equivalenceis the in�nitesimal version never endorsed by Einstein and he accepts Kretschmann's viewof the physical vacuity of the principle of covariance, while insisting with Einstein on itsheuristic value.
4.4. Rebirth 1960{1980

The renaissance of general relativity in the 1960s brought clearer divisions in the li-terature on the foundations of general relativity. As we shall see below, one increasinglyimportant strand either simply ignored Einstein's view of the foundations of the theoryor became quite strident in its denunciation of Einstein's view. Another sought to repairEinstein's account in the face of such assaults. A major part of the literature, however,continued in simple assent with Einstein's view, only making smaller adjustment accordingto taste.Most commonly, accounts in this last category found both an in�nitesimal principle ofequivalence and the principle of general covariance in the foundations of general relativity.Such accounts include: Weber (1961, sections 1.3, 2.4), Bergmann (1961, 1962), Lawden(1962, ch 6), Rosser (1964, sections 12.1, 12.2), McVittie (1965, ch 4), Yilmaz (1965, ch15, 16), Skinner (1969, ch 3), Davis (1970, 5.I.2), Prasanna (1971, preface, ch 1), Mavrid�es(1973, sections III.4, II.5), Papapetrou (1974, Introduction, section 18), Pathria (1974, ch6,7), Bowler (1976, ch 9), Adler, Bazin and Schi�er (1977, p60 and section 5.1), Stephani(1977, section 8.1), Treder et al. (1980, Introduction). Most of these accounts explicitlyconnected general covariance with a generalized principle of relativity, either in name orby explicit discussion. These include: Bergman (1961, 1962), Lawden (1962, ch 6), Rosser(1964, sections 12.1, 12.2), Yilmaz (1965, ch 15, 16), Prasanna (1971), Mavrid�es (1973,sections III.4,), Papapetrou (1974, Introduction), Pathria (1974, ch 6,), Bowler (1976,ch 9), Adler, Bazin and Schi�er (1977, p60 and section 5.1), Stephani (1977, section 8.1),
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Treder et al. (1980, Introduction). Skinner (1969, section 3.3.1) reported that the principleof general relativity required something beyond the principle of covariance: `the laws ofphysics must determine the geometry of spacetime appropriate for a particular physicalcircumstance'. Two accounts portrayed general covariance as a generalized principle ofrelativity but did not place the principle of equivalence by name in the foundations ofgeneral relativity: Charon (1963, le�con 8), Atwater (1974). Mach's principle is mentionedby Lawden (1962, p133).Work on general relativity in this period also gave rise to a variant form of the principleof general covariance. Weinberg (1977, pp91{2) de�ned his principle of general covarianceas: It states that a physical equation holds in a general gravitational �eld, if two conditionsare met:1. The equation holds in the absence of gravitation: that is, it agrees with the laws ofspecial relativity when the metric �eld g�� equals the Minkowski tensor ��� and whenthe a�ne connection ��� vanishes.2. The equation is generally covariant; that is, it preserves its form under a generalcoordinate transformation x! x0.The novelty, of course, is that the second condition alone is usually taken as the principleof general covariance, whereas the �rst looks like a form of the in�nitesimal principle ofequivalence. Indeed Weinberg presents the principle as an alternate form of the in�nitesi-mal principle of equivalence and shows how it follows from the principle of equivalence. Heinsists that it is not a relativity principle like the Lorents invariance of special relativity.Bose (1980, ch 1) locates the foundations of general relativity in a local principle of equiv-alence and its re-expression in a two condition principle of general covariance equivalentto Weinberg's. Similarly Foster and Nightingale (1979, ppxi-xiii) locate the foundations ofgeneral relativity in an in�nitesimal principle of equivalence and a version of the princi-ple of general covariance essentially the same as Weinberg's. They strengthen Weinberg'scondition 2. to read[2'.] the equation is a tensor equation (i.e. it preserves its form under general coordinatetransformation).The strengthening lies in the fact that not only tensor equations are covariant under arbi-trary coordinate transformations. See also Treder et al. (1980)
4.5. Recent years since 1980
The years since 1980 have seen no resolution of the disagreements over the foundations ofgeneral relativity. As we shall see later, the literatures that reject Einstein's account orseek major repairs continue to ourish. At the same time, a signi�cant literature retains aviewpoint almost as close to Einstein's as the favourable reception in the 1920s. Broadly,in this latter literature, the foundations of general relativity are still located within anin�nitesimal principle of equivalence and a principle of general covariance.Two accounts o�er essentially Weinberg's view. Both Straumann (1984, ch 2) andKenyon (1990, ch 1) base general relativity on an in�nitesimal principle of equivalence.(Kenyon discusses both Dicke's weak and strong version, with the latter amounting to anin�nitesimal principle.) Kenyon (1990, section 6.4) gives a formulation of the principle ofgeneral covariance which is essentially Weinberg's as strengthened by Foster and Nightin-gale (see above). Without explicitly introducing the name, principle of general covariance,Straumann (1984, section 1.3) provides two requirements which are `a mathematical for-mulation of the principle of equivalence'. The �rst is actually the principle of minimalcoupling, a version of the principle of equivalence (Trautman 1965, Anderson 1967, p337,
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Anderson and Gauteau 1969). The second requirement is essentially Weinberg's version ofthe principle of general covariance.

De Felice and Clarke (1990, p7{13) locate the foundations of general relativity in thefamiliar in�nitesimal principle of equivalence and principle of general covariance. Cameli(1982, section 1.4, 1.5) locates the foundation of the theory in these same two principles.He does, however, delineate three versions of the principle of general covariance which, henotes, are `not quite equivalent'.1. All coordinate systems are equally good for stating the laws of physics. Hence allcoordinate systems should be treated on the same footing, too.2. The equations that describe the laws of physics should have tensorial forms and beexpressed in a four-dimensional Riemannian spacetime.3. The equations describing the laws of physics should have the same form in allcoordinate systems.
Ellis andWilliams (1988, section 5.2) locate the foundations of the theory in an in�nitesimalprinciple of equivalence and what they call an extension of the principle of relativity: `thelaws of physics are the same for all observers, no matter what their state of motion'. Theterm principle of general covariance is not mentioned. Sexl and Urbantke (1983) treat allthree of Einstein's principles of 1918. The principle of equivalence (section 1.2) is givenmost emphasis, although in it in�nitesimal form. Mach's principle and the principle ofgeneral covariance are mentioned only apparently for historical interest (section 4.5), withthe latter o�ered as Einstein's attempt to satisfy the former.

Finally, d'Ivorno (1992, ch 9) in a chapter entitled `The Principles of General Relativity',acknowledges that these principles have been a source of much controversy. However,as principles fundamental to general relativity or at least serious candidates for them,he presents Einstein's three principles of 1918, the Anderson and Gautreau principle ofminimal coupling and a principle of correspondence (with Newtonian gravitation theoryand special relativity in the limiting cases). The in�nitesimal principle of eqivalence ispresented as the `key principle'. Mach's principle is given three formulations, all closelyconnected with Einstein's cosmological ideas of 1917 and 1918. d'Ivorno �nds the `fullimport' of the principle of general relativity ('all observers are equivalent') contained inthe principle of general covariance (`the equations of physics should have tensorial form').And, the hole argument, which �gured so prominently in Einstein's early thinking aboutgeneral covariance, is discussed in section 13.6. To my knowledge, this is the �rst timethe hole argument has been discussed in a general relativity text in over half a century.The hole argument has also recently reappeared in the physics journal literature. See, forexample, Rovelli (1991).
5. Is general covariance physically vacuous?
5.1 Kretschmann's objection: the point-coincidence argument turned against Einstein
In the tradition that is skeptical of Einstein's account of the foundations of general rela-tivity, the best known of all objections is due to Kretschmann (1917, pp575{6). He beganhis paper with the remarks.15

15I have suppressed Kretschmann's footnotes in this passage to other literature. For further
discussion see Norton (1982, section 8). See also Howard and Norton (forthcoming) for speculation
that these footnotes direct readers to Einstein's unacknowledged source for his point-coincidence
argument, Kretschmann (1915)!
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The forms in which di�erent authors have expressed the postulate of the Lorentz-Einstein theory of relativity|and especially the forms in which Einstein has recentlyexpressed his postulate of general relativity|admit the following interpretation (inthe case of Einstein, it is required explicitly): A system of physical laws satis�es arelativity postulate if the equations by means of which it is represented are covariantwith respect to the group of spatio-temporal coordinate transformations associatedwith that postulate. If one accepts this interpretation and recalls that, in the �nalanalysis, all physical observations consist in the determination of purely topologicalrelations (`coincidences') between objects of spatio-temporal perception, from whichit follows that no coordinate system is privileged by these observations, then one isforced to the following conclusion: By means of a purely mathematical reformulation ofthe equations representing the theory, and with, at most, mathematical complicationsconnected with that reformulation, any physical theory can be brought into agreementwith any, arbitrary relativity postulate, even the most general one, and this withoutmodifying any of its content that can be tested by observation.Kretschmann's point is that there must be something more to a relativity principle thancovariance. For he argues that we can take any theory and reformulate it so that it iscovariant under any group of transformations we pick; the problem is not physical, it ismerely a challenge to our mathematical ingenuity. In brief, general covariance is physicallyvacuous.This at least, is how Kretschmann's point has been understood almost universally and itis almost what he actually argued. His real objection was a little more subtle. It dependedon a non-trivial assumption that virtually all later commentators fail to report16All physical observations consist in the determination of purely topological relations(`coincidences') between objects and spatio-temporal perception.This assumption is clearly recognizable to us as the basic premise of Einstein's own point-coincidence argument (see section 3.5 above). There can be no question of the importanceof this assumption to Kretschmann's point even though it is buried in the grammar of hisstatement. A little later, he repeats it (p579).. . . according to the investigations of Ricci and Levi-Civita (1901) it may scarcely bedoubted that one can bring any physical system of equations into a generally covariantform without alteration of its observationally testable content. This is obvious fromthe beginning, if one once again recalls that strictly only purely topological facts ofnatural phenomena or, according to Einstein, coincidences are observable.Thus, allowing that Kretschmann's mention of `topological facts' alludes to his own versionof the point-coincidence argument (see Howard and Norton, forthcoming), we �nd thatKretschmann's real objection is this: if we accept the point-coincidence argument, thenany theory can be given a formulation of arbitrary covariance.This is a most striking reversal of fortunes. The point-coincidence argument had beenEinstein's salvation from the hole argument and permitted his return to general covariance.However, in advocating the point-coincidence argument, Einstein had in e�ect alreadyagreed to virtually everything in Kretschmann's objection. To establish the admissibilityof general covariance for his own theory, Einstein had allowed that the physical content ofa theory resides solely in the observable coincidences it sanctions. Since these coincidencesare preserved under arbitrary coordinate transformation, the physical content of a theoryis una�ected by the adoption of a generally covariant formulation. What Kretschmannnoticed was that this argument depended on nothing peculiar to general relativity, so it

16I cannot resist speculating that this misreading is at least in part due to the bewildering
complexity of his German prose, which has been disentangled considerably in the above translation.
This translation also slightly corrects the translation of Norton (1992, section 8.1).
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could equally be used to establish the admissibility of a generally covariant formulation ofany theory. Again it did not depend on the fact that the covariance group was the generalgroup, so the same argument established the admissibility of formulations of any theory ofarbitrary covariance.
5.2. Einstein's reply
Einstein (1918) responded to Kretschmann's objection. Having laid out the three princi-ples upon which he believed general relativity to be based, he turned to Kretschmann'sobjection, which he restated correctly with its now lost premise (p 242):Concerning (a) [principle of relativity], Herr Kretschmann observes that a principle ofrelativity, formulated in this way, makes no assertions over physical reality, i.e. over thecontent of the laws of nature; rather, it is only a requirement on their mathematicalformulation. That is, since all physical experience relates only to coincidences, itmust always be possible to represent experiences of the lawful connection of thesecoincidences by generally covariant equations. Therefore he believes it necessary toconnect another requirement with the requirement of relativity.Einstein had little choice but to accept Kretschmann's point. The alternative was torenounce the point-coincidence argument that he had advertised so widely. However hetried to salvage something of the special connection between general covariance and generalrelativity in the heuristics of theory choice. He continued:I believe Herr Kretschmann's argument to be correct, but the innovation proposed byhim not to be commendable. That is, if it is correct that one can bring any empiricallaw into generally covariant form, the principle (a) still possesses a signi�cant heuristicforce, which has already proved itself brilliantly in the problem of gravitation and restson the following. Of two theoretical systems compatible with experience, the one isto be preferred that is the simpler and more transparent from the standpoint of theabsolute di�erential calculus. Let one bring Newtonian gravitational mechanics intothe form of absolutely covariant equations (four dimensional) and one will certainly beconvinced that principle (a) excludes this theory, not theoretically, but practically!Thus Einstein seems to accept Kretschmann's objection, begrudgingly, with a quali�cationon the role of general covariance in theory choice and with the reservation that generalcovariance in all theories would be impractical. Indeed it is ironic that the version of theprinciple of relativity given in this same paper by Einstein (quoted in section 3.7 above)essentially just restates Kretschmann's point.17Whatever concession Einstein made to Kretschmann seems to have had a lesser e�ecton Einstein's later writings. He does occasionally allow that general covariance is `morecharacteristic of the mathematical form of this theory [of general relativity] than its physicalcontent' (1924, p90{1). Or that the `requirement [of general covariance] (combined withthat of the greatest possible logical simplicity of the laws) limits the natural laws concernedincomparably more strongly than the special principle of relativity' (1952, p 153). Theheuristic role of simplicity in connection with general covariance was emphasized in hisAutobiographical Notes (1949, p65). But this emphasis seemed to be forgotten by p73,where he recalled: `We have already given physical reasons for the fact that in physicsinvariance under the wider [general] group has to be required'. (Einstein's emphasis) More

17The only di�erence is that Kretschmann allows the point-coincidence argument to justify a
formulation of any covariance, whereas Einstein sees it forcing a generally covariant formulation
as the `unique, natural expression' of the theory. Presumably this is because a generally covariant
formulation adds the least to the catalog of coincidences. See Einstein to Besso, January 3, 1916,
as quoted in Norton (1992, p298)
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commonly, however, the quali�cation over simplicity is simply not mentioned. It does notappear at the relevant point in his text, Einstein (1922a, p61). Again, Einstein (1950,p352) insists, without explicit mention of simplicity considerations that. . . the principle of general relativity imposes exceedingly strong restrictions on thetheoretical possibilities. Without this restrictive principle it would be practically im-possible for anybody to hit on the gravitational equations . . .How can we reconcile Einstein's concession to Kretschmann and his continuing emphasison the importance of general covariance? The answer may well lie in Einstein's famousproclamation of his 1933 Herbert Spencer lecture, which revealed a metaphysics not presentexplicitly in Einstein's writings of 1918:Our experience hitherto justi�es us in believing that nature is the realization of thesimplest conceivable mathematical ideas. I am convinced that we can discover bymeans of purely mathematical constructions the concepts and laws connecting themwith each other, which furnish the key to understanding the of natural phenomena. . . the creative principle resides in mathematics.When Einstein replied to Kretschmann that one ought to pick of two empirically viablesystems the simpler and more transparent within the absolute di�erential calculus, he mayhave been urging something more than merely a matter of practical convenience. It isnot just that the simpler is more convenient, so that generally covariant formulations ofNewtonian gravitational are (he believed) practical impossibilities. We can recognize thetruth of a theory in its mathematical simplicity, And instead of being physically vacuous,general covariance is the right language in which to seek this simplicity. Later writers whoendorsed Einstein's 1918 reply to Kretschmann may well have a�rmed a more extrememetaphysics than they realized!
5.3. Generally covariant formulations of Newtonian mechanics
In 1918 Einstein sought to protect the special connection between general covariance andhis general theory of relativity by issuing a challenge: �nd a generally covariant formulationof Newtonian gravitational mechanics. He had con�dently predicted that should anyonetry the result would be unworkable practically.Einstein was shortly proved wrong. Cartan (1923) and Friedrichs (1927) found ser-viceable, generally covariant formulations of Newtonian gravitation theory. Einstein wasright in so far as these generally covariant formulations were more complex than generalrelativity. However Einstein was quite wrong in predicting that such formulations wouldnot be usable practically. Although they are not as attractive a host for routine calculationas the far simpler Galilean covariant formulation, they are of the same order of complexityas other theories routinely examined in physics. However there are certain circumstancesin which their use is preferable if not mandatory. In an article comparing Newtonian andrelativistic theories of gravitation, Trautman (1966, p413) pointed out such comparisoncan really only be e�ected reliably if the two theories under comparison are formulated inthe same mathematical language. Otherwise it is hard to ascertain which di�erences arephysical and which are accidents of the di�erences in formulation. Since general relativityis known only in a generally covariant formulation, this means we ought to compare it onlywith the generally covariant formulation of Newtonian theory. (For similar sentiments, seealso Havas (1964, p939) and Malament (1986, p 181).)For this reason, a few expositions of relativity include a treatment of Newtonian spacetietheory in a generally covariant formulation, although the practice is not common. See forexample Trautman (1964, ch 5), and Misner et al (1973, ch 12). In the philosophy of spaceand time literature, however, the use of the general covariant formulation of Newtonian
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theory is becoming standard, even at the introductory level, see Earman and Friedman(1973), Earman (1974, pp276{7), Friedman (1983, ch III), Malament (1986) and Norton(1992a).Although both Cartan and Friedrichs were very much concerned with the relationshipbetween their work and Einstein's general theory of relativity, it is striking that neithermade the obvious point that their work had seriously weakened Einstein's 1918 reply toKretschmann and raised very serious doubts over Einstein's claim to have generalizedthe principle of relativity to acceleration.18 It is only later that this obvious point aboutgenerally covariant formulations of Newtonian theory is made: they provide an instantationof Kretschmann's claim that any theory can be made generally covariant. See Havas (1964,p 939) and Misner et al (1973, p302).
5.4. Automatic general covariance: coordinate free geometric formulation
It did not need the labours of Cartan and Friedrichs to show that theories other thangeneral relativity admitted generally covariant formulations. In a sense this possibility hadbeen known for a long time. As Painlev�e pointed out as early as 1921 in his discussion ofgeneral relativity (1921, p877), Lagrangian mechanics has always been invariant under arbi-trary spatial transformation. Again, the moment Einstein applied the absolute di�erentialcalculus of Ricci and Levi-Civita to relativity theory in 1913, it was obvious that specialrelativity could be given generally covariant formulation. In this form, special relativity issimply the theory of spacetime with line element (4), where g�� is symmetric with Lorentzsignature and whose Riemann-Christo�el curvature tensor vanishes. That Einstein neverembraced this obvious possibility suggests that his understanding of general covariance wasa little more complex than the simple one supposed in Kretschmann's objection.19 Per-haps for this reason or perhaps just for its simplicity, the Lorentz covariant formulation ofspecial relativity remains popular today. The possibility of formulating special relativity inarbitrary coordinates, however, was explicitly recognized in the literature quite early (seefor example Kretschmann (1917, p579), De Donder (1925, ch 1), Fock (1959, ch IV, p350).A number of commentators have observed that Ricci and Levi-Civita's calculus vin-dicates Kretschmann's objection in the sense that it provides the necessary mathematicalapparatus for �nding generally covariance formulation of `practically any assumed law'(Whittaker 1951, Vol II, p 159) or `almost any law' (North 1965, p58). This possibilityhas not really been exploited widely in the relativity literature until the 1960s and 1970swith the introduction of what Misner, Thorne and Wheeler (1973) label as the `geometric'or ` coordinate free' approach. This approach is based on Ricci and Levi-Civita's calculus.However, as was pointed out in section 3.2 above, the calculus was created explicitly asan abstract calculus, as independent as possible from geometric notions. The calculus wassigni�cantly altered to arrive at its modern geometric incarnation. It is now augmentedwith geometric ideas from topology. The most signi�cant augmentations are the modernideas of a di�erential manifold and of a geometric object of Veblen and Whitehead (1932),as well as an abstract, algebraic approach to vectors, tensors and the like, attributed to

18Thus Ho�man (1932, p177) makes no mention of Cartan's and Friedrich's work when he remarks
that the general principle of relativity `holds in exactly the same words for the Newtonian theory
[as for general relativity]. Rather the remark is supported merely by observing that the principle
requires only that the mathematical expression of a theory be independent of the coordinates system
and does not restrict the theory's content.

19Indeed, as he made clear through his principle of equivalence, he held that an extension of the
covariance of special relativity beyond Lorentz covariance was a physical extension of the theory; his
principle of equivalence tells us that extending the covariance to uniformly accelerated coordinates
now allows the theory to embrace the phenomenon of gravitation in a special case.
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Cartan (Misner et al 1973, ch 8 and 9).These methods became standard in the 1960s and 1970s through such expositionsof relativity theory as Trautman (1965), Hawking and Ellis (1973), Misner, Thorne andWheeler (1973), Sachs and Wu (1977). Following their methods, we would characterizespecial relativity as a theory of Minkowski spacetimes. That is, the theory has models

hM; gabi
Where M is a connected, four-dimensional, di�erentiable manifold and gab is a symmetricsecond rank tensor of Lorentz signature which is at, so that it satis�es the equation

Rabcd = 0
Where Rabcd is the Riemann-Christo�el curvature tensor. There are obvious extensions ifone wishes to include further �elds, such as a Maxwell �eld and charge ux. Similarly,general relativity, is the theory with models

hM; gab; Tabi
where now gab need not be at. Tab is the second rank, symmetric stress-energy tensor,which may be required to satisfy further `energy conditions' (Hawking and Ellis, 1973,section 4.3). The metric tensor gab and Tab are related by the gravitational �eld equation

Gab = �Tab
where Gab is the Einstein tensor and � a constantA typical geometric formulation of Newtonian spacetime theory without absolute rest(after Malament 1986) has modelsDM; ta; hab;raE
The theory's temporal metric is ta, is a smooth, non-vanishing co-vector �eld. The spatialmetric is second rank, symmetric, smooth non-vanishing contravariant tensor, hab, which isdegenerate through its signature (0,1,1,1), ra is a smooth derivative operator, conferringa�ne structure on the spacetime. These structures satisfy orthogonality and compatibilityconditions

habta = 0 ratb = rahbc = 0
Many alternative, further conditions can be imposed upon this basic spacetime structure,for example, according to whether we wish to add gravitation as distinct scalar �eld andleave the background spacetime at or whether we wish to incorporate gravitation into thespacetime as curvature after the model of general relativity (see Friedman 1983, ch III).These are all instances of a general, geometric formulation of spacetime theories. Allsuch theories have models
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hM;O1; O2; : : : ; Oni (6)

where O1; O2; : : : ; On are now just n geometric object �elds subject to certain constrainingequations. Virtually all theories of space and time now given serious consideration canbe formulated in this way. 20 Such theories are automatically generally covariant in asense that actually follows from the de�nitions of the mathematical structures used in theformulation.Following Standard de�nitions (e.g. Bishop and Goldberg 1968, ch 1, Hawking andEllis 1973, ch 2, Torretti 1983, appendix), an n-dimensional di�erentiable manifold is aconnected, topological space with a set of coordinate charts, such that every point of thetopological space lies in the domain of a coordinate chart, which is a homeomorphism of anopen set of the space with Rn. The set of coordinate charts form a maximal or completeatlas in so far as the atlas contains every coordinate chart that can be constructed in theusual way from its coordinate charts by Ck-transformations on Rn. k is some positiveinteger or, most commonly, in�nity.The next step is complicated by the vagueness of the de�nition of `geometric object'. Itis given by Veblen and Whitehead (1932, p46) as `an invariant which is related to the space[under consideration]' where an invariant is `anything which is unaltered by transformationsof coordinates'.21 Thus for our purposes, it is prudent to assume that our geometric object�elds, are like Anderson's (1967, p15) `local geometrical objects'. They are represented bya �nite set of numbers for each point in the manifold in each coordinate charts and whichtransform under coodinate transformation in a way that respect transitivity, identity andinversion. These numbers are the geometric object's components in the coordinate charts.Let us say that a geometric object �eld O has components Oik::: where the integer valuedi; k; : : : represents a suitable set of index labels.Combining, we now arrive at the sense in which any theory with models (6) is generallycovariant. If N is any `local coordinate neighbourhood' of M , an open set of N that isthe domain of some coordinate chart xi, then the restriction of the model (6) to N will berepresented by
hA; (O1)ik:::; : : : ; (On)ik:::i (7)

Where A is the range of xi and the remaining structures are the components of the objectsO1; : : : On in the coordinate chart xi. The theory is generally covariant in the sense that if(7) is a coordinate representation of the model (6), then so is any representation derivablefrom (7) by arbitrary Ck transformation. This is sometimes known as `passive generalcovariance'Put more briey, once we have formulated a theory as having models of the form (6),then, built into the de�nitions of the structures used is the possibility of representing themodels in coordinate systems that are related by the arbitrary transformations of Einstein'sgeneral covariance. (More precisely, they are related by Ck transformations if the manifoldhas a Ck maximal atlas of coordinate charts.) These coordinate representations behave
20That is not to say that all intelligible theories of space and time must admit such a formulation.

With a precise de�nition of geometric object in hand, it is just a matter of mathematical patience
to construct a spacetime theory without such a formulation. Oe could begin, for example, by
considering spacetimes whose event sets are very large but �nite and do not admit smooth coordinate
charts.

21The still vague `related to space' clause is an attempt to avoid the problem that `. . . strictly
speaking, anything, such as a plant or an animal, which is unrelated to the space which we are
talking about, is an invariant'.
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exactly like the components of the generally covariance formulation of theories used byEinstein and others in the early years of general relativity.It is to this automatic general covariance that Thirring (1979, p 166) referred when hewroteAt the time of the birth of gravitation theory, the requirement of general covarianceprovided some relief from the labor pains, but later on it was more often a source ofconfusion. The concept of a manifold incorporates it automatically when the de�nitionused equivalence classes of atlases, and hence only chart independent statements areregarded as meaningful. This program is by no means unique to gravitation theory|we have also followed in in classical mechanics and electrodynamics. The big di�erence[in general relativity] is that the metric g on M is now not determined a priori.While the use of these geometric methods has become standard in modern work on generalrelativity, it should be noted that their dominance is not viewed universally with unmixedjoy. Weinberg (1972, preface) notes that an emphasis on these methods tends to obscure theimportance of the principle of equivalence within the theory and the natural connectionsto quantum theory.Finally, there is a notion that is loosely dual to the notion of passive general covariancedescribed above. It is the notion of `active general covariance'. The main mathematicaldi�erence is that the active version employs maps on the manifold M of the models (6)rather than transformations between coordinate charts. It can be de�ned as follows. Let hbe an arbitrary di�eomorphism 22 from M to M . Then a theory with models of the form(6) is generally covariant in the active sense if every structure

hhM; h�O1; h�O2; : : : ; h�Oni (60)
is a model whenever

hM;O1; O2; : : : ; Oni (6)
is a model. In addition, it is routinely assumed that the structure (6) and (6') represent thesame physical circumstance (e.g., in the case of general relativity, see Hawking and Ellis1973, p56). This assumption has been called `Leibniz equivalence' (Earman and Norton1987).Many theories are generally covariant in the active sense. A su�cient condition foractive general covariance is that the object �elds O1; O2; : : : ; On that can be includedin the models (6) are determined solely by tensor equations. Thus general relativity iscovariant in this sense as are versions of special relativity and Newtonian spacetime theory.Passive general covariance involves no physically contingent principles. Once models ofthe form of (6) are selected, passive general covariance follows as a matter of mathematicalde�nition, no matter what the physical content of the theory.Passive general covariance involves no physically contingent principles, Once models ofthe form of (6) are selected, passive general covariance follow as a matter of mathemat-ical de�nition, no matter what the physical content of the theory. This is not the casewith active general covariance/Leibniz equivalence. Structures (6) and (6') are mathemat-ically independent structures, that they represent the same physical circumstance is anassumption dependent on the properties of the physical circumstance and our methods ofcoordinating the structures to it. The di�erences between such pairs of structures as (6)and (6') are generally of a nature that make it uninteresting to suppose anything other than

22For example, if M is a Ch manifold, then h might be any Ch di�eomorphism in the sense of
Hawking and Ellis (1973, p 23).
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Leibniz equivalence. However, it has been argued (Earman and Norton 1987, Norton 1988)that at least one doctrine, spacetime substantivalism, must deny Leibniz equivalence.23Since the assumption of active general covariance/Leibniz equivalence is a physicalassumption albeit weak, it does require physical arguments to support it. It turns outthat Einstein's two celebrated arguments|the point-coincidence argument and the holeargument|can be put in to modern forms that support active general covariance/Leibnizequivalence. According to the modernized point-coincidence argument, the two di�eo-morphic models (6) and (6') would agree on all observables, for all that is observableare coincidences that are preserved by the di�eomorphism. Therefore, if we deny Leibnizequivalence, we would have to insist that the two di�eomorphic models represent distinctphysical circumstances, even though no possible observation could pick between them.To construct the modernized hole argument, we consider some neighbourhood H of themanifold M in models (6) and (6') and pick a di�eomorphism h that is the identity outsideH but comes smoothly to di�er from it within H. The the two di�eomorphic modelswill be the same outside H but will come smoothly do di�er within H. We now have amathematical indeterminism, in the sense that the fullest speci�cation of the model outsideH will fail to determine how it is to be extended into H according to the theory. Thisindeterminism is usually dismissed as a purely mathematical gauge freedom associatedwith active general covariance. If we deny Leibniz equivalence and insist that the twomodels represent distinct physical circumstances, then we convert this gauge freedom intoa physical indeterminism. The di�erences between the models withinH must now representa di�erence of physical circumstances. Which will obtain within H cannot be determinedby the fullest speci�cation of the physical circumstances outside H, no matter how smallH is in spatial and temporal extension.For further discussion of the di�erences between active and passive general covariance,see Norton (1989, section 2.3).
5.5. Later responses to Kretschmann's objection
Kretschmann's objection is probably the single most frequently mentioned of all objectionsto Einstein's views on the foundations of general relativity. As I have already indicatedabove, however, the objection which appears universally under Kretschmann's name in theliterature is actually a considerably reduced version of what Kretschmann really said. Itis commonly reported as the assertion that general covariance is physically vacuous, sinceit is merely a challenge to our mathematical ingenuity to bring any theory into generallycovariant form. For the purposes of this section, which reviews later responses to theobjection, I will take `Kretschmann's objection' to be this reduced version, for that is theone that was responded to. Essentially no one other than Einstein seemed to realize thatKretschmann had based his objection on a contingent assumption, the premise of the point-coincidence argument. That assumption|that `the laws of nature are only assertions oftimespace coincidences'|is so non-trivial that Einstein actually made it the statement ofhis 1918 version of the principle of relativity.In later literature, Kretschmann's objection is commonly accepted. Instances in whichKretschmann is cited by name include Havas (1964, p939), Rindler (1969, p196), Earman

23At present, however, there is no consensus in the philosophy of space and time literature over
the connection between spacetime substantivalism, Leibniz equivalence and the hole argument, with
virtually every conceivable position being defended. See Bartels (1993), Butter�eld (1987, 1988,
1989), Earman (1989, ch 9), Norton (1992a, section 5.12), Cartwright and Hoefer (forthcoming),
Maudlin (1988, 1990), Rynasiewicz (forthcoming (a), (b)), Stachel (forthcoming), Teller (forthcom-
ing), Mundy (1992).



826 J D Norton
(1974, p271), Friedman (1973, p55), Ray (1987, p70). Again Kretschmann's assertion ofthe physical vacuity of general covariance may be made without naming Kretschmann.Instances include Silberstein (1992, pp22{3), Szekeres (1955, p212), Fock (1959, p370, butsee p xvi), Thirring (1979, p166).Einstein's 1918 response to Kretschmann also commands considerable assent. Ein-stein's response is encapsulated in the simple remark that general covariance is physicallyvacuous alone; however it achieves physical content and signi�cant heuristic force whenit is supplemented by the requirement that the laws of nature take simple forms. Thisviewpoint is advocated by: Painlev�e (1921, p877), Tolman (1934, pp33, 166{67)24, Bridg-man (1949, pp339{40, 345), Whittaker (1951, vol II, p159), Weber (1961, p15{16), Skinner(1969, p 324), Adler, Bazin and Schi�er (1977, p145). Ohanian (1976, pp253{4) statesKretschmann's objection and quotes Einstein's 1918 reply at length, but he proceeds toelucidate Einstein's response in terms of the requirement of general invariance of the ab-solute object tradition (see section 8 below). In his 1918 reply to Kretschmann, Einsteinurged the heuristic power of general covariance and the basis of his brilliant success withgeneral relativity. d'Ivorno (1992, p131) comes closest to this viewpoint when he suggeststhat we cannot ignore general covariance, even if it is vacuous, precisely because it wasof such importance to Einstein, rather than because of some as yet unrealized heuristicpower. But perhaps Misner et al (1973, section 12.5) capture Einstein's metaphysics mostclearly when they recapitulate Kretschmann's objection and retortBut another viewpoint is cogent. It constructs a powerful sieve in the form of a slightlyaltered and slightly more nebulous principle: `Nature likes theories that are simplewhen stated in coordinate free, geometric language' . . . According to this principle,Nature must love general relativity, and it must hate Newtonian theory. Of all theoriesever conceived by physicists, general relativity has the simplest, most elegant geometricfoundations. . . By contrast, what diabolically clever physicist would ever foist on mana theory with such a complicated geometric foundation as Newtonian theory?There are obvious problems with this view. To begin, it would seem that the view isplainly false. The very simplest laws, which nature ought to love the most, are just incom-patible with experience. For example, it would be very simple of all of space, time andthe distribution of matter were homogeneous; but they are not homogeneous. So Nature'spreferences can only be exercised among the more complicated dregs that remain afterexperience has drained of the truly simple|Nature's preference here is a rather contrivedone. Next, it is not clear by what rules we are to judge which of two theories is the simpler.It cannot just be a matter of intuitive impressions, since then we have no way of adjudi-cating disagreements. But even a basic count of the number of mathematical structures ina theory is hard to do unambiguously.25 Bondi (1959, p108), however, endorses the viewthat general covariance is physically vacuous and points out that conservation laws explic-itly involving gravitational energy-momentum in general relativity are not tensorial, butpseudo-tensorial. Finally, it is not obvious why nature should be so kind as to prefer lawsthat we humans deem simple. Thus North (1965, p58) muses that the virtue of simplicityfor covariant laws might merely be that they are more likely to be accepted by others.My own view is that one should not look on simplicity as resulting from the emotionalattachments of Nature. Rather it arises from the labours of theorists who have constructedlanguages in which Nature's choices appear simple. Whether Nature's further choices willcontinue to appear simple in some language seems to me an entirely contingent matter

24Tolman gives Kretschmann's objections in its full form insofar as the possibility of generally
covariant formulation is taken to follow necessarily from the point-coincidence argument.

25Is the stress-energy tensor of pressureless dust, T ab = �UaU b, counted as one structure T ab or
as two, the matter density � and the four-velocity �eld Ua?
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and one takes a great risk elevating any language to the status of Nature's own. As weexplore new domains of physical law, the one thing that is most clear is Nature's surprisingversatility in frustrating our natural expectations. However this does not mean that thereis no value in simplicity. Apart from its pragmatic value, it has an epistemic value. Themore complicated a theory, the more likely we are to have introduced structures with nocorrelations in reality; and the more complicated a theory, the harder it will be to testfor these physically irrelevant structures. We should prefer the simpler theory and seeklanguages that make our theories simple, but not because Nature is simple. Rather, if werestrict ourselves to simpler theories, we are more likely to know the truth when we �nd it.There is a variation of Einstein's response to Kretschmann that avoids the di�cultquestions over simplicity. Its overall e�ect is to direct us towards simpler theories byrestricting the structures we can employ in our formulations. It focuses on the processof �nding generally covariant formulations of arbitrary laws. If we restrict the number ofadditional mathematical structures that can be introduced in this process, it may no longerbe possible to construct a generally covariant formulation for some laws, so that we onceagain have an interesting division between generally covariant and other theories. Fock(1959, p xvi) describes the idea in its most general form. . . the requirement of covariance of equations has great heuristic value because it limitsthe variety of possible forms of equations and thereby makes it easier to choose thecorrect ones. However, one should stress that the equations can so be limited onlyunder the necessary condition that the number of functions introduced is also limited;if one permits the introduction of an arbitrary number of new auxiliary functions,practically any equation can be given covariant form.Trautman (1964, pp122{3) illustrates how unrestricted admission of new structures allowsconstruction of a generally covariant formulation of equations that clearly are coordinatedependent. He considers the equation

A1 = 0
the vanishing of the �rst component of a covector Aa in some coordinate system. If ua isthe coordinate basis vector �eld associated with the x1 coordinate, then this law admitsgenerally covariant formulation as

uaAa = 0
The villain is the vector �eld ua, since (p123)one should not introduce such additional structures in addition to those already presentin the axioms of the theory (e.g. the metric tensor, a�ne connection) and to thosethat are necessary to describe the physical system.If we now apply this thinking to general relativity, we arrive at a popular means ofinjecting content into the general covariance of general relativity. In a Lorentz covari-ant version of special relativity, the metrical properties of spacetime are not representedexplicitly. In the transition to the generally covariant, general theory of relativity, theseproperties become explicit as a new structure, the metric tensor gab. It is required thatthis new structure represent some de�nite physical element of reality and nut just be amathematical contrivance introduced to force through general covariance. The metric ten-sor satis�es this requirement in so far as it represents the gravitational �eld as well as themetrical properties of spacetime. Pauli (1921, p150) describes this outcome
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. . . Kretschmann . . . took the view that the postulate of general covariance does notmake any assertions about the physical content of the physical laws, but only abouttheir mathematical formulation, and Einstein : : : entirely concurred with this view.The generally covariant formulation of the physical laws acquires a physical contentonly through the principle of equivalence, in consequence of which gravitation is de-scribed solely by the gik and these latter are not given independently from matter, butare themselves determined by �eld equations.We �nd a similar view in Borel (1926, p172{3), Weyl (1921, pp226{7) Reichenbach (1924,p141), Anderson (1967, 1971|see section 8.1 below), Graves (1971, p138) and even asrecently as Wald (1984, p57) who formulates the principle of general covariance asThe principle of general covariance in this context [pre-relativistic and relativisticphysics] states that the metric of space is the only quantity pertaining to space thatcan appear in the laws of physics. Speci�cally there are no preferred vector �elds orpreferred bases of vector �elds pertaining only to the structure of space which appearin any law of physics.(He cautions that the `the phrase \pertaining to space" does not have a precise meaning'.)Both Pauli and Weyl stress a special aspect of the physical character of the metricin their discussions: the metric is not given a priori but it is inuenced or determinedby the matter distribution via invariant �eld equations. This would, of course, rule outgenerally covariant formulations of special relativity. Weyl, in particular, sees this asthe decisive property of general relativity. `Only this fact justi�es us in assigning thename \general theory of relativity" to our reasoning . . . ' he wrote (p226). Further, heemphasized the result that `gravitation is a mode of expression of the metrical �eld' andthat `this assumption, rather than the postulate of general invariance, seems to the authorto be the real pivot of the general theory of relativity' (pp226{7). We shall see that thistheme will be incorporated into the absolute object approach (see section 8 below).A practical di�culty still remains. At the most fundamental level, the general principleis clearly correct: we should deny admission to theories or structures that do not representelements of reality. The hope is that this restriction will preserve a unique associationbetween general covariance and the general theory of relativity. However the principle maywell not be su�ciently precisely formulated to have any force in realistic examples. Considerthe structures dta, hab andra, introduced in constructing a generally covariant formulationof Newtonian theory. Are they admissible or not? Notice that Pauli and Weyl's emphasison the dynamic character of the metric may not help us here. In versions of Newtoniangravitation theory, the gravitational �eld is incorporated into the a�ne structure ra whichthen has similar dynamical properties to the metric of general relativity.The strategy so far has been to augment the requirement of general covariance withadditional requirements that make it non-trivial. It turns out that there is an extremelysimple way of augmenting the principle of general covariance so that we cannot rendergenerally covariant such theories as special relativity and versions of Newtonian theorythat do not incorporate the gravitational �eld into a�ne structure. In both these cases, theassociated generally covariant formulations have the property that they can be simpli�ed byreintroducing restricted coordinate systems. This is not so in the case of general relativity,so we can pick between these cases by insisting that the generally covariant formulationnot admit simpli�cation. Bergmann (1942, p159) explicitly incorporates this requirementinto the statement of the principle of general covariance:The hypothesis that the geometry of physical space is represented best by a formalismwhich is covariant with respect to general coordinate transformations, and that arestriction to a less general group of transformations would not simplify that formalismis called the principle of general covariance



General covariance and general relativity 829
At �rst this seems like a purely ad hoc contrivance. However Bergmann's proposal connectsdirectly with the view that relativity principles are geometric symmetry principles, as weshall see in section 6.2 below. Alternatively, Bondi (1959, p108) calls the proposal intoquestion by recalling Fock's use of harmonic coordinates to reduce the covariance of generalrelativity (see section 9 below).There have been other studies of the relationship between a theory and its gene-rally covariant reformulation and these studies arrive at conclusions uncomfortable forKretschmann's objection. Scheibe (1991, 1981) has considered the relationship within amore precise formal setting. He concludes that it is simply not obvious that any geome-try of restricted covariance can always be recast in a generally covariant formulation. Post(1967) concludes that the process of rendering theories generally covariant is far from auto-matic triviality and must be treated with some care. In the case of electromagnetic theory,he shows how di�erent ways of rendering the theory generally covariant actually lead todistinct theories. Mashoon (1986) similarly emphasizes that, while any theory can be ren-dered generally covariant, the manner in which it is done can have physical consequences,in particular, in the measurements of accelerated observers.Many authors are prepared to accept Kretschmann's objection but feel that it has to bequali�ed in signi�cant ways if the true signi�cance of general covariance is to be appreciated.While accepting Kretschmann's objections and that a requirement of general covarianceis not a relativity principle like that of special relativity, Weinberg (1972, pp92, 111{3)characterizes general covariance as akin to the gauge invariance of electromagnetic �elds.Accepting Kretschmann's objection, Bunge (1967, section 3.1.3) observes that if generalcovariance is understood as simply requiring form invariance of laws, then it does becomea purely mathematical requirement. Therefore he concludes that general covariance is tobe understood as a regulative rather than constitutive principle. Mavrid�es (1973, p66) alsoaccepts Kretschmann's objection but sees the signi�cance of the principle in absorption ofacceleration into the non-Euclidean structure of spacetime.Zahar (1989, section 8.1) approaches the problem with a distinction introduced bylogicians between an object language and its metalanguage. In this context, the objectlanguage contains the assertions about physics systems and the metalanguage containsassertions about the object language. Whether a body of object language assertions, suchas Newtonian theory, is generally covariant is not itself an object language assertion. Itbelongs to the metalanguage. We may be able to �nd a generally covariant formulation ofNewtonian theory which is logically equivalent to the original Galilean covariant version.However the meta-level property of general covariance is not inherited by the originalformulation, for meta-level properties are not transmitted by logical equivalence. Thereforewe cannot say that Newtonian theory is itself generally covariant. Several other authorshave approached general covariance as a principle of operating a meta-level of language.See Graves (1971, pp143{7). In particular, T�ornebohm (1952, section 41) characterizesthe principle of general covariance as a closure rule operating on a meta-level in which onequanti�es over coordinate systems employed in statements of physical laws.Finally, see Kuchar (1988) for a reincarnations of the issues raised by the debate ofKretschmann's objection in Hamiltonian dynamics and canonical quantization of generallycovariant systems.
6. Is the requirement of general covariance a relativity principle?
6.1. Disanalogies with the principle of relativity of special relativity
In addition to accusations that his principle of general covariance is physically vacuous,Einstein's treatment of general covariance has been besieged by continuing complaints
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that the achievement of general covariance does not amount to a generalization of theprinciple of relativity to acceleration. These complaints have come in many di�erent forms.Some of the earliest make the obvious point that such an extension of the principle ofrelativity to accelerated motion seems to be atly contradicted by the simplest observations.The principle of relativity of inertial motion �ts the experiences of a traveller in a trainmoving uniformly on smooth tracks; nothing within the carriage reveals the train's motion.However, the same is not so if the train accelerates, as was pointed out acerbically by Lenard(1921, p15), whose involvement in the persecution of Einstein in Germany in the 1920s iswell known:Let the train in consideration undertake a distinct, non-uniform motion . . . If, as aresult, everything in the train is wrecked through the e�ects of inertia, while outsideeverything remains undamaged, then, I believe, no sound mind would want to drawany other conclusion than that the train had altered its motion with a jolt and not thesurroundings.For Einstein's reply to this exact passage, see Einstein (1918a).It was only in the 1950s and 1960s that such long-standing worries took a prominentthough still disputed place in the mainstream literature. This dissident view drew strengthfrom such eminent relativists as Fock and Synge, who dared to proclaim what few wouldadmit: they just could not see how Einstein's theory generalizes the principle of relativity|and they even suspected that Einstein could not see it either. So Synge (1966, p7) wrote:. . . the general theory of relativity. The name is repellent. Relativity? I have neverbeen able to understand what that word means in this connection. I used to think thatthis was my fault, some aw in my intelligence, but it is now apparent that nobodyever understood it, probably not even Einstein himself. So let it go. What is beforeus is Einstein's theory of gravitation.See also Synge (1964, p3) and (1960, p ix) where he wrote. . . the geometric way of looking at space-time comes directly from Minkowski. Heprotested against the use of the word `relativity' to describe a theory based on an`absolute' (spacetime), and, had he lived to see the general theory of relativity, Ibelieve he would have repeated his protest in even stronger terms.In similar vein, Fock (1959, pp xvi{xviii, 367{8, 375{6) treated a relativity principleas stating a uniformity of spacetime. Thus special relativity admits a relativity principlebecause of the uniformity of a Minkowski spacetime. The spacetimes of general relativity,however, manifest this uniformity only in the in�nitesimal, so that the naming of the theory`general relativity' or `general theory of relativity' is simply incorrect, betraying Einstein'sfailure to understand his own theory. Fock continued (p368)The fact that the theory of gravitation, a theory of such amazing depth, beauty andcogency, was not correctly understood by its author, should not surprise us. We shouldalso not be surprised at the gaps in logic, and even errors, which the author permittedhimself when he derived the basic equations of the theory. In the history of physicswe have many examples in which the underlying signi�cance of a fundamentally newphysical theory was realized not by its author but by somebody else an in whichhe derivation of the basic equations proposed by the author proved to be logicallyinconsistent. It is su�cient, to point to Maxwell's theory of the electromagnetic �eld. . .Allowing in addition that the only admissible sense of `general relativity' is as purely formalproperty of general covariance, Fock (1974, p5) concludedThus we can sum up: general relativity cannot be physical, and physical relativitycannot be general.These confessions were engagingly candid and their iconoclastic sentiments found receptive
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audiences. The heresy of disbelief in Einstein became respectable.Fock and Synge are, of course, not alone in divorcing general covariance from a gener-alization of the principle of relativity and announcing the failure of Einstein's e�ort in thisregard. See for example Landau and Lifshitz (1951, p229), Davis (1970, p219) , Raine andHeller (1981, p135) and Bondi (1979, p129).
6.2 Relativity principles as symmetry principles
If covariance principles are not relativity principles, then what are relativity principles?New answers to this question have come repeatedly within the tradition that proposes thedivorce of general covariance from a generalization of principle of relativity. We shall seethat they eventually stabilize on the view that a relativity principle expresses a symmetryof the spacetime structure.One of the earliest proposals comes from Kretschmann. His famous objection to generalcovariance actually occupies a small part of his lengthy paper (1917). The bulk of it isdevoted to developing an alternate interpretation of relativity principles. His proposals areembedded within extended calculations and circuitous verbiage. They appear to reduceto the following. The key idea in identifying the relativity principle of some given theorylies not in extending its covariance, but in reducing it to the minimum group possible.This reduction must be done in a way that identi�es a group associated with the theory'sphysical content rather than some particular formulation of it.In the case of special relativity, his general proposal leads to the expected result: theLorentz group expresses the theory's relativity principle. Consider the bundle of all light-like worldlines in the theory. In the Lorentz covariant formulation, this bundle is describedby the equation

(x1 � x01)2 + : : :+ (x4 � x04)2 = 0 (8)
Where x = x1; : : : ; x4 = ict are the usual spacetime coordinates and x01; : : : ; x04 some ar-bitrary origin event. This bundle is mapped back into itself by any Lorentz transformationthat preserves the origin. Kretschmann allowed that we could extend the usual Lorentzcovariant formulation of the theory even as far as generally covariant formulation, usingthe methods of Ricci and Levi-Civita. However, in a formulation of extended covariance,an allowed transformation will, in general, not map this bundle back into itself. Rather,such a transformation will alter the coordinate image of the bundle. Again, one couldconsider a formulation whose covariance is restricted to a group smaller than the Lorentzgroup. However this formulation could only be constructed at the expense of altering thephysical content of the theory26. The Lorentz transformation is the formulation of minimalcovariance faithful to the theory's physical content. Therefore the Lorentz transformationis the group associated with the theory's relativity principle.A similar analysis in the case of general relativity leads to a quite di�erent result. Ine�ect Kretschmann �nds that the single membered identity group plays the same role ingeneral relativity as does the Lorentz group in special relativity. As a result he can arriveat a conclusion that directly contradicts einstein's (p610)

26How Kretschmann arrived at this crucial conclusion is a little unclear to me. Such a formula-
tion would need to replace (8) by another formula or formulae of more restricted covariance and
presumably Kretschmann held that any such formulae would have to alter the physical content
of (8). For example, to violate Lorentz covariance, the new formula might pick out one or other
spatial direction as preferred, whereas equation (8) describing the bundle admits no such preferred
directions.
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Therefore Einstein's theory satis�es no relativity principle at all in the sense developed[earlier in the paper]; on the basis of its content, it is a completely absolute theory.To arrive at this result, Kretschmann considered the bundle of light-like worldlines and offree material particles within the theory. He found the former �xed the components of themetric tensor g�� up to a multiplicative factor � and the latter forced � to be a constant.(Notice that these are now familiar results. In modern language: conformal structure�xes the metric up to a conformal factor and specifying a�ne structure forces the factorto be constant.) Finally consideration of spacetime curvature rules out any value of �other than unity. Thus the physical content of the theory �xes the metrical components.But once these components are �xed, the coordinate system is �xed and no covariancetransformation remains; in e�ect the covariance group has become the identity group andone has no relativity principle. Kretschmann also showed that the same result could bearrived at in another way. As long as the spacetime metric is su�ciently non-uniform, it ispossible to de�ne a unique spacetime coordinate system for each metric by setting the fourcoordinates equal to unique curvature invariants. This once again reduces the covariancegroup to the identity.Finally Kretschmann could extract one �nal blow from his calculations. In e�ect hecould conclude that the Lorentz group was the largest group possible for any relativityprinciple in a spacetime theory of the type of special and general relativity (p610):A physical theory, which accords an observationally accessible meaning to the externalprinciple � � Z ds = 0 where ds2 = g��dx�dx�

�

of a space-time manifold of Minkowski normal form of the line element or posits thatthe invariant metrical character of the manifold is in some other way in principleobservable to the same extent, can satisfy no broader relativity postulate in the sense[developed earlier in the paper] than that of the original Einsteinian theory of relativity.Kretschmann's proposal has been criticized at length by Anderson (1966). He arguesthat the proposal fails since one can too readily reduce the covariance of a theory to theidentity. His examples include electrodynamics and special relativity, provided that we addsome other structure, such as a scalar �eld, to the Minkowski spacetime.Cartan (1927) gave a less bellicose and mathematically more perspicacious characteri-zation of the di�erence between the general covariance of general relativity and the Lorentzcovariance of special relativity.General relativity threw into physics and philosophy the antagonism that existed be-tween the two principle directors of geometry, Riemann and Klein. The space-times ofclassical mechanics and or special relativity are of the type of Klein, those of generalrelativity are of the type of Riemann.Under Klein's Erlangen program a wide range of geometries were all characterized bytheir associated groups and the geometric entities they studied were the invariants ofthose groups. The key aspect of these Erlangen program geometries|the Euclidean, theprojective, the a�ne, the conformal and others|was that all the spaces were homogeneous.In the Riemann tradition, one considered a space and a group of transformations. Butthe geometric entities investigated are no longer the invariants of the transformations,for in this case there are essentially none. Instead one is interested in the invariants of aquadratic di�erential form, the fundamental or metrical form, that is adjoined to the space.As result, the groups associated with geometries in the two traditions have very di�erentsigni�cance. The spacetime geometry of special relativity, as introduced by Minkowski,is in the tradition of Klein. As a result its characteristic group, the Lorentz group, is
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associated with the homogeneity of the spacetime. General relativity lies in the Riemanntradition and, as a result, its general group of transformation is associated with no suchhomogeneity.Sesmat (1937, pp382{3) gave a more algebraic characterization of why the felt thegeneral covariance of general relativity had failed to implement a generalization of theprinciple of relativity. What was needed was a theory whose laws would remain unchangedin form under transformations between all frames of reference including accelerated ones,in the same way that the laws of special relativity remained invariant under Lorentz trans-formation. The general covariance of general relativity just did not do this. Under thetransformations of general covariance, such as transformation between Cartesian and polarcoordinates, the expression for basic tensors do change. What general covariance doesallow, however, is that a tensor, such as the Einstein tensor, can retain its zero value inempty space under these transformations, even though its expression changes.Sesmat's point seems to be precisely the point that Weinberg (1972, p92) is makingwhen he explains the di�erence between the Lorentz invariance of special relativity andgeneral covariance. One could, he notes, expand the covariance of Newton's second law bytransforming it under Lorentz transformation. However, a new quantity, the velocity ofthe coordinate frame would appear in the transformed equation.The requirement that this velocity does not appear in the transformed equation is whatwe call the Principle of Special Relativity, or `Lorentz invariance' for short, and thisrequirement places very powerful restrictions on the original equation. Similarly, whenwe make an equation generally covariant, new ingredients will enter, that is, the metrictensor g�� and the a�ne connection ���� . The di�erence is that we do not require thatthese quantities drop out at the end, and hence we do not obtain any restriction onthe equations to start with; rather we exploit the presence of g�� and ���� to representgravitational �eldsFock (1957) (see also Fock 1959, p xiii{xiv, 166) gave a synthesis of all these ideas:the homogeneity of spaces in the Klein tradition, the mapping back into themselves ofKretschmann's bundle of light-like and inertial worldlines and he gave it in an algebraicform indicated by Sesmat and Weinberg. In considering the uniform or homogeneousspacetime of special relativity, he explained (p325):The property of spacetime being homogeneous means that (a) there are no privilegedpoints in space and in time; (b) there are no privileged directions, and (c) there are noprivileged inertial frames (that all frames are moving uniformly and in a straight linewith respect to one another are on the same footing).The uniformity of space and time manifests itself in the existence of the Lorentz group.In particular, the equality of points in space and time corresponds to the possibility ofa displacement, the equality of directions corresponds to that of spatial rotations, andthe equality of inertial frames corresponds to a special Lorentz transformation.Fock then gave this condition mathematical expression. The Lorentz transformation leavesunchanged the Minkowski line element

ds2 = dx20 � dx21 � dx22 � dx23 = g��dx�dx� (9)
where the x0; : : : ; x3 are the usual spacetime coordinates of the Lorentz covariant formula-tion. This same condition can be stated in arbitrary coordinates in which the line element(9) becomes
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ds2 = g��dx�dx�

The mathematical expression of the homogeneity of the Minkowski spacetime is now statedas the preservation of the functional form of the components of the metric in some class ofcoordinate systems. That is, if the metric has components g�� in some arbitrary coordinatesystem x�, then it will be possible to transform to a new coordinate system x0� in whichthe new components of the metric g0�� are the same functions of x0� as the g�� are the x�.That is,
g0��(x0�) = g��(x�) (10)

where the equality must be read as holding for equal numerical values of the quadruplesx� and x0�. This condition is considerably more restrictive than merely requiring that thecomponents g�� transform into g0�� under the usual tensor transformation rule. And itexpresses a homogeneity of the spacetime since both coordinate systems x� and x0� relatein indistinguishable fashion to the metric tensor. The set of coordinate systems with thisproperty are related by a ten parameter group which corresponds to the Lorentz group.Notice that the algebraic expression for the transformations from x� to x0� in the Lorentzgroup can no longer be the familiar formulae (1) of Einstein's original 1905 paper. Forexample, in generalizing the coordinates, the coordinate system of (9) may remain inertialbut with the Cartesian spatial coordinates replaced by polar coordinates, in which casethe expression for the Lorentz transformation would have to be altered correspondingly.However, whatever may be their altered form, the transformation equations must leaveunchanged the fundamental form of the components of the metric tensor. Otherwise thespacetime would distinguish between two inertial coordinate systems, in violation of thisuniformity. That is the condition expressed in (10).The distinction between simple covariance and transformation of form (1) seems tobe distinction between Buchdahl's (1981, p29) `improper' and `proper form invariance'.In his example, the equation gijSiSj = 0 (where S is a scalar �eld and commas denotedi�erentiation) is improperly form invariant if the transformed equation just retains thisform as, say, gi0j0Si0Sj0 = 0. It is properly form invariant if the gi0j0 of the transformedequation also remain the same functions of the new coordinates as the untransformed gijwere of the old.Fock's proposal now relates directly to Bergmann's (1942, p159) statement of the prin-ciple of general covariance as given in section 5.5. above. According to (10), a gene-rally covariant formulation of special relativity will admit a ten parameter subgroup oftransformation|the Lorentz transformation|that preserves the functional form of thecomponents of the metric tensor g�� . It can do so in many di�erent ways. One merelyselects some arbitrary coordinate system in which the Minkowski metric has componentsg�� and allows condition (10) to generate the subgroup. If one begins with the usual diag-onal form of the metric, ��� , one arrives at the usual form of the Lorentz transformation(1). Each of these subgroups is associated with a formulation of special relativity of re-duced covariance of the particular functional form of the metrical components that remainunaltered according to (10) will be built into its laws. Therefore Bergmann's statement ofthe principle of general covariance will judge the generally covariant formulation of specialrelativity to be inadmissible and thus preserves a distinction between the covariance ofgeneral relativity and of special relativity.Notice also that the formulations of special relativity of reduced covariance are nowof a form compatible with Klein's Erlangen program, since the Riemannian quadraticdi�erential form are no longer transformed merely covariantly within the theory. Thus, in
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accord with Cartan's observations, the transformation groups of the formulations are nowassociated with the homogeneity of the spacetime.Fock's condition (10) has an immediate expression in the geometric approach to space-time theories. Let h be the dual manifold di�eomorphism of the coordinate transformationde�ned on a Minkowski hM; gabi. Then Fock's condition (10) becomes

h � gab = gab (11)
and the group of transformations satisfying this condition is the Lorentz group.27 That is,the Lorentz group is the group of di�eomorphisms that are the symmetry transformationsor isometries of the Minkowski metric. (Wald, 1984, pp 48, 60, 438). The existence of thisgroup expresses the uniformity of the Minkowski spacetime.With this terminology, we can summarize why Fock and others believe that the tran-sition from special to general relativity has failed to generalize the principle of relativity.Two groups are associated with the formulations of a theory: its covariance group charac-terizes purely formal aspects of its formulation; its symmetry group characterizes a physicalfact, the degree of uniformity of the spacetime and this uniformity group allows the theoryto satisfy a relativity principle. In the transition from a Lorentz covariant formulation ofspecial relativity to a generally covariant formulation of general relativity, the covariancegroup is expanded. This is, however, merely an accident of formulation. The symmetrygroup is actually reduced from the Lorentz group to the identity group, for the generalcase. The identity group is associated with no relativity principle at all. Therefore thetransition from special to general relativity does not generalize the relativity principle. Iteradicates it.
6.3. Coordinate systems versus frames of reference
Fock took it as immediate that his condition (10) automatically realized the equivalence ofinertial frames of reference whereas general relativity embodies no such equivalence. Thatthis is correct may not be immediately clear given that such formulations of the principle ofgeneral covariance such as Bergmann's do preserve a sense in which the natural covariance.To give a precise statement of this result we require a clearer statement of what is a frameof reference.In traditional developments of special and general relativity it has been customary notto distinguish between two quite distinct ideas. The �rst is the notion of a coordinatesystem, understood simply as the smooth, invertible assignment of four numbers to events

27To see the transition, let the metric gab have components g�� in some coordinate system and
let the transformation from coordinate systems x� to x0

� satisfy condition (10). To generate the
dual di�eomorphism h, we now just consider the functional relation between x� and x0

� as a map
from quadruples of reals x� to quadruples of reals x0

�(x�). In one of the coordinate systems allowed
under (10),the di�eomorphism h maps an event p with the four coordinates x� to an event hp with
coordinates x0

�(x�) in the same coordinates system. Consider the metric h � gab carried along to
hp from p under h. If the metric at p has components g�� , then the carried along metric at hp
will have the same components g�� in the carried along coordinate system and the carried along
coordinate system will assign coordinates x� to hp. We now see that this carried along metric is the
same as the original metric at hp, as (11) demands, by comparing their components in the original
coordinate system. We transform the carried along metric back from the carried along coordinate
system to the original by means of the coordinate transformation of (10) and �nd that the carried
along metric has components g0

�� at hp, which has coordinates x�. Therefore the carried along
metric agrees with the original metric since the functional forms of g�� and g0

�� are the same. For
further discussion of the duality of coordinate transformation and manifold di�eomorphism, see
Norton (1989, section 2.3)
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in spacetime neighbourhoods. The second, the frame of reference, refers to an idealizedphysical system used to assign such numbers. More precisely, since the physical systemstend to be space-�lling, one is concerned with how such hypothetical system would behavewere they to be constructed. Many such systems are possible. For example one can imaginespace full of similarly constructed clocks and all of them attached to a rigid frame of smallrods. The clock readings give us the time coordinates and the counting of rods gives usspatial coordinates. To avoid unnecessary restrictions, we can divorce this arrangementfrom metrical notions. Following Kopczynski and Trautman (1992, pp24{5), we couldrequire only that the space-�lling family of clocks bear three smoothly assigned indices(which could function as spatial coordinates), that the clocks tick smoothly, although notnecessarily in proper time, and that time readings vary smoothly from clock to clock. Ofspecial importance for our purposes is that each frame of reference has a de�nite state ofmotion at each event of spacetime.Within the context of special relativity and as long as we restrict ourselves to frames ofreference in inertial motion, then little of importance depends on the di�erence between aninertial frame of reference and the inertial coordinate system it induces. This comfortablecircumstance ceases immediately once we begin to consider frames of reference in non-uniform motion even within special relativity. This became a major problem for Einsteinto negotiate as early as 1907, when he began to consider uniformly accelerated frames ofreference in his new gravitation theory. He found (1907, section 18) the need to introducecoordinate times which could not be read directly from clock measurements. Similarly,due to the Lorentz contraction of rods oriented in the direction of motion, the geometryassociated with a uniformly rotating frame of reference ceased to be Euclidean. As a result,spatial coordinates can no longer be assigned by the usual methods with measuring rods.The point of Einstein's rotating disk thought experiment (�rst published in Einstein (1912,section 1) and best known from Einstein (1916, section 3)) is that spacetime coordinateswill lose this direct metrical signi�cance once we stray from the familiar inertial coordinatesystems of special relativity.28With the advent of general relativity, Einstein wished to consider frames of referencewith arbitrary states of motion. However he deemed it impractical to retain even a vestigeof the idealized physical system of the frame of reference. In their place he simply usedarbitrary coordinate systems. The association of an arbitrary coordinate system with anarbitrary frame of reference became standard in the literature for many decades. Thus, forexample Bergmann (1962, p207) explainsIn all that follows we shall use the terms `curvilinear four-dimensional coordinate sys-tem' and `frame of reference' interchangeably.Thus, in Einstein's writings, whatever equivalence is established by general covariance ofarbitrary coordinate systems is also conferred upon arbitrary frames of reference and, ifwe recall the connection between a frame of reference and a state of motion, the powerfulsuggestion is that this is all that is needed to extend the principle of relativity to arbi-trary motions. The connection is complicated slightly by the fact that some coordinate

28The problem is even more complicated than Einstein indicated. An inertial frame of reference
in a Minkowski spacetime is naturally associated with Euclidean spaces, with are the spatial hy-
persurfaces everywhere orthogonal to the worldlines of the frame's elements. The worldlines of the
elements of a rotating disk admit no such orthogonal hypersurfaces. Since the spacetime of special
relativity remains at, we may well ask in what space does the geometry become non-Euclidean.
The most direct answer is that this geometry is induced onto the `relative space' formed by the
worldlines of the elements of the disk. This space can be de�ned precisely as in Norton (1985,
section 3). For further discussion of the role of the rotating disk thought experiment in Einstein's
thought, see Stachel (1980a).
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transformations clearly do not relate di�erent states of motion, such as the transformationbetween spatial cartesian and polar coordinates. However some subgroup of the generalgroup of coordinate transformations is the appropriate one, as Einstein (1916, section 3)makes clear when he writes:It is clear that a physical theory which satis�es this postulate [of general covariance] willalso be suitable of the general postulate of relativity. For the sum of all substitutionsin any case includes those which correspond to all relative motions of three-dimensionalsystems of co-ordinates.More recently, to negotiate the obvious ambiguities of Einstein's treatment, the notionof frame of reference has reappeared as a structure distinct from a coordinate system. Ifone conceives of a frame of reference as a space �lling system of hypothetical instrumentsmoving with arbitrary velocities, then the minimum information needed to pick out theframe is the speci�cation of an arbitrary frame of reference|and the one I shall use here|is that it is a congruence of curves, that is, a set of curves such that every event inthe spacetime manifold lies on exactly one of its curves. (Torretti 1983, p28, Norton,1985, section 3, Vladimirov et al 1987, p95). If the notion of timelike is de�ned, wewould also require the curves be timelike to ensure that they are the worldlines of physicalelements. In the case of the semi-Riemannian spacetimes of relativity theory, whateverfurther information one might need is supplied by the theory's metrical structure. From itwe can read the time elapsed as read by proper clocks moving with the frame, or changesin the directions and spatial distances of neighbouring elements of the frame.Various alternative de�nitions of frame of reference are possible. Since a smooth con-gruence of curves can be speci�ed as the unique set of integral curves of a smooth, non-vanishing time-like vector �eld, one could take a frame of reference to be such a timelikevector �eld (Earman 1974, p270, Jones, 1981, p163). Again, one can employ richer struc-tures. The timelike vector �eld could be supplemented by a triad of spacelike vectorspointing to the worldlines of neighbouring elements of vectors over the spacetime manifold.(Synge 1960, ch III.5, Vladimirov et al1987, p95). Finally a coordinate system is adaptedto a frame of reference if the curves of the frame coincide with the curves of constantspatial coordinates. Therefore we could take a frame to be the equivalence class of allcoordinate systems adapted to some congruence (Earman 1974, 2270). This de�nition hasthe advantage of bringing us closest to the traditional correspondence between frames ofreference and coordinate systems.In special relativity, an inertial frame of reference is a congruence of timelike geodesics.An inertial coordinate system is a coordinate system adapted to an inertial frame of refer-ence.
6.4. Relativity principles and the equivalence of frames
With the notion of frame of reference clari�ed, it proves possible to give a more precisetreatment of the principle of relativity in so far as it asserts an equivalence of variousstates of motion, that is, of various frames of reference. Einstein's original treatmentof the principle of relativity in special relativity amounted to requiring that the laws ofphysics adopt the same form when expressed in any inertial coordinate system. Thistype of formulation of the principle was quite serviceable in the context of a Lorentzcovariant special theory of relativity. As we have seen, however, there have been signi�cantchallenges to the idea that form invariance of laws can capture any physical principle whenwe are prepared to employ mathematical techniques powerful enough to render virtuallyany theory generally covariant.A precise formulation of the relevant notion of equivalence of frame has been developed
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within work that includes Earman (1974), Friedman (1983, especially ch IV.5) and Jones(1981). Their proposals explore many variant de�nitions and do so within the context ofa wide range of theories, including variants of Newtonian spacetime theory. The essen-tial ideas they share can be illustrated by the following treatment of special and generalrelativity.The essence of the principle of relativity in the special theory is the indistinguishabilityof all the inertial states of motion. Thus Einstein's 1905 special relativity paper had beenmotivated by the realization that no experiment in mechanics, optics or electrodynamicscould reveal the uniform motion of the earth through the aether. That is, space and time`look the same' experimentally to observers in any state of inertial motion. Einstein's taskwas to devise a theory in which they looked the same theoretically as well.This condition can be broken up into a kind of pseudo-experiment. We begin with aninertial observer, who performs a range of experiments in kinematics and other branchesof physics. The observer is then boosted into uniform motion with respect to his originalstate of motion and carries along with him a complete record of all the experiments andtheir outcomes. These experiments are now repeated and the outcomes compared withthose of the original set. The principle of relativity requires that both sets of outcomesmust be the same and a theory satisfying the principle of relativity must predict that thiswill be so. (For a comparison of this sense of the principle and the one that requires forminvariance of laws, see Anderson (1964, pp176{82).)This pseudo-experimental condition can be translated into a theoretical condition thatamounts to the principle of relativity in special relativity. The theoretical dialog of theinertial observer is the inertial frame of reference. The analog of the setting of the observerinto uniform motion is a Lorentz transformation of the frame of reference. The settingup and outcome of all experiments performed by the observer will be determined fullyby the spacetime structures of the theory. Therefore the carrying along of the completedescription of the observer's experiments and outcomes translates into the carrying alongunder Lorentz transformation of the spacetime structures of the theory.29 The principleof relativity now simply amounts to the requirement that the Lorentz transformation mapspacetime structures allowed by the theory into spacetime structures allowed by the theory.Without further assumption it follows that special relativity satis�es the principle ofrelativity as far as all kinematical experiments are concerned. These are idealized exper-iments in which the frame directly `sees' the metrical structure of the spacetime withoutassistance from further material systems. Their outcome is determined solely by that met-rical structure. The satisfaction of the principle of relativity follows immediately from thefact that an arbitrary Lorentz transformation h is a symmetry of the Minkowski metricgab that is, it satis�es Fock's condition (11). Therefore, if h transforms an inertial frameF1 into an inertial frame F2, then the metric seen by F1 and carried along to F2, h � gab,is the same as the metric gab seen by F2.In the more realistic case, the experiments will involve further spacetime structures,such as electromagnetic �elds and charges. The principle of relativity will be satis�ed onlyif these further spacetime structures satisfy the following condition, which is the geometricstatement of the Lorentz covariance of the theories of these furthers structures. Let thetheory have models

hMgab; (O1)ab:::; (O2)ab:::; : : :i (12)
29This treatments assumes that there are no spacetime structures that elude experimental test,

such as the absolute spacetime rigging of a Newtonian spacetime, which introduces a state of rest
that cannot be revealed in any experiment (see Friedman 1983, ch III).
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whereM is an R4 di�erentiable manifold, gab a Minkowski metric, and (O1)ab:::; (O2)ab:::; : : :the extra spacetime structures. If h is any Lorentz transformation and (12) is a model ofthe theory, then

hMgab; h � (O1)ab:::; h � (O2)ab:::; : : :i
must also be a model of the theory. The satisfaction of the principle of relativity now fol-lows. Let F1 be an inertial frame of reference in which are conducted experiments associatedwith structures (O1)ab:::; (O2)ab:::; : : :. If we transform via Lorentz transformation h to anyother inertial frame F2, we require that the theory admit precisely the same experimentsand outcomes. That is we require that the theory allow structures h�(O1)ab:::; h�(O2)ab:::; : : :This is precisely what the geometric version of Lorentz covariance allows.This analysis gives us a precise sense in which the equivalence of inertial frames ofreference is realized within the special theory of relativity. The basic moral of the work ofEarman, Friedman and Jones is that there is no natural sense in which this equivalenceobtains in the spacetimes of general relativity and that there is certainly no extension ofit to accelerated frames of reference. In this sense, there is no principle of relativity inthe general theory of relativity. This moral follows immediately from the fact that specialrelativity admits a non-trivial symmetry group, the Lorentz group, which maps inertialframes of reference into one another. The spacetimes of general relativity in general admitno symmetries. In general relativity, the closest analog of an inertial frame of reference isa frame in free fall. It is represented by a congruence of timelike geodesics. In general,a transformation of that maps one freely falling frame of reference into another will notbe a symmetry of the metrical structure. Therefore spacetime observers of the �rst framewill see di�erent metrical properties in spacetime than will those of the second. Theindistinguishability required for the equivalence of frames does not obtain. Consideringarbitrary frames of reference rather than those in free fall clearly does not change thisresult.That this sense of equivalence of frames fails to obtain in general relativity is not sosurprising and it is di�cult to imagine that Einstein ever expected that it would. Thereal puzzle, then, is to determine the sense in which Einstein believed the equivalence tobe extended by general relativity. There is one reading in this geometric language thatdoes allow a general equivalence of frames (Norton 1985, section 5). So far it has beenassumed that the background spacetime is represented by the combination of manifoldand metric. If instead one takes the manifold alone as the background spacetime, thenone immediately has an equivalence of all frames of reference. For, considering just R4
manifolds for simplicity, an arbitrary automorphism is a symmetry of the manifold. Sinceany frame of reference can be mapped into any other by an automorphism, it follows thateach frame `sees' the same spacetime background so that they are equivalent in at leastthat sense.If this equivalence is to be extended to the sort of equivalence of the principle ofrelativity of special relativity, then the metric tensor �eld of general relativity must betreated in a similar fashion to the structures (O1)ab:::; (O2)ab::: of the above discussion ofspecial relativity. Then a similar sense of equivalence of arbitrary frames follows directlyfrom the active general covariance of general relativity. Let F1 be any frame of referencewhich sees a metrical �eld gab and other �elds (O1)ab:::; (O2)ab:::; : : :. That is, the theoryhas a model

hMgab; (O1)ab:::; (O2)ab:::; : : :i (12)
Then, if F2 is any other frame of reference, the theory must allow a model in which F2 seesan identically con�gured set of �elds. That is, if h is an automorphism that maps F1 into
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F2, then F2 must see the �elds h � (O1)ab:::; h � (O2)ab::: so that the theory must also havea model

hMgab; h � (O1)ab:::; h � (O2)ab:::; : : :i
That it does follows directly from its active general covariance (section 5.4 above).The di�culty with this proposal is that it allows an equivalence of arbitrary framesof reference in all theories that are generally covariant. Such theories include versions ofspecial relativity and Newtonian spacetime theory. Thus, if this generalized equivalenceof frames is to be distinctive to general relativity, there must be some principled way ofrelegating the metric tensor to the contents of spacetime in general relativity, whereas inother spacetime theories, such as special relativity, this metrical structure is to be partof the background spacetime. What makes such a division plausible is the fact that themetric tensor of general relativity incorporates the gravitational �eld. Thus its state isa�ected by the disposition of masses in the same way as a Maxwell �eld is a�ected by thedisposition of charges.The analogy can be pressed further. In special relativity one can conduct an electricalexperiment with some con�guration of charges in an inertial frame of reference. The prin-ciple of relativity requires that, if we were to recreate that same con�guration of chargesin another inertial frame, then we would produce the identical �elds and experimentaloutcomes. This is the sense in which all inertial frames of reference are equivalent. Sim-ilarly, one could consider some con�guration of masses and the metric �eld they producein relation to an arbitrary frame of reference in general relativity as a kind of gravitationalexperiment in that frame. The active general covariance of general relativity then tellsus that we could have laid out the same con�guration of masses and �elds in any otherframe of reference, so that the gravitational experiment would have proceeded identicallyin any frame of reference. This gives us a sense in which arbitrary frames of reference areequivalent in general relativity.The success of this generalized equivalence depends fully on our being able to conceiveof the metric �eld as apart of the contents of spacetime in general relativity but not inother theories like special relativity. Einstein's 1918 version of Mach's principle allowedthis conception since it required that the metric �eld be fully determined by the matterdistribution, so that this �eld would have the same sort of status as the matter distribution.Since Mach's Principle in this form fails in many of the spacetimes of general relativity,it cannot be used to justify a generalized equivalence of frames in that theory. The onlyother well developed analysis that allows this conception of the metric �eld concerns thedistinction between absolute and dynamic objects, to be discussed in the section 8 below.As a dynamical object, the metric of general relativity is naturally classi�ed as part of thecontent of spacetime. As an absolute object, the Minkowski metric of special relativity isnaturally classi�ed as part of the background spacetime.
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7. General relativity without principles
7.1. General relativity without general relativity
Einstein's own developments and discussion of the general theory of relativity place somuch importance on general covariance and the extension of the principle of relativity thatmost accounts of the theory seem compelled to take a position on their importance. Manyessentially agree with Einstein as we have seen in section 4. Many others, as we have seenin sections 5 and 6, disagree with Einstein's views; they develop general relativity withoutclaiming general covariance as a fundamental physical postulate and they explain why theydo so.There is a third category of exposition of general relativity. These are the expositionsthat take no special notice of general covariance at all. Of course the develop generalrelativity in a generally covariant formalism, as is the standard practice. However theexpositions are conspicuous for the absence of any statement of fundamental principleconcerning covariance or relativity. There is no `principle of general covariance', no `generalprinciple of relativity' and no pronouncement that the theory has extended the equivalenceof frames of reference to accelerated frames. And there is no explanation of why theseprinciples are not discussed.It is di�cult to know what signi�cance to read into such formulations of general rela-tivity without general relativity. Many of these expositions are mathematically oriented.So we might suppose that their authors simply decided not to contend with the questionof the physical foundations in favor of other more mathematical aspects of the theory. It ishard to imagine, however, that an author of writing on general relativity can be completelyunaware of Einstein's views, if not also the disputes over them. Therefore when that authorwrites textbook length exposition of general relativity which fails to include such phrases as`general principle of relativity' or `principle of general covariance', one must suppose thatthe author is making a statement by omission. (The omissions are typically so completethat, if the text has an index, these terms will not be listed in it.) We have already seenthat Synge and Fock object to `general relativity' as a misnomer. Thus it seems obviousthat similar sentiments drive such authors as that of Time and space, Weight and Iner-tia: A Chronogeometrical Introduction to Einstein's Theory (Fokker 1965) who displayremarkable ingenuity in avoiding the term `general relativity'.Finally, even if no statement is being made by omission, the very possibility and fre-quency of such accounts of general relativity do indicate that the place of these principlesin the theory might not be so straightforward. If the principles are fundamental physicalaxioms, they would be hard to avoid, even as consequences in an alternate axiomatiza-tion. One is hard pressed to imagine a formulation of thermodynamics without the law ofconservation of energy as a fundamental axiom or one of the earliest and most importanttheorems! The subtlety of the situation is captured by Trautman, who observed well intohis exposition (1964, p122) of general relativity. . . we have managed to obtain general relativity by a (we hope) fairly convincing chainof reasoning without ever mentioning such a principle [of general covariance].He did proceed, however, to list several senses of the principle and their non-trivial rela-tionships to the theory. Thus one can �nd general covariance relevant without mentioningit in development of the theory.With these interpretative cautions, we can proceed to note that the tradition of ex-position of general relativity without general relativity extends back to the earliest of thetheory. There are many exposition of relativity theory with this character from the 1920s.They include Bauer (1922), Birkho� (1927), Darmois (1927), Chazy (1928) and De Donder
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(1925) (but De Donder (1921, pp10{15) had emphasized the arbitrariness of coordinates ingeneral relativity and the invariance of its fundamental equations). Eddington (1924, ch I,section l ) labours in detail the notion that one can use arbitrary `space-time frames' for de-scribing phenomena, but without ever mentioning a principle of covariance or a generalizedprinciple of relativity. His earlier Eddington (1920, p20) had allowed that a generalizationof the principle of relativity in the theory in so far as he conceded `it will be seen thatthis principle of equivalence is a natural generalization of the principle of relativity'. Thisremark was not repeated in Eddington (1924).The lean years after the 1920s saw several exposition of general relativity withoutgeneral relativity: Rainich (1950) and the synopsis of general relativity by Zatskis (1955).The revival of interest in general relativity in the 1960s brought more such expositionsand they have included some of the most important expositions of the theory: Fokker(1965), Schild (1967) (although he mentions (p20) that general relativity `shows there areno inertial frames at all'), Robertson and Noonan (1968), Ehlers (1971), Hawking andEllis (1973), Dirac (1975), Falk and Ruppel (1975) (although the notion of a generalizedprinciple of relativity is alluded to briey, e.g., p323), Sachs and Wu (1977), Clarke (1979)(although section 3.1.3 does emphasize the loss of global inertial systems and the novelty ofarbitrary coordinate systems in general relativity), Frankel (1979), Schutz (1985) (Althoughit is allowed (p 3) that general relativity is more general in allowing both inertial andaccelerated observers), Martin (1988), Hughston and Tod (1990), Stewart (1990).
7.2. The principle of equivalence as the fundamental principle
While many of these accounts of general relativity, avoid mention of principles of generalcovariance an generalized relativity, many of them do �nd a special place for just one of thethree fundamental principles listed by Einstein in 1918, the principle of equivalence. Ofcourse, the version used is typically not Einstein's but one or other variant of an in�nites-imal principle of equivalence. The principle is not used in Einstein's manner as a steppingstone to a generalized principle of relativity. Rather it is used to establish a notion claimedas a fundamental principle of general relativity, that special relativity holds in�nitesimallyin the theory; or, less commonly, it is just taken to be as much of the generalized principleof relativity as general relativity will admit.Such treatments, which employ only the principle of equivalence as a fundamentalprinciple, include: Silberstein (1922, p 12), Eddington (1924, section 17) (although empha-sizing (p41) that the principle is to be derived rather than postulated in the exposition),Birkho� (1927, pp 140{4), Landau and Lifshitz (1951, ch 10) Fokker (1965, section 6.9)(with the principle in Einstein's original form), Robertson and Noonan (1968, section 6.9),Schild (1967), Falk and Ruppel (1975, section 32), Clarke (1979, ch 3), Frankel (1979, ch2), Raine and Heller (1981, ch 6.8) Schutz (1985, p 184), Martin (1988, section 1.6, 5.11),Stewart (1990, section 1.13). We have the exposition of Tonnelat (1959), who takes theprinciple of equivalence to be a `principle of generalized relativity' (p 327) and Wasser-man (1992), who also remarks briey (p342) that the principle of equivalence extends theprinciple of relativity to include accelerated frames of reference.
7.3 Challenges to the principle of equivalence
One might well wonder if we have not at last found the uncontroversial core of Einstein'saccounts of the foundational principles of general relativity in these expositions. That corewould now just be the principle of equivalence, even if it is in an altered form Einsteinnever endorsed. However not even the popular versions of the principle of equivalence haveescaped telling attack.The best known challenge has been stated most clearly by Synge. His concern is that



General covariance and general relativity 843
the presence or absence of a gravitational �eld must be characterized geometrically, thatis, in invariant terms. He asserts that the presence of a gravitational �eld correspondsjust with non-vanishing curvature of spacetime. Such an invariant criterion is una�ectedby coordinate transformation, by change of frame of reference or by a change of the stateof motion of the observer. Therefore none of these changes will be able to transformaway a gravitational �eld or bring one into existence, contrary to many versions of theprinciple of equivalence. He is unimpressed with the requirement that the spacetime metricbecome diag(1,1,1,-1) at some nominated event, thereby mimicking special relativity atleast in some in�nitesimal sense. Synge deems this trivial since it merely amounts to therequirement that the metric have Lorentz signature. Thus he wrote his famous lament(1960, p ix) about relativists who. . . speak of the Principle of Equivalence. If so, it is my turn to have a blank mind, forI have never been able to understand this principle. Does it mean that the signatureof the spacetime metric is +2 (or -2 if you prefer the other convention)? If so, it isimportant, but hardly a principle. Does it mean that the e�ects of a gravitational �eldare indistinguishable from the e�ects of an observer's acceleration? If so it is false.In Einstein's theory, either there is a gravitational �eld or there is none, accordingas the Riemann tensor does not or does vanish. This is an absolute property, ithas nothing to do with any observer's worldline. Spacetime is either at or curved,and in several places in the book I have been at considerable pains to separate trulygravitational e�ects due to curvature of spacetime from those due to curvature ofthe observer's world-line (in most cases the latter predominate). The Principle ofEquivalence performed the essential o�ce of midwife at the birth of general relativity.But, as Einstein remarked, the infant would never get beyond its long-clothes had itnot been for Minkowski's concept. I suggest that the midwife be now buried withappropriate honors and the facts of absolute space-time faced.The idea that the presence of a gravitational �eld is associated with the invariant propertyof curvature can be translated in to observational terms. The non-vanishing of the Riemanncurvature tensor entails the existence of tidal forces acting on bodies in free fall. The goalof restricting versions of the principle of relativity to in�nitesimal regions of spacetime isto eliminate these tidal forces. However they cannot be so eliminated; for example, thetidal bulges on a freely falling droplet remain as the droplet becomes arbitrarily small,ignoring such e�ects as surface tension; see Ohanian (1976, ch 1, 1977) and Bondi (1979).See also Norton (1985, section 10) for an attempt to characterize the imprecise restrictionto in�nitesimal regions as a restriction on access to certain orders of quantities de�ned ata point. Following a suggestion from Einstein, it turns out that an in�nitesimal principleof equivalence can hold only at the expense of a restriction so severe that it trivializesthe principle. See also Norton (1985, section 11) for Einstein's response to the idea thatvanishing spacetime curvature is to be associated with the absence of a gravitational �eld.
8. Eliminating the absolute
8.1. Anderson's absolute and dynamical objects
However else he may have changed his viewpoints, we have seen (section 3.9) that Ein-stein maintained throughout the lifetime of his writings on general relativity that it wasdistinguished from earlier theories by a single achievement, it had eliminated a causal ab-solute, the inertial system. If we are to have an account that truly captures Einstein'sunderstanding of general covariance, then we should expect this rather imprecisely notionto play a prominent role. This notion surely lies behind Pauli and Weyl's emphasizing thatthe metric tensor is determined by the matter distribution through �eld equations and that
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this justi�es (Weyl) the name `general theory of relativity' (see section 5.5 above).Einstein's notion surfaces more clearly in Bergmann's (1957, pp11{12) conception ofweak and strong covariance. Weak covariance is the type we see in when we use manydi�erent coordinate systems to describe the one phenomenon in Lagrangian mechanics.The fundamentally trivial nature of this `weak covariance' derives from the rigidity ofthe classical metric.This is quite distinct from the strong covariance of general relativity where30it is one's task to calculate the metric . . . as a dynamic variable. We can take onecoordinate system or another for this job, but all that we can know is the relation ofone frame to the other: we do not know the relation of either to the world. `Strongcovariance', therefore, contains not only a reference to the structural similarity of anequation and its transformation, it implies as well that one frame is as good a startingpoint as another|that we do not need prior knowledge of its physical meaning . . . whichis generated at the end.Many important themes are touched on here, as has been indicated by Stachel (forthcoming,footnote 3). This distinction between weak and strong covariance amount to that betweenpassive and active covariance. What concerns us here, however, is that contrasting of the`rigidity of the classical metric' with the metric of general relativity `as a dynamic variable'.The most precise context so far for the statement of Einstein's causal concerns hasbeen provided by Anderson (1964, 1967, ch 4, 1971) (but see also Anderson (1962) for ade�nition of absolute change within general relativity). In laying out his system, Andersonuses a somewhat idiosyncratic nomenclature. He labels the set of all possible values of thegeometric objects of a theory the `kinematically possible trajectories'. Those sanctionedby the `dynamic laws' or `equations of motion' of the theory, he calls the `dynamicallypossible trajectories'. The principle novelty of Anderson's development is the distinctionbetween `absolute' and `dynamical' objects. That distinction will be used to strengthenthe principle of general covariance into a more restrictive `principle of general invariance'.Although allowing for a time that both special and general covariance principles aredevoid of physical content (1964, p184), Anderson (1967, section 4.2, 1971, pp162{65) thencame to urge that the requirement of general covariance is not physically vacuous. Heallowed that one can take a physical theory and generate successive formulations of widerand wide covariance. However there is a point in the hierarchy at which we are forcedto introduces elements which are unobservable or transcend measurement. Since we areprohibited from proceeding to this point in the hierarchy, covariance requirements havephysical force. (This strategy for injecting physical content into covariance principles isessentially the one used by Pauli and others in section 5.5 above.)The absolute objects of a spacetime theory are distinguished by precisely the causalcriterion that allowed Einstein to designate the inertial systems of special relativity asabsolute. Anderson and Gautreau (1969, p1657) summarize:Roughly speaking, an absolute object a�ects the behaviour of other objects but is nota�ected by these objects in turn.

30The two ellipses `. . . ' and emphasis are Bergmann's.
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The remaining objects are dynamical. Thus the Minkowski metric of special relativity is anabsolute object. In special relativistic electrodynamics, the Minkowski metric a�ects theMaxwell �eld and charge ux in determining, for example, which are the inertial trajectoriesof charges. However neither Maxwell �eld nor charge ux, the dynamical objects of thetheory, a�ect the Minkowski metric. Whatever their form, the Minkowski metric stays thesame. This is the sense in which it a�ects without being a�ected. Since the Minkowskimetric induces the inertial frames on spacetime, Anderson's identi�cation of the Minkowskimetric as an absolute object �ts exactly with Einstein's identi�cation of inertial frames asabsolutes.This loose de�nition must be made more precise and Anderson (1967, p83{4) (see alsoAnderson (1971, p166) gives a more precise de�nition. Having eliminated irrelevant objectsfrom the set of geometric objects yA allowed in the theoryWe now proceed to divide the components of yA into two sets, �� and za where the�� have the following two properties:(1) the �� constitute the basis of a faithful realization of the covariance group of thetheory.(2) Any �� that satis�es the equations of motion of the theory appears, togetherwill all its transforms under the covariance group, in every equivalence class of dpt(dynamically possible trajectories)The �� if they exist, are the components of the absolute objects of the theory. Theremaining part of yA, the za are then the components of the dynamical objects of thetheory.Condition (1) is an important but essentially technical condition that the transforma-tion behaviour of the �� respect the group structure of the theory's covariance group (e. g. the �� ought to transform back into themselves under an identity transformation ofthe covariance group.) Condition (2) essentially just says that the absolute objects �� arethe same in every dynamically possible trajectory (i.e. model) of the theory. The condi-tion, however, must allow that an absolute object, such as a Minkowski metric, g�� can bemanifested on many di�erent forms as it transforms under the members of the covariancegroup. Therefore the second condition collects the dynamically possible trajectories intoequivalence classes of intertransformable members. Since each class is closed under trans-formations of the covariance group, the one set of absolute objects and all their transformswill appear in each class. Thus condition (2) requires, in e�ect, that the absolute objectsthat appear in all models are the same up to a transformation of the theory's covariancegroup.With this distinction in place, Anderson now de�nes the symmetry group or `invariancegroup of a physical theory' (Anderson 1971, p166) asthat subgroup of the covariance group of the theory which leaves invariant the absoluteobjects of the theory. In particular, if there are no absolute objects, the invariancegroup and the covariance groups are the same group.The `leaves invariant' is to be understood in the sense of a symmetry transformation suchas given in (10) and (11) above. There is an analogous de�nition for the `symmetry groupof a physical system' (Anderson 1967, p87)Anderson's central claim (e.g. Anderson 1967, p338) is that this symmetry group iswhat Einstein really had in mind when he associated the Lorentz group with special rel-ativity and the general group with general relativity. For a requirement on a symmetrygroup, not a covariance group, is the correct way to express a relativity principle. Even ifwe formulate our theories in generally covariance fashion, they continue to be characterizedby the groups expected if we look to their symmetry groups. The symmetry group of agenerally covariance special relativity is the Lorentz group. Again, consider a generally co-
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variant formulation of Newtonian spacetime theory with spacetime structures ta; habandrawhere the gravitational �eld is not incorporated into ra. Then these three objects are theabsolute objects of the theory and their symmetry group is the Galilean group. Finally,general relativity has no absolute objects. Its symmetry group is the general group.One can grasp the picture urged if one imagines that the background spacetime of atheory is the spacetime manifold together with the theory's absolute objects|although`background spacetime' is not a notion discussed by Anderson. In the cases of specialrelativity and the above version of Newtonian spacetime theory, both admit a family ofpreferred inertial frames of reference which remain unchanged under the Lorentz group orGalilean group respectively. In the case of general relativity, the background spacetime isjust the manifold whose symmetry group is the group of arbitrary transformations.According to Anderson, what Einstein really intended with his principle of generalcovariance is what Anderson calls the `principle of general invariance'. This principlerequires that the symmetry group of a theory be the general group of transformationsor, as Anderson calls them, the `manifold mappings group'. This principle rules out thepossibility of any non-trivial absolute objects in the theory, that is, those which havemore than merely topological properties. In this sense, the principle of general invarianceamounts to a no-absolute-object requirement and o�ers a precise reading for Einstein'sclaim that general covariance has eliminated an absolute from spacetime.
8.2. Responses to Anderson's viewpoint
Anderson's ideas on absolute and dynamical objects have found a limited but favorableresponse in the literature. Misner et al (1973, section 17.6) present a requirement of noabsolute objects in terms of the requirement of `no prior geometry' where:By `prior geometry' one means any aspect of the geometry of spacetime that is �xedimmutably, i.e. that cannot be changed by changing the distribution of gravitatingsources.They describe Einstein as seeking both this requirement as well as a `geometric, coordinateindependent formulation of physics' when he required general covariance|and that thishas been responsible for half a century of confusion.Anderson's principle of general invariance appears in Trautman (1973), as does thedistinction between absolute and dynamical objects in Kopczynski and Trautman (1992,ch 13). Ohanian (1976, pp252{4) uses Anderson's principle of general invariance to respondto Kretschmann's objection that general covariance is physically vacuous. He does insist,however, that the principle is not a relativity principle and that the general theory ofrelativity is no more relativistic than the special theory (p257). Anderson's ideas seem alsoto inform Buchdahl's (1981, lecture 6) notion of `absolute form invariance'.The distinction between absolute and dynamical objects has been received and devel-oped most warmly by philosophers of space and time, so that in place of (6), the generalmodel of spacetime theory is given as

hM;A1; A2; : : : ; D1; D2; : : :i
where A1; A2; : : : are the absolute objects and D1; D2; : : : the dynamical. However theydo not generally allow that Anderson's reasoning has vindicated Einstein's claim that thegeneral theory of relativity extends the principle of relativity of special relativity. SeeEarman (1974, 1989, ch 3), Friedman (1973, 1983), and Hiskes (1984). Earman (1989,section 3.4) investigates the possibilities of the symmetry group of the absolute objects ofa theory di�ering from the symmetry group of the dynamical objects.
8.3. No gravitational �eld|no spacetime points
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Stachel (1986, sections 5, 6) has provided an interesting extension of the viewpoint advancedby Anderson. Stachel's concern is that our formulations of general relativity are still not ina position to explicate Einstein's idea that spacetime cannot exist without the gravitational�eld (see section 3.5 above). Stachel faults our representing of physical spacetime eventsby the mathematical points of the spacetime manifold. Read naively, this de�nition tellsus that a manifold without metrical �eld represents a physical spacetime of events withtopological properties but with no metrical relations.Stachel's proposal applies to spacetime theories without absolute objects, which he calls`generally covariant', and can be reviewed only informally here. To form the models of suchtheories one assigns various geometric objects|tensor �elds, for example|to each pointof the manifold in the usual way. In principle, many di�erent such �elds could be assigned.In the case of general relativity, we have a host of possible metrical �elds of all sorts ofdi�erent curvature. The loose notion of the space of all such possible �elds is given preciseformulation by Stachel as a �bre bundle E over the manifold M . The particular �elds thatare chosen for inclusion in the theory's models are picked out though cross-sections of the�bre bundle E. Loosely speaking, a cross section � amounts to an association of a pointof the manifold M with the geometric objects assigned to it in some model of the theory.(More precisely, a cross-section � is a map that goes from a point p of the manifold M to amember �(p) of the �bre bundle E, where �(p) must be associated with p by the bundle'sprojection map �, so that ��(p) = p.)The core of Stachel's proposal is that the physical events of spacetime are representedby the inverse of this map �. That is|loosely speaking|the physical events are notrepresented directly by the points of the spacetime manifold; rather, in their place, weuse the association of the points of the manifold with the geometric structures de�ned onthem. We now automatically have the property of spacetime that Einstein announced. Ifwe take away the gravitational �eld, that is the metric �eld, from a spacetime in generalrelativity, then we have taken away the �bre bundle and with it the map that representsthe physical spacetime events. In a theory with absolute objects, however, physical eventsare represented directly by points of the base manifold. Therefore their behaviour is quitedi�erent. See Stachel (1986) for further details of how theories with absolute objects aretreated and of the machinery needed to allow that one physical situation is represented byan equivalence class of di�eomorphic models.
8.4. What are absolute objects and why should we despise them?
There are two areas of di�culty associated with the general theory of absolute and dy-namical objects. The �rst is that question of how we de�ne absolute objects. Anderson'sde�nition was that an object was absolute if the same object (up to coordinate transfor-mation) appeared in all the theory's models. In the coordinate free, geometric languagehow are we to understand the `same'? The obvious candidate is that two objects are thesame if they are isomorphic. Global isomorphism is the criterion used in Earman's (1974,p282) de�nition of absolute objects to pick out when one has the same object in all mod-els. Friedman (1973, p308{9, 1983, p58{60) uses only the requirement that the objects belocally di�eomorphic.31The �rst di�culty with this criterion of di�eomorphic equivalence as sameness waspointed out by Geroch (Friedman 1983, p59). The criterion deems as the same all timelike

31More precisely, in the 1983 version of the de�nition, what Friedman calls `d-equivalence' is this:
If a theory has models hM;�1; : : : ;�ni and hM;	1; : : : ;	ni, then 	i and �i are d-equivalent of,
for every p 2M there are neighbourhoods A and B of p and a di�eomorphism h : A! B such that
	i = h � �i.
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non-vanishing vector �elds, so that however such a �eld arises in a theory, it will be one ofits absolute objects. Thus, in standard `dust' cosmologies, the velocity �eld Ua of the dustbecomes an absolute object. To avoid the problem, Friedman suggests a rather contrivedescape: formulate the theory of dust with the dust ux �Ua where � is the mass density,instead of � and Ua separately. (Friedman is relying her on the possibility that � vanishessomewhere. A better choice would have been the stress-energy tensor for pressureless dust�UaU b.)More seriously, modifying slightly an example of Torretti (1984, p285), we could imaginethe following hybrid classical cosmology. The spacetime structure is given exactly by anyof the Robertson-Walker spacetime metrics. The metrics are posited a priori and notgoverned by the presumed inhomogeneous matter distribution through gravitational �eldequations, Therefore the curvature of the metric is unaltered in the vicinity of massivebodies. In this case, we would judge the metrical spacetime structure to act on the matterdistribution without the matter distribution acting back on it. However, since models ofthe theory would allow metrics of di�erent curvature, we cannot use existing de�nitions toidentify the spacetime metric as an absolute object. Torretti's counterexample shows usthat the basic notion of `sameness' does not fully capture the notion of things that act butare not acted upon.The second area of di�culty associated with the general theory of absolute and dy-namical objects is a presumption of Anderson and Einstein (assuming that he is correctlyinterpreted by the theory). They presume that there is some compulsion to eliminate ab-solute objects. Of course they are right in the sense that our best theory of space andtime happens not to employ absolute objects. Thus several of Anderson's arguments of theprinciple of general invariance can form a premise of arguments that lead to empiricallycon�rmed results (Anderson 1967, section 10.3, 1971, p169). However absolutes are sup-posed to be defective in a deeper sense. It is not just that we happen not to see absolutesin nature; Nature is somehow supposed to abhor things that act but are not acted upon.The di�culty is to clarify and justify this deeper sense.Anderson (1967, p339, 1971, p169) sees in nature a `generalized law [principle in 197] ofaction and reaction'. But the principle is so vague that it is unclear what the principle reallysays and where it can be applied. Does Planck's constant h or the gravitation constant G`act' on matter without su�ering `reaction'? With this vagueness how can we tell if the lawis true or even whether we should hope for it to be true? Is it, perhaps, a dubious guilt byassociation with Aristotle's Unmoved Mover? Einstein comes closer to an explanation withhis analogy (section 3.9 above) to pots of water, one boiling, one not. There has to be asu�cient reason for the di�erence. Analogously, the di�culty with absolute objects is thatthere is no su�cient reason for them to be one way rather than another. Now we mightallow that such a principle of su�cient reason applies to temporarily successive states ofsystems, although quantum theory calls even that into doubt. But why should we requirethis sort of principle to hold for aspects of the universe as a whole? In answer, we mighttake Born expansion of Einstein's (1916, section 2) denunciation of an absolute, inertialspace as an ad hoc cause. Born (1924, p311) explainsIf, however, we ask what absolute space is and in what other way it expresses itself,no one can furnish an answer other than that absolute space is the cause of centrifugalforces but has no other properties. This consideration shows that space as the causeof physical occurrences must be eliminated from the world picture.It is hard to sympathize with Born's complaint. The absolute Minkowski metric ofa special relativistic world has an extremely rich collection of properties all of which canbe con�rmed by possible experiences. It is di�cult not to see the very objection of Bornand Einstein as ad hoc. They seek to use vague and speculative metaphysics to convert
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something that happens to be false into something that has to be false. These seem to beSchlick's 1920, p40) sentiments when he observes. . . we can . . . consider the expression `absolute space' to be a paraphrase of the merefact that these [centrifugal] forces exist. They would then simply be immediate data;and the question why they arise in certain bodies and are wanting in others would beon the same level with the question why a body is present at one place in the worldand not at another. . . . I believe Newton's dynamics is quite in order as regards theprinciple of causality.Special relativity has su�ered too long form the crank myth that it not just happens to betrue but it has to be true and that proper meditation on clocks and light signalling revealsit. Let us not create a similar myth for general relativity.
9. Boundaries and puzzles
9.1. Is general covariance too general? Or not general enough?
While most have been satis�ed with general relativity as a general covariant theory, Fock(1957, 1959, pp xv{xvi, section 93) has proposed that the four coordinate degrees of freedomof the generally covariant theory be reduced by application of a coordinate condition. Fock's`harmonic coordinates' are picked out by the condition

��x� (
p�g g��) = 0

Fock applies this condition to the case of spacetimes which are Minkowskian at spatial in-�nity and �nds that the resulting equations are the natural generalization of the standardGalilean coordinates of spatial relativity and are �xed up to a Lorentzian transformation.Fock sees the physical importance of harmonic coordinates in such problems as the justi-fying of Copernican of the Ptolemaic cosmology. In harmonic coordinates, the earth orbitsthe sun and not vice versa.Fock's proposal proved controversial. Criticism of Fock's proposal was aired at a con-ference in Berne in July 1955 for the jubilee of relativity theory (Fock 1956). Infeld arguedthat a restriction to harmonic coordinates is acceptable as a convenience. `But to add italways (or almost always) to the gravitational equation and to claim that its virtue liesin the fact that the system is only Lorentz invariant, means to contradict the principleidea of relativity theory.' Trautman (1964, p123) and Kopczynski and Trautman (1992,p124) have also objected that Fock's proposal amount to the postulation of new spacetimestructures for which no physical interpretation can be given.
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In so far as Fock intended to reduce permanently the covariance of general relativityand introduce further structure, then these critical attacks are warranted. The harmoniccoordinate condition is unacceptable as a new physical principle. But Fock (1959) seemsto hold a milder position. He emphasized (pp350{1) that the introduction of harmonic co-ordinates is intended in a spirit no di�erent from that which introduces preferred Galileancoordinates into a generally covariant formulation of special relativity. Thus `the existenceof a preferred set of coordinates . . . is by no means trivial, but reects intrinsic proper-ties of space-time'. In the case of a spacetime Minkowskian at spatial in�nity, harmoniccoordinates simply reveal a structure already assumed as part of the boundary condition.Their use does not amount to an unwarranted postulation of new structure|unless onedeems the boundary conditions themselves unwarranted. For further discussion see Gorelik(forthcoming)The issue surrounding Fock's proposal was whether a restriction of the covariance ofgeneral relativity could be justi�ed. Arzeli�es (1961) has proposed a modi�cation of generalrelativity which amounts to a kind of expansion of its covariance. He urges that Einstein'stheory has still not satis�ed the requirements of the generalized principle of relativity andthat the transformations it allows should be extended in the following sense. If we start witha coordinate system Xi then, under coordinate transformation, the coordinate di�erentialdXi transform into new coordinate di�erentials dxi. It is customarily assumed that thecoordinate di�erentials dxi are exact, so that they can be integrated into the new coordinatesystems xi. Arzeli�es proposed that this restriction be dropped. This would certainlygeneralize the group of transformations since the functions �ik of the equations dxi =�ikdXk need no longer be restricted by the requirement of exactness. The modi�cation ofextremely far reaching, however, in so far as it leads to the loss of many familiar theorems.For example, it will now be possible to transform the line elements of non-at metrics tothe form

ds2 = (dx1)2 + (dx2)2 + (dx3)2 + (dx4)2
over a neighbourhood (not just a point), where this was formerly only possible if the metricwas at.
9.2 The Einstein puzzle
There is a presumption in much modern interpretation of Einstein's pronouncements onthe foundations of the general theory of relativity. It is that much of what he says cannotbe taken at face value. (Why does Einstein make such a fuss about introducing arbitraryspacetime coordinates? We have always been able to label spacetime events any way weplease!) Thus we are either to translate what he really meant into some more precisecontext, as does Anderson, or to dismiss it as confused. The proposal of Norton (1989,1992) is that our modern di�culty in reading Einstein literally actually stems from a changeof context. (For related concerns see Norton (1993).)The relevant change lies in the mathematical tools used to represent physically possiblespacetimes. In recent work in spacetime theories, we begin with a very re�ned mathematicalentity, an abstract di�erentiable manifold, which usually contains the minimum structureto be attributed to the physical spacetimes. We then judiciously add further geometricobjects only as the physical content of the theory warrants. Moreover, we have two levelsof representation. We �rst represent the physically possible spacetimes by the geometricmodels of form (6) and then these geometric models are represented by the coordinate basedstructures (7). General covariance is usually understood as passive general covariance andtherefore arises as a mathematical de�nition, as we have seen.
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In the 1910s, mathematical practices in physics were quite di�erent. The two levelsof representation were not used. When one represented a general space or spacetime,one used number manifolds|Rn or Cn for example. Thus Minkowski's `world' was not adi�erentiable manifold that was merely topologically R4. It was literally R4, that is it wasthe set of all quadruples of real numbers.Now anyone seeking to build a spacetime theory with these mathematical tools of the1910s faces a very di�erent problems from the ones we see now. Modern di�erentiablemanifolds have too little structure and we must add to them. Number manifolds have fartoo much structure. They are fully inhomogeneous and anisotropic. The origin h0; 0; 0; 0iis quite di�erent from every other point, for examples. And all this structure had canon-ical physical interpretation. If one took the x4 axis as the time axis, then x4 coordinatedi�erences were physically interpreted as di�erences of clock readings. Timelike straightswould be the inertial trajectories of force free particles. The problem was not how to addstructure to the manifolds, but how to deny physical signi�cance to existing parts of thenumber manifolds. How do we rule out the idea that h0; 0; 0; 0i represents the preferredcenter of the universe and that the x4 coordinate axis a preferred state of rest?Felix Klein's Erlangen program provided precisely the tool that was needed. Oneassigns a characteristic group to the theory. In Minkowski's case, it is the Lorentz group.Only those aspects of the number manifold that remain invariant under this group areallowed physical signi�cance. Thus there is no physical signi�cance in the preferred originh0; 0; 0; 0i of the number manifold since it is not invariant under the transformation. But thecollection of timelike straights of the manifold are invariant; they represent the physicallyreal collection of all inertial states of motion. As one increases the size of the group, onestrips more and more physical signi�cance out of the number manifold.We can put this in another way. A spacetime theory coordinates a physically possiblespacetime with the number manifold. The characteristic group of the theory tells us thatmany di�erent such coordinations are allowed and equally good. What is physically signi�-cant is read o� as that part of each coordination common to all of them. This coordinationof physical events with quadruples of numbers in is what was meant by `coordinate system'and the equivalence of two such systems was far from a mathematical triviality. It was theessence of the physical content of the theory.It is in this tradition that Einstein worked in the 1910s. His project was to expandthe group of his theory as far as possible. But he had to proceed carefully since suchexpansions came with a stripping of physical signi�cance from the number manifold. ThusEinstein (1916, section 3) needed to proceed very cautiously in explaining how the generalcovariance of his new theory had stripped the coordinates of their direct relationship tothe results of measurements by rod and clock. The project is clearly also a project ofrelativization of motion. The imposition of the Lorentz groups stripped the x4 axis of thephysical signi�cance as a state of rest, implementing a principle of relativity for inertialmotion. The transition to the general groups stripped the set of timelike straights ofphysical signi�cance as inertial motion, extending the principle to accelerated motion.If this was all that Einstein had done, then his whole project would have remainedwithin the Erlangen program tradition and there would be no debates today over whetherEinstein succeeded in extending the principle of relativity. But, in the transition fromthe Lorentz tot the general group, Einstein added an element that carried him out of thetradition of the Erlangen program. He associated a Riemannian quadratic di�erential formwith the spacetime. (Thus Cartan (section 6.2 above) captures precisely the crucial point.)While Einstein could correctly say that he had generalized the principle of relativity insofaras he had stripped physical signi�cance from the timelike straights of the number manifold,what remained to be seen was whether he had reintroduced essentially this same structure
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by means of the quadratic di�erential form. In e�ect this question has become the focusof the debate over the generalized principle of relativity.Finally, it is helpful to bear in mind that what Einstein meant by `coordinate system'is not the same as the modern `coordinate charts' of a di�erentiable manifold. The latterrelate structures of (6) and (7) and the equivalence of each representation is a matter ofmathematical de�nition. Einstein's coordinate systems are actually akin the representa-tion relation between physically possible spacetimes and the models of form (6). Thattwo models represent the one physically possible spacetime is a physical assumption thatamounts to assuming that their mathematical di�erences have no physical signi�cance.Correspondingly, within the context of Einstein's formulation of spacetime theories, thattwo coordinate system represent a physically possible spacetime is once again a physicalassumption and for the same reason. That is, Einstein's covariance principles are mostakin to modern active covariance principles.In sum, there is no real puzzle in much that of what Einstein said. Rather it nowonly seems puzzling since he is solving problems we longer have because of the greatersophistication of our mathematical tools. Indeed, in good measure we owe to Einstein'sinspiration the development and widespread use of mathematical tools that automaticallysolve problems over which he laboured so hard.
10. Conclusion
The debate over the signi�cance of general covariance in Einstein's general theory of rela-tivity is far from settled. There are essentially three viewpoints now current.First is the viewpoint routinely attributed to Einstein. It holds that the achievement ofgeneral covariance automatically implements a generalized principle of relativity. In viewof the considerable weight of criticism, this view is no longer tenable. Relativity principlesare symmetry principles, the requirement of general covariance is not a symmetry principle.The requirement of general covariance, taken by itself, is even devoid of physical content.It can be salvaged as a physical principle by supplementing it with further requirements.The most popular are a restriction to simple law forms and a restriction on the additionalstructures that may be used to achieve general covariance. However neither supplementarycondition has been developed systematically beyond the stage of fairly casual remarks.The second viewpoint has been developed by Anderson and is based on his distinctionbetween absolute and dynamical objects. His `principle of general invariance' entails thata spacetime theory can have no non-trivial absolute objects. Anderson argues that theprinciple is a relativity principle, since it is a symmetry principle, and that it is whatEinstein really intended with his principle of general covariance. In this approach, generalrelativity is able to extend the symmetry group of special relativity form the Lorentzgroup to the general group. This extension depends on the metric being a dynamicalobject, which is no longer required to be preserved by the symmetry transformations ofthe theory's relativity principle.The third viewpoint holds that the dynamical character of the metric is irrelevant in thiscontext an that the metric must be preserved under the theory's symmetry group, if thatgroup is to be associated with a relativity principle. Since the metrics of general relativisticspacetimes have, in general, no non-trivial symmetries, there is no non-trivial relativityprinciple in general relativity. Whatever may have been its role and place historically,general covariance is now automatically achieved by routine methods in the formulationof all seriously considered spacetime theories. The foundations of general relativity do notlie in one or other principle advanced by Einstein. Rather, they lie in the simple assertion
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that spacetime is semi-Riemannian, with gravity represented by its curvature and its metrictensor governed by the Einstein �eld equations.
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