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Introduction

The algebraic K-groups K,(A) and the algebraic L-groups L.(A) are
the obstruction groups to the existence and uniqueness of geometric
structures in homotopy theory, via Whitehead torsion and the Wall
finiteness and surgery obstructions. In the topological applications the
ground ring A is the group ring Z[r] of the fundamental group =. For K-
theory a geometric structure is a finite CW complex, while for L-theory
it is a compact manifold. The lower K- and L-groups are the obstruc-
tion groups to imposing such a geometric structure after stabilization by
forming a product with the i-fold torus

T = St xSt x...x8t,
arising algebraically as the codimension ¢ summands of the K- and L-
groups of the i-fold Laurent polynomial extension of A
Alm(TY] = Alzr, (1) 7Y 20, (22) 78, oo 20, (20) 7Y
The object of this text is to provide a unified algebraic framework for
lower K- and L-theory using chain complexes, leading to new computa-
tions in algebra and to further applications in topology.

The ‘fundamental theorem of algebraic K-theory’ of Bass [7] relates
the torsion group K of the Laurent polynomial extension A[z,27!] of a
ring A to the projective class group Ko of A by a naturally split exact
sequence

0 — Ki(A) — Ki(A[]) ® K1(A[z71])
— K(Az,27']) — Ko(A) — 0.
The lower K-groups K_;(A) of [7] were defined inductively for ¢ > 1 to

fit into natural split exact sequences
0 — K_is1(A) — K_i1(A[R]) © K1 (A[z71])

— K_in1(Alz,27Y) — K_i(4) — 0,
generalizing the case i = 0.

The quadratic L-groups of polynomial extensions were first studied
by Wall [84], Shaneson [72], Novikov [48] and Ranicki [57]. The free
quadratic L-groups L" of the Laurent polynomial extension A[z,z7!]
(z = 27 1) of aring with involution A were related in [57] to the projective
quadratic L-groups L% of A by natural direct sum decompositions

Ly(Alz,271) = Ly(A) @ L} _(A4) .

n—1
The lower quadratic L-groups AR (A) of [57] were defined inductively
for i > 1 to fit into natural direct sum decompositions

LD (AL, 27 Y) = DO (A) @ L8 (4)

n
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with Li()) = LY, generalizing the case i = 0 with Lfkl) =L

An algebraic theory unifying the torsion of Whitehead [88], the finite-
ness obstruction of Wall [83] and the surgery obstruction of Wall [84]
was developed in Ranicki [60]—[69] using chain complexes in any addi-
tive category A. This approach is used here in the K- and L-theory of
polynomial extensions and the lower K- and L-groups. Chain complexes
offer the usual advantage of a direct passage from topology to algebra,
avoiding preliminary surgery below the middle dimension. A particu-
lar feature of the exposition is the insistence on relating the geomet-
ric transversality properties of manifolds to the algebraic transversality
properties of chain complexes.

The computation Wh(Z!) = 0 (i > 1) of Bass, Heller and Swan [8]
gives the lower K- and L-groups of Z, which are used (more or less explic-
itly) in Novikov’s proof of the topological invariance of the rational Pon-
trjagin classes, the work of Kirby and Siebenmann on high-dimensional
topological manifolds, Chapman’s proof of the topological invariance of
Whitehead torsion and West’s proof that compact ANRs have the ho-
motopy type of finite CW complexes. A systematic treatment of home-
omorphisms of compact manifolds requires the study of non-compact
manifolds, using the controlled algebraic topology of spaces initiated
by Chapman, Ferry and Quinn. In this theory topological spaces are
equipped with maps to a metric space X, and the notions of maps,
homotopy, cell exchange, surgery etc. are required to be small when
measured in X. The original simple homotopy theory of Whitehead
detects if a PL map is close to being a PL homeomorphism. The con-
trolled simple homotopy theory detects if a continuous map is close to
being a homeomorphism, by considering the size of the point inverses.

After an initial lull, the lower K- and L-groups have found many ap-
plications in the controlled and bounded topology of non-compact man-
ifolds, stratified spaces and group actions on manifolds. The following
alphabetic list of references is representative: Anderson and Hsiang [3],
Anderson and Munkholm [4], Anderson and Pedersen [5], Bryant and
Pacheco [13], Carlsson [16], Chapman [18], Farrell and Jones [25], Ferry
and Pedersen [28], Hambleton and Madsen [30], Hambleton and Peder-
sen [31], Hughes [35], Hughes and Ranicki [36], Lashof and Rothenberg
[42], Madsen and Rothenberg [45], Pedersen [51], Pedersen and Weibel
[53], [54], Quinn [56], Ranicki and Yamasaki [70], [71], Siebenmann [75],
Svennson [80], Vogell [81], Weinberger [86], Weiss and Williams [87],
Yamasaki [89].

Karoubi [38] and Farrell and Wagoner [26] were motivated by the
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proof of Bott periodicity using operators on Hilbert space and by the
simple homotopy theory of infinite complexes (respectively) to describe
the lower K-groups of a ring A as the ordinary K-groups of rings of
infinite matrices which are locally finite

K_j(A) = Ko(S'A) = Ki(S™A) (i>0),

with S?A the i-fold suspension ring: the suspension SA is the ring de-
fined by the quotient of the ring of locally finite countable matrices with
entries in A by the ideal of globally finite matrices. Gersten [29] used
the ring suspension to define a non-connective spectrum K(A) with ho-
motopy groups

m(K(4) = Ki(A) (ie7).

The applications of the lower K- and L-groups to manifolds generalize
the end invariant of Siebenmann [73], which interprets the Wall finiteness
obstruction [W] € Ko(Z[r]) of an open n-dimensional manifold W with
one tame end as the obstruction to closing the end, assuming that n > 6
and that m = 7 (W) is also the fundamental group of the end. The
following conditions on W are equivalent :

(i) (W] =0 € Ko(zlr).

(ii) W is homotopy equivalent to a finite CW complex,
(iii) W is homeomorphic to the interior of a closed n-dimensional man-
ifold M,
(iv) the cellular chain complex C(W) of the universal cover W of W is
chain equivalent to a finite f.g. free Z[r]-module chain complex.
The product W x S! has end invariant
W x S = 0€ K(Zr x 7)),
so that W x S! is homeomorphic to the interior of a closed (n + 1)-
dimensional manifold N. However, if [W] # 0 € Ko(Z[x]) then N is not
of the form M x S for a closed n-dimensional manifold M with interior
homeomorphic to W.

Motivated by controlled and the closely related bounded topology,
Pedersen [49], [50] expressed the lower K-group K_;(A) (i > 0) of a
ring A both as the class group of the idempotent completion P;(A) of
the additive category C;(A) of Z*-graded A-modules which are f.g. free
in each grading, with bounded morphisms, and as the torsion group of
Cit1(4)

K_i(A) = Ko(Pi(A4)) = Ki(Cita(4)) (20).
These K-theory identifications are obtained here by direct chain com-
plex constructions, and extended to corresponding identifications of the
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lower L-groups of a ring with involution A as the L-groups of additive
categories with involution

Li(A) = Lngi(Pi(A)) = Lngig1(Cia(A)) (i>0) .
The method can also be used to express the lower L-groups as the L-
groups of multiple suspensions

L7 (A) = L5 (S'A) = Ly (S™1A) (i20).

For ¢ = 0 this is an unpublished result of Farrell and Wagoner (cf. Wall
[84,p.251]).

The open cone of a subspace X C S* is the metric space
O(X) = {tz e R* |t €[0,00),2 € X} .

Open cones are especially important in the topological applications of
bounded K- and L-theory, because (roughly speaking) the controlled
algebraic topology of X is the bounded algebraic topology of O(X).

Given a filtered additive category A and a metric space X let Cx(A)
be the filtered additive category of X-graded objects in A and bounded
morphisms defined by Pedersen and Weibel [53], and let Py (A) be the
idempotent completion of Cx(A). Let Py(A) denote the idempotent
completion of A itself, and let K(A) be the non-connective algebraic
K-theory spectrum of A, with homotopy groups

mi(K(A)) = Ki(Po(A)) (i €Z)
— Ki(A) (i#£0).
The main result of Pedersen and Weibel [54] shows that the algebraic
K-theory assembly map
HY (X;K(A)) — K. (Px(A))
is an isomorphism for X = O(Y') an open cone on a compact polyhedron
Y C S*, so that
K. (Po)(A) = HI(OY);K(4)) = Ho_1(Y;K(4)) .
In particular, the algebraic K-groups K.(Po(y)(A)) of the open cone of
aunion Y = YT UY~™ C S* of compact polyhedra fit into a Mayer-
Vietoris exact sequence
= Ki(Poy+ny—)(A) — Ki(Pory+)(A)) & Ki(Pory—)(A))

— Ki(Poy)(4)) L Ki 1(Poy+ny-)(A))

— Ki1(Poy+)(A)) & Ki—1(Poy-)(A))
I i—l(PO(Y) (A)) —_— ... .
Carlsson [16] extended the methods of [54] to metric spaces other than
open cones, obtaining a Mayer-Vietoris exact sequence for the algebraic
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K-groups K,(Px(A)) of a union X = X U X~ of arbitrary metric
spaces
- lim Ki(Py, x+,x-,x) (8) — Ki(Px+(A)) © Ki(Px - (A))
b
)
— Ki(Px(A)) — lim K1 (Py; (x+,x- x)(A))
b

— K 1(Px+(A)) ® Kio1(Px-(A)) — Kio1(Px(A)) — ...,

with
No(XT, X7, X) = Np(XT, X)NAN(X 7, X)

= {r e X|d(x,z"),dxz,x”) <bforsome z" € XT, 2~ € X~}
the intersection of the b-neighbourhoods of X+ and X~ in X. This
exact sequence will be obtained in §4 for i = 1 using elementary chain
complex methods, with the connecting map

0 : Ki(Cx(A)) — lim Ko(Pps,x+,x-,x)(A))
b

defined by sending the torsion 7(E) of a contractible finite chain complex
E in Cx(A) to the projective class [ET] of a Cp;,(x+ x— x)(A)-finitely
dominated subcomplex E+ C E, corresponding to the end obstruction
of Siebenmann [73],[75] of the part of E lying over a b-neighbourhood
of X1 in X. In the special case

X = X"UX =R, X" =[0,00), X~ = (~00,0]
the algebraic K-groups are such that

K.(Cr:(A)) = K.(Pr=(A)) = 0, K.(Cr(A) = K.(Ci(A)) .
The connecting map in this case is the isomorphism of Pedersen and
Weibel [53]

The algebraic properties of modules and quadratic forms over a Lau-
rent polynomial extension ring A[z, z71] are best studied using algebraic
transversality techniques which mimic the geometric transversality tech-
nique for the construction of fundamental domains of infinite cyclic cov-
ers of compact manifolds. The linearization trick of Higman [34] was
the first such algebraic transversality result, leading to the method of

Mayer-Vietoris presentations developed by Waldhausen [80]. In §10 this
method is used to obtain a split exact sequence

0 — Ki(A) — Ki(Al2])) ® K1(A[lz71])
— Ki(Alz,27Y]) — Ko(Po(A)) — 0
for any filtered additive category A. The split projection Ki(A[z,z71])
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—Ko(Pp(A)) is induced by the embedding of A[z,27'] in C1(A) as a
subcategory with homogeneously Z-graded objects. Let P;(A) denote
the idempotent completion Po(C;(A)) of the bounded Zi-graded cate-
gory C;(A). The above sequence is used in §11 to recover the expression
due to Pedersen and Weibel [53] of the lower K-groups of A as
K_i(A) = Ko(Pi(A)) = Ki(Cipa(A)) (i21),

using polynomial extensions (in the spirit of Bass [7]) instead of the
delooping machinery.

The quadratic L-groups L. (A) are defined in Ranicki [68] for any addi-
tive category A with an involution, as the cobordism groups of quadratic
Poincaré complexes in A. The intermediate quadratic L-groups LI (A)
are defined for a *-invariant subgroup J C Ky(A) to be the cobordism
groups of quadratic Poincaré complexes in A with the projective class
required to belong to J. The algebraic transversality method is applied
in §14 to obtain a Mayer-Vietoris exact sequence for the quadratic L-
groups L.(Cx(A)) of a union X = Xt U X~

. — lim L (Pu;, (x+,x-,x)(A)) — Ln(Cx+(A)) @ L (Cx-(A))
b

F)
— Ln(Cx(A)) — lim Ly (Pagx+.x-.x)(B) — ..,
b
with

o = ker(Ko(Py; (x+,x- x)(A) —Ko(Px+(A)) & Ko(Px-(4))) -

In particular, the quadratic L-groups L.(Coy)(A)) of the open cone of
aunion Y =Yt UY ™ C S* fit into a Mayer-Vietoris exact sequence

L — L;{(Po(y+myf)(A)) — Ln(CO(y+)(A)) (&) Ln(Co(yf)(A))

— Ln(Coy(4)) i’ Lif1(PO(Y+mY*)(A)) — e
with
J = ker(Ko(Pory+ny-)(A))——Ko(Por+)(A)) & Ko(Poy-)(A))) -
In the important special case
Yt = {#1},Y = YTuy = §°

the open cones are

oY®) =R*, O%Y) =R
and

L.(Crx(A)) = 0, L.(Cr(A)) = L.(Ci(A)), J = Ko(Po(A)) ,

so that the connecting maps define isomorphisms

8 : L.(Ci(A) = L, 1(Py(A)) .
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In §17 the lower L-groups of a filtered additive category with involution
A are defined inductively by

LOA) = L.(Py(A)) ,
LAl 27Y) = L@ e LTV @A) (21).

The isomorphisms O are used to obtain the expressions
LEI(A) = Lngi(Pi(A) = Lpyip1(Cina(A) (n>0,i>1).

n
The lower L-groups of a ring with involution A are the lower L-groups
of the additive category with involution of based f.g. free A-modules.
The ultimate lower quadratic L-groups of A are defined by
(—o0) — ] (1)
3
and as in Ranicki [69] there is defined an algebraic L-theory spectrum
IL{=°)(A) with homotopy groups

m(LETA)) = L) .
The Mayer-Vietoris exact sequence of §14 shows that the algebraic L-
theory assembly map of [69, Appendix C]

HY (XL (A)) — LI (Cx (A))
is an isomorphism for X = O(Y") the open cone of a compact polyhedron
Y C S*, so that

L5 (Cow(B) = HY (O(V ;LS (4))

= H.,(YV;LE™(A)) .

In §20 the chain complex methods are used to provide an abstract
treatment of the obstruction theory of Farrell [21], [22] and Siebenmann
[76] for fibering a manifold over the circle S1.

In Ranicki and Yamasaki [70] the lower K-theory algebra is applied to
the controlled topology of Chapman-Ferry-Quinn, obtaining systematic
proofs of the results of Chapman and West on the topological invariance
of Whitehead torsion and the homotopy finiteness of compact ANRs.
The bounded surgery theory of Ferry and Pedersen [28] is the topological
context for which the lower L-theory algebra presented here is most
directly suited. However, in Ranicki and Yamasaki [71] the algebra will
be applied to the controlled surgery theory of Quinn [56] and Yamasaki
[89].

An earlier version of this text was issued as Heft 25 (1990) of the Math-
ematica Gottingensis. I should like to take this opportunity of thanking
the Sonderforschungsbereich ‘Geometrie und Analysis’ in Gottingen for
its manifold hospitality on various occasions since its inception in 1984.
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§1. Projective class and torsion

This section is a brief recollection from Ranicki [64], [65] of the alge-
braic theory of finiteness obstruction and torsion in an additive category

A.

Give A the split exact structure: a sequence in A

00— A— B —C—70
is exact if there exists a morphism k : C—— B such that
i)jk=1:C—C,
(ii) (i k) : A®C — B is an isomorphism in A.
The class group Ko(A) is the abelian group with one generator [A] for
each object A in A, subject to the relations
(i) [A] = [A’] if A is isomorphic to A’,
(ii) [A® B] = [A]+ [B] for any objects A, B in A.
A chain complex C in A is n-dimensional if C,. = 0 for r < 0 and
r>n

c:...—0—0C, —Ch.1— ... —C1 — Cy.
A chain complex C' in A is finite if it is n-dimensional for some n > 0.

The class of a finite chain complex C in A is the chain homotopy

invariant defined by
o0

€] = S ()G € Ko(a) -

r=0
The k-fold suspension of a chain complex C' is the chain complex S¥C
defined for any k € Z by a dimension shift —k
dsre = do @ (8°C)y = Crp — (S*C)roy = Crpor
If C is n-dimensional and n+k > 0 the k-fold suspension S¥C' is (n+k)-
dimensional, with class
[S¥C) = (=)FIC] € Ko(A) .

The idempotent completion Py(A) of A is the additive category with
objects (A, p) defined by the objects A of A together with a projection
p =p®>: A—A. A morphism f : (4,p)—(B,q) in Py(A) is a mor-
phism f: A— B in A such that ¢fp = f : A—B. The full embedding

A— Py(A); A— (4,1)
will be used to identify A with a subcategory of Py(A). The reduced
class group of Py(A) is defined by

Ko(Pp(A)) = coker(Ko(A)— Ko(Po(A))) .
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Given a ring A let B/ (A) be the additive category of based f.g. free
A-modules. The idempotent completion Py (B (A)) is isomorphic to the
additive category P(A) of f.g. projective A-modules, and

Ko(Po(B/ (4))) = Ko(P(A)) = Ko(A),
Ko(Po(Bf (4))) = Ko(A) .

Let (B,A C B) be a pair of additive categories, with A full in B. A
chain complex in B is homotopy A-finite if it is chain equivalent to a
finite chain complex in A. An A-finite domination (D, f,g,h) of a chain
complex C' in B is a finite chain complex D in A together with chain maps
f:C—D, g: D—C and a chain homotopy h : gf ~ 1 : C—C.
The projective class of an A-finitely dominated chain complex C in B
is the class of any finite chain complex (D, p) in Po(A) which is chain
equivalent to (C,1) in Py(B)

[C] = [D,p] € Ko(Po(A)) .
See Ranicki [64] for an explicit construction of such a (D,p) from an
A-finite domination of C. The reduced projective class is such that
[C] =0 € Ko(Po(A)) if and only if C' is homotopy A-finite.

A chain homotopy projection (D,p) is a chain complex D together
with a chain map p : D——D such that there exists a chain homotopy
p~p> : D—D.

A splitting (C, f,g) of (D,p) is a chain complex C' together with chain
maps f : C—D, g : D—C such that gf ~1: C—C, fg ~ p:
D——D. The projective class of a chain homotopy projection (D, p)
with D a finite chain complex in A was defined in Liick and Ranicki [44]
by
[D,p] = [C] € Ko(Po(A))
for any splitting (C, f,g) of (D,p) in Py(A). See [44] for an explicit
construction of an object (D, p,,) in Po(A) such that
[D,p] = [Dunpw] - [Dodd] € KO(]P)O(A)) ,

with

De’uen = DO@DQ@D4@ y

Doga = D1 ®DsdD5b... ,

Dy = Deven ® Doga = Do® D1 B D2D ... .

The reduced projective class is such that [D,p] = 0 € Ko(Py(A)) if and
only if (D, p) has a splitting (C, f, g) with C' a finite chain complex in
A.
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A finite chain complex C in A is round if
The projective class of an A-finitely dominated chain complex C' is
such that [C] = 0 € Ko(Po(A)) if and only if C' is chain equivalent to
a round finite chain complex in A. The reduced projective class is such
that [C] =0 € Ko(Pp(A)) if and only if C' is homotopy A-finite.
PROPOSITION 1.1 If in an exact sequence of chain complexes in B
0—C—D—F—0

any two of C, D, E are A-finitely dominated then so is the third, and the
projective classes are related by the sum formula

[C] = [D]+[E] = 0€ Ko(Po(A)) -

The torsion group of an additive category A is the abelian group K1 (A)
with one generator 7(f) for each automorphism f : M—— M, subject to
the relations

Q) r(gf - M—M—M) = 7(f  M—M)+71(9g: M—M) ,
(ii) 7~ fi: L—M—M—L) = 7(f: M—M),
(i) r(fef - MeM—Me&M)
= 7(f: M—M)+7(f : M'—M'") .
A stable isomorphism [f] : L— M between objects in A is an equiv-

alence class of isomorphisms f : L  X— M & X in A, under the
equivalence relation

(f:LaX—MaX) ~ (f:LeX—MaeX')
if the automorphism
a=(flel)(fel) : LoXoX —LoXoX
has torsion 7(a) =0 € K3 (A) .
The composite of stable isomorphisms
fl: L—M,[g] : M — N
represented by
f:LeX —MaeX,g: MY — NY
is the stable isomorphism [¢gf] : L—— N represented by the composite
(gel)(fel) : LeXY — NoXaY.
A stable automorphism [f] : L——L has a well-defined torsion
w(f]) = 7(f: L& X—M & X) € Ki(4) ,
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with
T(gllf]) = (D) +7g) , 7((f @ ) = 7([f]) +7([f']) € Ki(A) .
The stable automorphism group of any object M in A is isomorphic to
Ki(A).
An additive functor F' : A——B of additive categories induces mor-
phisms of algebraic K-groups
Fy : Ko(A) — Ko(B) ; [M] — [F(M)],
F1 : Kl(A) E— Kl(B) 3
7(g: M—M) — 1(F(g) : F(M)—F(M)) .
The relative K1-group K;(F) is the abelian group of equivalence classes
[M, N, g] of triples (M, N, g) consisting of objects M, N in A and a sta-
ble isomorphism [g] : F(M)—F(N) in B, subject to the equivalence
relation
(M,N,g) ~ (M',N’,g") if there exists a stable isomorphism
[h]: M & N'—M' & N in A such that
T([gNF(M)g] ™ F(M & M) —F(M & M')) =0 € Ki(B)
with addition by
[Mi, N1, g1] + [Ma, N2, go] = [M1 & Mz, N1 & Na, g1 @ go] € K1 (F) .

The relative K;-group fits into an exact sequence

F1 0 FO

with
Ki(B) — Ki(F) ; 7(9: M—M) — [0,0,9] ,
0 : K1(F) — Ko(A); [M,N,g] — [M]—[N].
The full embedding
A — Po(A) s M — (M, 1)
induces an isomorphism of torsion groups
Ki(A) — Ki(Po(A)) 5 7(f : M—M) — 7(f : (M,1)—(M, 1))
which is used to identify
Ki(A) = Ki(Po(A)) .
The following additivity property of torsion will be used in §4.

LEMMA 1.4 Let f : M——M be an automorphism in A. Given a reso-
lution of M by an exact sequence in A

0O—K — L — M-—0
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and a resolution of f by an isomorphism of exact sequences in A

0 ApK 1ADT op 097 0

00— Bakg B2 pop 097 0

the stable isomorphisms [g] : A— B, [h] : A—B are such that
T(f) = 7([W]7 9] : A——A) € K (A) .
PROOF The stable automorphism [h]~![g] : A——A is represented by
the isomorphism
(hely) Ygolk) : AeK®@L —BaKoL — AGKaL.
Choosing a splitting morphism k : M——L for j : L——M there is
defined an isomorphism
s =@Gk): KeM — L
such that

(s@1p) tg(s®1a) = (8 ;) (A K)o M — (Ba K)o M

for some morphism e : M—— B @ K. Thus
1 1 1 hle
(h @1]\/[)(8@13) g(s@lA) = 0 f

c(Ae K)o M — (A K)e M,

1 hle 0
(s®lagk) '(h®d 1) (g®lk)(s®lagr) = [0 f 0
0 0 1

(Ao K)o MoK — (A K)o Ma K ,

T(f) = (s ® lagx) (M@ 1) (9@ 1x)(s & Lawk))
T([h] ' g]) € K1(A) .

§2. Graded and bounded categories

The bounded X-graded category Cx (A) of Pedersen and Weibel [53]
is defined for a metric space X and a filtered additive category A, as a
subcategory of the following (unbounded) X-graded category.

DEFINITION 2.1 Given a set X and an additive category A define the
X -graded category G x (A) to be the additive category in which an object
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is a collection {M(z)|x € X} of objects in A indexed by X, written as
a direct sum
M =Y M),
reX
and a morphism
f={fwn)}: L= La)—M= > My
reX yeX
is a collection {f(y,x) : L(z)—M(y) | z,y € X} of morphisms in A
such that for each € X the set {y € X | f(y,x) # 0} is finite. It is
convenient to regard f as a matrix with one column {f(y,z)|y € X}
for each z € X (containing only a finite number of non-zero entries) and
one row {f(y,z) |z € X} for each y € X. The composite of morphisms
f:L—M,g: M—N in Gx(A) is the morphism gf : L— N defined
by
9N (z2) = Y 9(zy)fly.x) : Lix) — N(2),
yeX
where the sum is actually finite.

Note that if X is a finite set the functor
Gx(A) — A3 M — ) M(z)
zeX
is an equivalence of additive categories.

EXAMPLE 2.2 Let A = B/(A) be the additive category of based f.g. free
A-modules for a ring A. For any set X write
Gx(A) = Gx(4) .
An object in Gx(A) is a based free A-module which is a direct sum
M = )" M)
reX
of based f.g. free A-modules M(z) (z € X). The morphisms in Gx(A)
are the A-module morphisms.
m
An additive category A is filtered if to each morphism f : L— M

there is assigned a filtration degree 6(f), a non-negative integer such
that

(i) 3(f + g) < max(d(f), 8(g)) for any f,g: L—M,
ii o0(f)+d(g) for any f: L—M, g: M—N,
((10): Lo M—L)
(

(é) :L—Le M) =0,
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(iv) 6(f) = 0 for any coherence isomorphism f.
The morphisms f : L— M of filtration degree < b define a subgroup
Fy(L, M) of Homp (L, M) such that

oo
Fy(L, M) C Fy(L,M) C ... C | J Fo(L, M) = Homy(L, M) .
b=0

DEFINITION 2.3 Let X be a metric space, and let A be a filtered additive
category.

(1) An object M in Gx (A) is bounded if for each x € X and each number
r > 0 there is only a finite number of y € X with d(z,y) < r and M(y)
non-zero.

(ii) A morphism f : L— M in Gx (A) is bounded if there exists a number
b > 0 such that

(a) 0(f(y,x)) <bforally e X ,

(b) f(y,z) =0 for d(z,y) > b .

(iii) The bounded X-graded category Cx(A) is the subcategory of
Gx(A) consisting of bounded objects and bounded morphisms. The
idempotent completion of Cx (A) is written

Px(A) = Po(Cx(4)) .
O
An X-graded CW complex (K, pk) is a finite-dimensional CW com-

plex K together with a continuous map px : K——X. For each r-cell
e=-¢" C K let x. : D"—K be the characteristic map, and let

pe = prXe : D" — X, y(e) = pe(0) € X .
The X-graded CW complex (K, pk) is bounded if px : K—X is
proper, and the maps
Xe (D", pe) — (K, pK)
are uniformly bounded, i.e. there exists an integer b > 0 such that
d(pe(x), pe(y)) < b for each cell " C K and all z,y € D" .

Given a ring A let B/ (A) be the additive category of based f.g. free
A-modules with the trivial filtered structure FoHom=Hom , and write

Cx(Bf(4)) = Cx(A).

EXAMPLE 2.4 Given an X-graded CW complex (K, pk) and a regular
covering K of K with group of covering translations 7 consider the
cellular based free Z[r]-module chain complex C(IZ’ ) as a finite chain
complex in the X-graded category G x (Z[r]) with C(K),(z) the based
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f.g. free Z[r]-module with one base element for each r-cell e C K such
that y(e) = z. If (K, px) is bounded then C(K) is defined in Cx (Z[r]).
m

A proper eventually Lipschitz map f : X——Y of metric spaces is a
function (not necessarily continuous) satisfying
(i) the inverse image of a bounded set is a bounded set,
(ii) there exist numbers r,k > 0 depending only on f such that for
all s > r and all z,y € X with d(z,y) < s it is the case that

d(f(z), f(y)) <ks.

Given an object M = {M(z)|x € X} in Cx(A) and a proper eventu-

ally Lipschitz map f: X—Y let

fM = {f.M(y)|y €Y}
be the object in Cy (A) defined by

LM@y) = ) M) .

zef~(y)

If f: X—>Y is a homotopy equivalence of metric spaces in the proper
eventually Lipschitz category then f, : Cx(A)—Cy(A) is an equiva-
lence of filtered additive categories.

A subobject N C M of an object M in Gx (A) is an object N in Gx (A)
such that for each x € X either N(z) = M(x) or N(z) = 0. Given an
object M in Gx(A) and a subset Y C X let M (Y) be the subobject of
M defined by

MY) = Y M(y) .
yey
The evident projection is denoted by

py : M — M(Y).
Given also a subset Z C X and a morphism f : L—M in Gx (A) write
FLY)) € M(2)
to signify that
fleyy) =0 : Lly) — M) forallz e X —Z , yeY,
or equivalently
px—zfpy = 0: L— M(X-2).

Let (X,Y C X) be a pair of metric spaces. For any integer b > 0
define the b-neighbourhood of 'Y in X to be

MY, X) = {z e X|dx,y) <bforsomeyecY}.
The b-neighbourhoods are such that
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[ee]
HY = MY, X) CMT,X)C...C UMY, X) = X,
b=0
(i) the inclusion Y — N4 (Y, X) is a homotopy equivalence in the prop-
er eventually Lipschitz category, with a homotopy inverse
MY, X)—Y;,z—y
defined by sending z € Ny(Y, X) to any y € X with d(z,y) < b.
The induced isomorphisms of algebraic K-groups
K.(Cy(A)) = K.(Chyvx)(A))
K.(Py(A)) = K.(Px,v.x)(A))
will be used as identifications.

DEFINITION 2.5 (i) The germ away from Y [f] of a morphism f :
L—M in Gx(A) is the equivalence class of f with respect to equiva-
lence relation ~ defined on the morphisms L— M by

fr~gif (f — g)(L(X\N(Y, X))) € M(N.(Y, X)) for some b,c >0 .
(ii) The (X,Y)-graded category Gx y(A) is the additive category with:

(a) the objects of Gx y (A) are the bounded objects M = Y M (z) of

reX
Gx (A)v

(b) the morphisms [f] : L— M in Gx,y (A) are the germs away from
Y of morphisms f: L— M in Gx(A).

A morphism f: L— M in Gx(A) with a factorization
f:L—N—M
through an object N in Gy, (v,x)(A) has germ
(1 =10]: L—M.

DEFINITION 2.6 The bounded (X,Y)-graded category Cx y(A) is the
subcategory of Gx y(A) with the same objects, and morphisms the
germs [f] away from Y of morphisms f: L— M in Cx(A).
O

Cx,y (A) is the category denoted C3Y (A) by Hambleton and Pedersen
[31].

The germ [f] away from Y of a morphism f : L—M in Cx(A)
consists of the morphisms g : L— M in Cx (A) such that

(f =9)(L) € M(Ny(Y, X))

for some b > 0.

Given a chain complex C in Cx(A) let [C] be the chain complex
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defined in Cx y (A) by
dic) = ldc] : [Clr = Cp — [Cly—1 = Cro1 .

PROPOSITION 2.7 For every finite chain complex C in Cx y (A) there
exists a finite chain complex D in Cx(A) such that

C = [D].
PROOF Let C be n-dimensional. For any representatives in Cx (A)
de : C, — Cr1 (1<r<n)
there exists a sequence b = (bg, by, ...,by,) of integers b, > 0 such that
(i) de(Cr(N, (Y, X)) € Crat (N, (Y, X))
(it) (dc)*(Cr) C Croa(N, , (Y, X)) .

(Start with b, = 0 and work downwards, b,,—1,b,—2,...,b9). For any
such sequence b let D be the chain complex defined in Cx (A) by

0 0
dp = (o dc|>'

Dy = G = C(Ny (Y, X)) @ Co(X\N5, (Y, X))

— Dy = Gy = Croi(N, (Y, X)) & Crat (XN, (Y, X))
O

DEFINITION 2.8 (i) The support of an object M in Cx (A) is the subspace
supp(M) = {z € X|M(z)#0} C X .

(ii) The neighbourhood category of Cy (A) in Cx (A) is the full subcate-

gory

Ny(A) = U Cayv.x)(A) CCx(A)
>0

with objects M which are in Cay, (y,x)(A) for some b > 0, i.e. such that
supp(M) € Ny (Y, X) .

The inclusion
F (Cy(A) D Ny(A)
is an equivalence of additive categories. In order to define an inverse
equivalence F~' = G choose for each b > 0 a strong deformation retrac-
tion
gy = inclusion™ ! : Npy(V, X) — Y
in the proper eventually Lipschitz category, and set
G : Ny(A) — Cy(A); M — (g5)« M
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for any b > 0 such that M is defined in Cy;,(y,x)(A). The idempotent
completions are also equivalent, allowing the identifications

Ko(Po(Ny (A))) = Ko(Puy(v,x)(A) = Ko(Py(A)) (b>0).
The objects in Cx y (A) isomorphic to 0 are the objects in Ny (A), and
Cx v (A) is the localization of Cx (A) inverting the subcategory Ny (A).
The equivalence type of the filtered additive category Cx,y (A) depends

only on the homotopy type of the complement X\Y in the proper even-
tually Lipschitz category.

¢3. End invariants

The algebraic theories of finiteness obstruction and torsion of §1 are
applied to the graded and bounded categories of §2, to obtain an abstract
account of the end invariant of Siebenmann [73] for closing a tame end
of an open manifold.

Let A C B be an embedding of additive categories (meaning a functor
which is injective on the object sets). A morphism f : L—M in A
is a B-isomorphism if there exists an inverse f~' : M——L in B. A
chain complex C' in A is B-contractible if there exists a chain contraction
I''0~1:C—C in B.

Let Ag € A; C A, be embeddings of additive categories. A chain
complex C' in Ay is (Ag, Ap)-finitely dominated if there exists a domina-
tion

(D, f:C—D,g:D—C,h:gf~1:C—C)
of C'in A, by a finite chain complex D in Ag.

In the following result the embeddings Ay C A; C A, are given by
Ny (A) € Cx(A) C Gx(A) for a pair of metric spaces (X,Y C X) and
a filtered additive category A.

PROPOSITION 3.1 A finite chain complex C in Cx(A) is Gx y(A)-
contractible if and only if it is (Gx (A), Ny (A))-finitely dominated.
PROOF Let C be n-dimensional

dc dC
c:...—0—0C, —Cho1 — ... —C1 — Cy.

A contraction [I' : 0 ~1: C——C of C' in Gx y(A) is represented by a
collection of morphisms in G x (A)

I = {T:C,—Cr41]0<r <n}
such that for some integers cg,c1,...,¢, >0
(]- —dcl — FdC)(Cr) - CT(NC,,.(Y; X)) (0 <r< n) .

Starting with b,, = ¢,, there exists a sequence b, b, 1, ..., by of integers
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b, > ¢, such that
de(Co(No, (Y, X)) € Cra(Nh, (Y, X)) (17 <) |
Let b = max{bg,b1,...,b,} and let D be the finite chain complex in
C, (v, x)(A) defined by
dp = d¢| : Dy = C.(N, (Y, X)) — Dy = Crmi(N,_, (Y, X)) .
Define a (Gx (A), Cay, (v,x)(A))-domination of C
(f:C—D,g: D—C,h:gf ~1:C—C)
by
f = 0-del'-Tde)| : C. — D, ,
g = inclusion : D, — C,
h=T1:C — Cry1.
Conversely, suppose given a (Gx(A), Cp, (v,x)(A))-domination of C
(f:C—D,g: D—C,h:gf ~1:C—C)
for some b > 0. Passing to the germs away from Y there is defined a
chain contraction of C' in Gx y(A)
=1 : gf] =0=~1:C—C.
o
By 2.7 every finite chain complex C'in Cx y (A) is of the type C = [D],
for some finite chain complex D in Cx(A). In view of 3.1 the following
conditions are equivalent:
(i) C is Gx,y(A)-contractible,
(ii) D is Gx,y(A)-contractible,
(iii) D is (Gx(A),Ny (A))-finitely dominated.
DEFINITION 3.2 The end invariant of a finite G x y (A)-contractible chain
complex C in Cx y(A) is the projective class
[Cl+ = [D] € Ko(Pyy(v,x)(A)) = Ko(Py(A))
of any (Gx(A), Ny (A))-finitely dominated chain complex D in Cx(A)

such that [D] = C. The reduced end invariant of C is the image of the
end invariant in the reduced class group

[C]+ € Ko(Py(A)) = coker(Ko(Cy (A))—Ko(Py (A))) .
O
ExXAMPLE 3.3 Let (X,Y) = (Z*,{0}). For any object M in A let M]|z]
be the object in Cx (A) defined by
M[z|(k) = M (k>0),
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with 2% M a copy of M graded by k € X. For any object (M, p) in Po(A)
the 1-dimensional chain complex C' defined in Cx (A) by

1 0 0
-p 1 0
de = 0 —p 1

: Cp = M[z] = szM—>CO = Mz] = szM
k=0 k=0

is Gx y(A)-contractible, since d¢ fits into the direct sum system in

Po(Gx (A))

do )
M) —/——— M[z| —— (M,p)
r J
with
1-p -p -p
0 1-p —p
I = 0 0 1-p

: M[z] = szM—>M[z] = szM,
k=0 k=0

[ee]
i=(p p p ...):M[] :szM—>M,
k=0
p
. 0 i
J=1o M—>M[z]:ZzM
k=0

The direct sum system includes a (Gx (A), Cy (A))-domination (M, i, j,
T) of C with ij = p: M——M, so that C has end invariant
[Cly = [M,p] € Ko(Py(A)) = Ko(Po(A)) .

O

Given a subobject N C M of an object M in Cx (A) define the quotient
object M /N to be the object in Cx (A) with

M(z) if N(z) =0
(M/N)(z) = {0 ( ifNEx)ZM(iC)'

As usual, there is defined an exact sequence

0— N— M — M/N —0.
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PROPOSITION 3.4 The end invariants of a pair (C, D C C) of n-dimen-
sional Gx,y (A)-contractible chain complezes in Cx y (A) with C/D de-
fined in Cy;, (v, x),v(A) for some b >0 are related by

[C]-[D] = [C/D]

n

= > (-)"[(C/D),] € im(Ko(Cy (A))—Ko(Py (A))) .
r=0
The reduced invariants are such that

[C]—[D] = 0€ Ko(Py(A)) .
PROOF Immediate from the sum formula 1.1 for projective classes, iden-
tifying
Ko(Cu,v,x)(A)) = Ko(Cy(A)) .
o
Thus the reduced end invariant [C] € Ko(Py (A)) depends only on the
part of C away from N, (Y, X) C X, for any b > 0.
EXAMPLE 3.5 Let (X,Y) = (R*,{0}), so that
M(Y,X) = [0,))Cc X = RT = [0,00) (b>0).
Let W be a connected open n-dimensional manifold with compact bo-
undary OW, with one tame end €™.

ow w et

Use a handle structure on W and a proper map p : (W, 0W)—(X,Y)
to give (W, OW) the structure of a bounded (X, Y)-graded n-dimensional
CW pair. Let
A = B/(Zm(W)) .

The chain complex C(W) of the universal cover W of W is an n-
dimensional (Gx(A), Ny (A))-finitely dominated chain complex in
Cx(A). The reduced end invariant of C (W) is the finiteness obstruction
of Wall [83] for the finitely dominated CW complex W

[CW)]+ = W] € Ko(Po(A)) = Ko(Z[m(W)]) ,
with [W] = 0 if and only if W is homotopy equivalent to a finite CW
complex. The fundamental group of €T is

mi(e") = lim m (Wy)
b
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with
Wy, = p {(X\WN(Y, X)) = pl(boo) CW (b>0)

a cofinal family of neighbourhoods of €*. The end invariant of Sieben-
mann [73]

[€"] = lim [C(Wp)] € Ko(Z[m ("))
is such that [et] = 0 if (aild for n > 6 only if) there exist a compact
cobordism (V;0_V,04V) with 0_V = 0W and a homeomorphism

(W, 0W) =2 (VUOLV x[0,00),0-V)
which is the identity on OW, or equivalently such that

(W, 0W) = (V\O+V,0_V) .
Working as in [73] it is possible to express W as a union of adjoining
cobordisms,
W = VWuWiu...UV,_4UW,_3
with Vo, V1, ..., V,_4 compact and W,,_3 open, such that
0_Vo = W , 04V, = 0_Viy1 , 04V = OWp3,

V, = 0_V, x IUUD’““ x pnrl

( = trace of surgeries on S" x D""" L CO_V, ) (0<r<n—4),

and such that each
n—4

U= [JViuW, s (0<r<n-3)
i=r
is an ‘r-neighbourhood’ of the end e with the inclusion
ov, = 0_V, — U,

r-connected.

W Vi Va

W =0_Vy 0. Vo=0.Vi O Vi=0_Vs  O.Va=0_V;

The (n — 3)-neighbourhood (U,,—3,0U,—_3) = (W,_3,0W,_3) is such
that
Hi(Wy_3,0W,_3) = 0 (i £n—2),
and P = Hn,g(,ﬂv/n,g, 8’147”,3) is a f.g. projective Z[m (¢T)]-module such
that
€] = [P] € Ko(Z[m(e")]) -
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[P] =0 if and (for n > 6) only if there exists an expression
Wh_s = Vs UW,,_o

for some compact cobordism (V,,_3;0-V,,_3, 0+ V,,—3) with

0_Vp_g = OWyg , 04Vig = OW,_o,

Voog = 0_Vogx I JuD" ™2 x D?
such that W,_o is an (n — 2)-neighbourhood of €', in which case the
inclusion OW,, _o—— W, _5 is a homotopy equivalence and

(Wh—2,0Wy,_3) = 0W,_2 x ([0,00),{0})

by the invertibility of h-cobordisms. Let 71 (¢*) = 7. The map Ko(Z[x])
—Ko(Z|m (W)]) induced by the inclusions W;,——W sends the end ob-

struction [e*] to the finiteness obstruction [W]. The end has a finitely
dominated open neighbourhood which is the infinite cyclic cover M of

a compact n-dimensional manifold M with m (M) =7 x Z, m (M) = .
The product M x (R*,{0}) has a preferred (R*,{0})-bounded finite
structure, and there is defined an (R*, {0})-bounded homotopy equiva-
lence f: (W,0W)—M x (R*,{0}) with (R*, {0})-bounded torsion
T(f) = [e']=[M] = (=)"[e"]" € Wh(Cg+ 103 (ZI7])) = Ko(Z[n]) .
(See §7 for the isomorphism Wh(Cg+ (0} (Z[7])) = Ko(Z[x]), and §13 for
duality.)

o

DEFINITION 3.6 The end invariant of an isomorphism [f] : L—M in
Gx,v(A) is the end invariant

[fl+ = [Cl+ € Ko(Py(A))
of the 1-dimensional contractible chain complex C in Gx y(A) defined
by
d:[f]clzL—>C():M
m

The end invariant of isomorphisms has the following algebraic prop-
erties:
PROPOSITION 3.7 (i) For any isomorphisms [f] : L— M, [f'] : L'—
M/ m Gx7y(A)

fef Lol —MoM],
= [f: L—M]; + [f' : L'—M']+ € Ko(Py (A)) .

(ii) For any isomorphisms [f]: L—M, [g] : M—N in Gx y(A)

lof : L—N]; = [f : L—M]; +[g: M—N]; € Ko(Py(A)) .
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(iii) For any Gx(A)-isomorphism f: L— M in Cx(A)
[fl+ = 0 Ko(Py(A)) -

(iv) For any morphism [e] : M——L in Gx y(A)

[<(1) [i]) LeM—Le M, = 0e Ko(Py(A)) .

PROOF (i) Projective class is additive for direct sum of chain complexes.
(ii) Let C, D be the 1-dimensional Gx y (A)-contractible chain com-
plexes defined in Cx (A) by

dC:ficlzL—>C():M,
dp = gf : D1 = L — Dy = N,
so that
1+ = [Cl+, [9f]+ = [Dly € Ko(Po(Cy(A))) -
The 2-dimensional Gx,y (A)-contractible chain complex E defined in

Cx(A) by

(}1) i By =L—E =LeM

(¢f g): Bt = LM — Ey =N

dp =

has end invariant

[E]y = [g]+ € Ko(Py(4)) .

It follows from the short exact sequence

0—D L E L SC — 0
with ¢ the inclusion and j the projection that
[E]l+ = [Dl+ +[SCl+ = [gf]+ = [fl+ € Ko(Py(A)) ,
and so
l9fl+ = [f]+ + g+ € Ko(Py(A)) .

(i) If f : L—M is a Gx(A)-isomorphism in Cx(A) then the 1-
dimensional chain complex C defined in Cx(A) by

de = f:Ci =L—Cy =M
is Gx (A)-contractible, and
[fl+ = [C] = 0€ Ko(Py(A))

by the chain homotopy invariance of projective class.
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(iv) The automorphisms

1= (o

e]> LeM —LaM,

1
1 01
g=(010|:LeMerL—LoMaL,
0 01
1 0 0
m =101 0| :LeMalL —LoMaelL
0 [ 1

are such that
(flely, = [glR)lg 'MW ™" : LoeMeL —LeMaL.
Applying (ii) and (iii) gives

[fl+ = [fels = [glhllg 'R+
= lgl+ + [0+ = lgl+ —[hl+ = 0€ Ko(Py(A)) .

PROPOSITION 3.8 Let

0—C—D—F—20

be an exact sequence of Gx y(A)-contractible finite chain complezes in
Cx,y(A). The end invariants of C, D, E are related by

D]y = [Cly + (Bl + S (=)[(f b): Cr ® B,— D, € Ko(By(4))

with h : E,——D, splitting morphisms in Gx y(A) for g : D,—E,
(r>0).

PRrROOF Consider first the special case when E = 0, so that f: C—D is
an isomorphism of contractible finite chain complexes in Gx y(A). The
sum formula in this case

D]y = [Cly + > _(-)If : Co—Dy]y € Ko(Py(A))
r=0

is proved by repeated application of the sum formula of 3.7 (ii).
Returning to the general case consider the exact sequence of con-
tractible finite chain complexes in Gx y (A)
!/ /

0—C —D — FE—0
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defined by

dp = (% YD - CeB —D_, = C 0k,
0 dg

Fo= (é) . C, —D. = C.aE,,

¢ =01 : D =CeF —F,
with &k : E,—C,_1 (r > 1) the unique morphisms in Cx (A) such that
fk = dph—hdg : E, — D,_1 .
It is immediate from the definitions that
D'+ = [Cl+ +[E]+ € Ko(Py(A)) .

There is defined an isomorphism (f h) : D’——D of contractible finite
chain complexes in Gx y(A), and by the special case

Dls = D4+ S(=)[(f h) : Cr © B,—D,]4 € Ko(By(A)) .

Eliminating [D’] gives the sum formula in general.
O

Thus if f : E——FE’ is a chain map of contractible finite chain com-
plexes in Gx,y (A) then f is a chain equivalence, and the algebraic map-
ping cone C(f) is contractible, with end invariant

[C(N] = [Ey — [Ely € Ko(Py (4)) .

PROPOSITION 3.9 A finite chain complex C in Cx(A) is Cx y(A)-
contractible if and only if it is (Cx(A), Ny (A))-finitely dominated.
ProoF Exactly as for 3.1.

REMARK 3.10 The 1-dimensional Gz+ {0} (A)-contractible chain com-
plex C in Cz+(A) associated in 3.3 to an object (M,p) in Po(A) is
Cz+ {0y (A)-contractible if and only if p = 0. For A = Bf(Z) and
(M, p) = (Z,1) this is the cellular chain complex C' = C(R™) of the tame
end RT regarded as a Z*-graded CW complex, which is not bounded
homotopy equivalent to a point.

EXAMPLE 3.11 As in 3.3 let (X,Y) = (Z*,{0}). For any object (M, p)
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in Po(A) the 1-dimensional chain complex C defined in Cx(A) by
1—p 0 0
p l-p 0
de = 0 pl-p

o0 (o)

G = M[z] = szM—>C'0 = M[z] = szM
k=0 k=0

is Cx,y (A)-contractible, since dc fits into the direct sum system in

Po(Cx(A))

dc i
Mlz] T/ M[z] ——" (M,p)
r J
with
1—p P 0
0 1—p P
=1 o0 0 1-p
oo oo
Mlz] = szM—>M[z] = szM,
k=0 k=0
i=(p 00 ...): M =) *M— M,
k=0

P M — Mz = Y M.
k=0

The direct sum system includes a (Cx(A), Cy (A))-domination (M, i, j,
T') of C with ij =p: M—M, so that C has end invariant
[Cly = [M,p] € Ko(Py(A)) = Ko(Po(A)) .

m

PROPOSITION 3.12 Let f : L—M, f' : M——L be morphisms in

Cx(A) such that that the germs [f], [f'] are inverse isomorphisms in
Gx,y(A)

f'fl=1:L—0L, [ffl]=1:M-—M,
i.e. such that there exist integers b,c > 0 with
(f'f =)L) CLN(Y, X)) , (ff' =1)(M) S MN(Y, X)) .
The end invariant of f is the projective class

[fl+ = [D,p] € Ko(Py(A))
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of the chain homotopy projection (D, p) defined in Cur,(y,x)(A) for any
such byc > 0 with f(LN(Y,X))) C M(N.(Y, X)), with d > max(b, c)
and
dp = f| + D1 = LINo(Y,X)) — Do = M(N(Y,X)),
ff'=1: Dy — Dy
b= {f/f—l : Dy — Dy .
PROOF Let C' be the 1-dimensional Cx y (A)-contractible chain complex
in Cx(A) defined by
de = f : Cy = L—Cy = M,
The chain maps i : C——D, j : D——C defined in Cx(A) by
P - {ff'—l : Co = M — Dy = M(N(Y, X))
flf=1:C = L— D1 = LINW(Y, X)),
. inclusion : Dy = MMN(Y, X)) — Cy = M
)= {inclusion : Dy = LMY, X)) — C1 = L
are such that
k:ji~l:C—C , ij=p:D—D
with the chain homotopy k given by
k=f:00=M-—C, = L.
Thus (C,1,7) is a splitting in Cx (A) of (D, p), and the projective class
of (D, p) coincides with the end invariant of f
[D,p] = [C] = [fl+ € Ko(Py(A)) .

¢4. Excision and transversality in K-theory

The main result of §4 is a Mayer-Vietoris exact sequence (4.16) in
the algebraic K-groups of the bounded categories associated to a union
X = X1 U X~ of metric spaces

K{(Cx+nx-(A)) — K1(Cx+(A)) & K1(Cx-(A)) — Ki(Cx(A))

0
— Ky(Px+nx—(A)) — Ko(Px+(A)) @ Ko(Px-(A)) ,

with the K’-groups certain generalizations of the algebraic K-groups
K1(Cx+nx-(A)) and Ko(Px+nx-(A)). This exact sequence is obtained
using algebraic excision and transversality properties of chain complexes
in Cx(A). These are similar to the corresponding properties in geometric
bordism and the algebraic K-theory localization exact sequence, which
are now recalled.

The Mayer-Vietoris exact sequence of bordism groups for a union
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X = XT U X~ of reasonable spaces (e.g. polyhedra) with X* N X~
closed and bicollared in X
e (X NX ) — (X ) @ (X )

)

— (X)) — Q1 (XTNXT) — ...
is a direct consequence of the transversality of manifolds. Any map
f+ M—X from an n-dimensional manifold M can be made transverse
regular at XT N X~ C X, with

N = ffY{XTnx)cMm
a framed codimension 1 submanifold, giving the connecting map
9 QX) — Q1 (XTNX7); (M, f) — (N, f]) .
The Mayer-Vietoris exact sequence can also be derived from the excision
isomorphisms of relative bordism groups
Qo (X, XT) =2 Q, (X, XTnX")
with the connecting maps given by
9 QX)) — (X, XT) &2 Q. (X, XTNX)
— Q1 (XTNX7T).
The localization exact sequence of algebraic K-theory (Bass [7]) for a
ring morphism A——S~!A inverting a multiplicative subset S C A

. — K1(A) — K(S7'A) — K(A,S)

— Ko(A) — Ko(S714) — ...
identifies the relative torsion K-groups K;(A—S _1A) with the class
group K1(A,S) = Ko(H(A,S)) of the exact category H(A,S) of S-
torsion A-modules of homological dimension 1.

The following result identifies the relative torsion group
K1 (Py (A)—Px(A)) for a pair of metric spaces (X,Y C X) and a
filtered additive category A with the torsion group K;(Cx,y (A)) of the
bounded germ category Cx y (A).

THEOREM 4.1 For any pair of metric spaces (X,Y C X) and any filtered
additive category A there is a natural excision isomorphism
Ki(Py(A)—Px(A)) = Ki(Cxy(A)) .
The connecting map in the exact sequence
Ki(Cy(A)) — Ki(Cx(A)) — Ki(Cxy(A))

0
— Ko(Py(A)) — Ko(Px(A))
is given by
9+ Ki(Cxy(A) — Ko(Py(A)) 5 7([f] : M—M) — [f]+,
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sending the torsion 7([f]) of an automorphism [f] : M——M in Cx y (A)
to the end invariant [f]4.
PROOF The relative K-group K (i) of the additive functor

i = inclusion : Py (A) — Px(A); M — M
fits into an exact sequence
K1(Cy(A) — Ki(Cx(A)) — Ki(i)

0
— Ko(Py(A)) — Ko(Px(4)),

identifying

Ki(Px(A)) = Ki(Cx(4)) , Ki(Py(A)) = Ki(Cy(A)) .
An element in K (i) is an equivalence class of triples (P, @, f) consisting
of objects P,@ in Py (A) and a stable isomorphism [f] : P—@ in
]PX (A), with

9« Ki(i) — Ko(Py(A)); (P.Q,f) — [P]-Q] .
By definition, (P, Q, f) = 0 € K1(i) if and only if there exists a stable
isomorphism [g] : P—Q in Py (A) such that
7(lg] 7' [f]: P—P) = 0€ Ki(Px(4)) .
Inverse isomorphisms

Ki(i) — Ki(Cxy(A) 5 (PQ,f) — 7([frr] : R—R) ,

Ki(Cxy(A) — Ki(i) ; 7([e] : M—M) — (P, Q, [)
will now be defined, as follows.

Given an element (P, Q, f) € K;(i) represent the stable isomorphism
[f] : P—Q in Px(A) by the isomorphism

f=(fer Jer) . pap . qQar
frPp  frR
in Px(A), with R defined in Cx (A) C Px(A). Write the inverse of f as
f—lzg:(gPQ gPR)QEBR—>P@R
JRQ 9JRR
The composite morphism in Cx (A)
frpgpr + R— P — R
factors through an object in Cy (A) (e.g. M if P = (M,p)), so that it
has germ

[prng] =0: R—R.
Similarly, the composite grg for : R—Q——R has germ

l9roforl = 0 : R— R.
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Thus the germs [frr|,[grr] : R——R are inverse isomorphisms in
CX,y(A), with
[frrllgrr] = [frrgrR] = [1— frPgPr] = 1 : R — R,
l9re][frR] = l9rrfRR] = [1—grqfor] = 1 : R— R,

and the morphism
Ki(i) — Ki(Cxy(A) 5 (PQ,f) — 7([frr] : R—R)
is well-defined.
Given an automorphism [e] : M—M in Cx y(A) let C be the 1-
dimensional chain complex C' defined in Cx (A) by
dec = e : Cy = M —Cy = M,
using any representative e of [e]. By 3.9 C'is Cy, (v, x)(A)-finitely domi-
nated in Cx (A) for some b > 0, so that there exists a 1-dimensional chain
complex D in Py (A) with a chain equivalence g : D——C in Px (A). The
algebraic mapping cone C(g) is contractible, and for any chain contrac-
tionT': 0~ 1: C(g)——C(g) there is defined an isomorphism in Px (A)
f = dC(g) +TI C(g)odd = Dy C, — C(g)even = DiaC.
The morphism
K1(Cx,y(A) — Ki(i) 5 7(le]) — (Do, D1, [f])
is well-defined, and such that both the composites
Ki(Cxy(A)) — Ki(i) — Ki(Cx,y (A))
Ki(i) — K1(Cxy(A)) — Ki(i)
are identity maps.
O

DEFINITION 4.2 For subsets U,V C X of a metric space X and b,¢ > 0
write the intersection of the b-neighbourhood of U and the c-neighbour-
hood of V in X as
./\/'b,C(U,V,X) = Nb(U,X) ﬂNC(V, X)
= {z € X|d(z,u) <band d(z,v) <cfor someuecU,veV}.
For b = c¢ this is abbreviated
Nb,b(Uv‘/vX) = Nb(U7‘/7X) :

In general, the inclusions
Unv — M.(U,V, X)

are not homotopy equivalences in the proper eventually Lipschitz cate-
gory. This was first observed by Carlsson [16], using an example of the
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type
X = {(&|z/Q~|2]))| ~1<z <1} CR?,
U = A{(z|//QA-|z])) [0 <z <1} C X,
V=A@ |2/ -z])| —1<z<0}C X,
UuVvV = X, UnV = {(0,00} Cc X,

for which

MUV, X) = No(U,X) = Mo(V,X) = X .
Mayer-Vietoris presentations will be used in 4.8 to prove that

Ki(Cxy(A)) = lim Ki(Cpyx\v,x) 05y, x\v,x) (A))
b
showing that K,(Cx, y(A)) depends on the neighbourhoods in X of ¥
and the complement X\Y rather than just the quotient X/Y (with some
metric).
Given subobjects M+, M~ C M in Gx(A) let

Xt = supp(M™) = {z e X|MT(z) #0} C X,

X~ =supp(M™) = {zeX|M () #0}C X
so that

M* = M(X*) , M~ = M(X7).

Let MTNM~—,M* + M~ C M be the subobjects defined by
M*AM~ = M(XTNX") , MT+M~ = M(X*UX").
DEFINITION 4.3 The Mayer- Vietoris sequence for an object M in Gx (A)
and subobjects M+, M~ C M such that M = MT + M~ is the exact

sequence
( J
M:0—MNM — M'eM — M —0
defined using the the inclusions
it MTNMT — MT ) T MT — M,
with
. it
i= (') MaM —MteM,
=Gt ) MtTeM — M.
O

ExAMPLE 4.4 The Mayer-Vietoris presentation of an object M in Cx (A)
with respect to an expression of X as a union

X = XtuXx-
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is an exact sequence in Cx (A)

i J
M:0—MX"NX") — MXH)oM(X ) — M-—0
using the subobjects M (X ), M(X~) C M such that
MXHNMX") = MXTnX"), MXH+MX") =M.

DEFINITION 4.5 A Mayer-Vietoris presentation with bound b > 0 of
a chain complex E in Cx(A) with respect to a decomposition X =
X+ U X~ is the Mayer-Vietoris exact sequence in Cx (A)

E:0—FE"NE™ L>E+EBE_ i>E—>0
determined by subcomplexes E* C E such that
(i) EY+E- = E,
(i) E* is defined in Cy;(x+, x)(A), so that ET N E~ is defined in
Chi(x+.x- x)(A),
(i) E.(X*)CEF (r>0).
o
The following result is an algebraic analogue of codimension 1 trans-
versality of manifolds:

PROPOSITION 4.6 Ewvery finite chain compler E in Cx(A) admits a
Mayer-Vietoris presentation E, for any X = XTU X ™.
PROOF An object L in Cx(A) can be regarded as a 0-dimensional chain

complex. For any integer b > 0 define a Mayer-Vietoris presentation of
L

L®) : 0 — LTBNL () — LTO)S L () — L — 0
by the construction of 4.4, with
L¥b) = LNG(XF, X)) , LTO)NL™(b) = LNG(XH, X7, X)).

Given a morphism f : L— M in Cx(A) and any integer b > 0 there
exists an integer ¢ > 0 such that

FILF(b) € M¥(c)

so that f can be resolved by a morphism of Mayer-Vietoris presentations
L) : 0—— LT NL (b)) —— LTy ® L™ (b)) ——L——0
f+nf- f+ @ f- f

M(c) : 0— M ()N M {c) — M (c)® M (¢) — M —0.
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Let E be n-dimensional. There exists a sequence b = (bg, b1,...,b,) of
integers > 0 such that

d(Br(Np, (XE,X))) C Erca(WN, (X5, X)) (1<r<n).

For every such sequence b there is defined a Mayer-Vietoris presentation
of £
E(®) : 0 — ETB)NE (b)) — ETBSE (b)) — E — 0,
with
EE(b), = Ef(b,) = E,(N,, (X5,X)) (0<r<n).

[}

The Mayer-Vietoris presentations E(b) constructed in 4.6 have the
property that any Mayer-Vietoris presentation E of E can be embedded
as a subobject E C E(b) for some b.

PROPOSITION 4.7 Let X = XTUX ™, and let E be a finite chain complex
in Cx(A) with a Mayer-Vietoris presentation

E:0-—ENE —— Ef@E — E—0
with bound b > 0.
(i) E is Gx x+nx- (A)-contractible if and only if E™ is
Gy (x+,x)Ny (x+,x—, x) (A)-contractible and E~ is
Gaq(x—,x) N, (x+,x -, x) (A)-contractible.
(ii) E is Cx x+nx- (A)-contractible if and only if E™ is
Chy(x+,x),0, (x+,x -, x) (A)-contractible and E~ is

Cn,(x -, %)My (x+,x -, x) (A)-contractible.
E

PROOF (i) By 3.1 the chain complex { E* is
-
Gx,x+nx-(A)
G, (x+,x) N (x+,x -, x)(A) -contractible if and only if it is

Gan(x -, x) Ny (x+, X~ x) (A)
(Gx(A),Cpr(x+nx—,x)(A))
(Gay(x+,x)(A),Ch, y(x+,x-,x)(A)) -finitely dominated for some

(Gapx—,x)(A), Cur, (x+,x-,x)(A))
c
{d > 0. Since ET N E~ is defined in Cp, (x+,x-,x)(A) the chain com-

e
plex E is Gx x+nx- (A)-contractible if and only if E7 is
G (x+,x) N, (x +,x -, x) (A)-contractible and E~ is
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G, (x—,x),N (X +,x -, x) (A)-contractible.
(ii) As for (i), but using 3.9 instead of 3.1.

PROPOSITION 4.8 For X = X+t U X~ there is a natural identification

Ki(Cx x+(A) = lim K1 (Cp,x—,x)85(x+,x-,x)(A))
b
with an exact sequence

lii)n Kl(CNb(XﬂX*,X)(A)) — Kl((fo (A)) — Kl(CX’XJr(A))
b

0
— lim Ko(Pu,(x+,x-,x)(A) — Ko(Px-(4)) .
b
PROOF Given a morphism f : L—M in Cx(A) with bound b let

C, D, E be the 1-dimensional chain complexes defined by
de = f :C, = L—Cy = M,
dp = fx+ : D1 = L(XT) — Do = MN,(X", X)),
dg = fx- + BE1 = L(X7) — Ey = MN,(X™, X)),

with fx+, fx- the restrictions of f. The morphism of exact sequences
0— L(X"TNX ) —— — L(XNHeLX ) ———L—0
fx+ @ fx- f

0> MWN(XT, X7, X)) = M(N(XT, X)) & MNW(X ™, X)) > M =0

is a Mayer-Vietoris presentation of C'. By 4.7 (ii) the morphism

f:L—M Cx x+(A)
fx+ LX) —MN,(X*, X)) isa { Cryx+,x) 0 (x+,x-,x)(A)-
fx- 1 L(XT)—MWMN(X ™, X)) Crs (x5 Ny (X +,x -, x) (A)
Cx(4A) C
isomorphism in { Cp, (x+,x)(A) if and only if the chain complex ¢ D
CNL(X:X)(A) E

(Cx(A), Cw.(x+,x)(A))
is ¢ (Cap(x+,x)(A), Cpp, y(x+,x-,x)(A)) -finitely dominated for some

(Cax—,x)(A), Cur,y(x+,x -, x) (A))

c
{d > 0. Now M(Np(X*, X, X)) is defined in Cp;,(x+ x-,x)(A), s0
e
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that fisa Cx x+(A)-isomorphism if fx+ isa Cpyx+ x) 0 (x+,x—,x) (A)-
isomorphism and fx - is a Cp, (x- x).n, (x+,x -, x)(A)-isomorphism. In
particular, if f: M——M is a Cx x+(A)-automorphism then

fx=® 0« MN(X™, X)) = M(X7) @ MN,(X™, X)\X7)
I M(Nb(XivX))
is a Cp, (x—,x)N; (x+,x—,x)(A)-automorphism. The morphism

K1(Cx x+(A) — lim K1(Cp(x-,x) N (x+,x-,x) (A))
b

m([f]: M—M) —
T([fx- @ 0] : MN(X ™, X)) —M(Np(X ™, X))

is an isomorphism inverse to the morphism

lim K1 (Cps (x-,x) 05 (x+,x-, %) (A)) — K1(Cx x+(A))
b

induced by the inclusions
Cap(x - x) N (x+,x-,x)(A) — Cx x+(A) (b>0).
The exact sequences of 4.1
K1 (Cpy(x+,x-,x)(A) — Ki(Cp(x-,x)(A))

— K1 (Cp(x—,x) 5 (x+,x-,x) (A))

i} Ko(Pu,(x+,x-,x)(A) — Ko(Paz(x-,x)(A))
combined with the natural identifications

Ki1(Cpyx-,x)(A)) = Ki(Cx-(A)) ,

Ko(Pp,(x-,x)(A)) = Ko(Px-(A))

give the exact sequence of the statement, on passing to the direct limit
as b — oo.

REMARK 4.9 Working on the level of permutative categories as in Ped-
ersen and Weibel [53],[54] and Anderson, Connolly, Ferry and Pedersen
[2] it is possible to extend 4.8 to all the algebraic K-groups of the idem-
potent completions, with natural excision isomorphisms

K(Px x+(A)) = lim K.(Py; x- x)05x+,x-,%)(4))
b

leading to the Mayer-Vietoris exact sequence of Carlsson [16]
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L — h_rr)l Kn(]P)Nb(X‘*',X—,X)(A)) — Kn(PX+(A)) @Kn(]P)X— (A))
b

0
— Ku(Px(A) — lim Ky 1 (P (x+,x-x)(A) — -

b
(neZ).
This sequence will be obtained in 4.16 below for n = 1 by direct chain
complex methods.

DEFINITION 4.10 Let X = XTU X ™.
(i) A chain complex band E is a finite chain complex in Cx (A) which is
Gx x+nx- (A)-contractible, or equivalently (by 3.1)
(Gx(A),Cn,(x+,x-,x)(A))-finitely dominated for some b > 0.
(ii) The positive end invariant of a chain complex band E is the end
invariant
(Bl = [B(XT)] €lim Ko(Py,x+.x-.x)(A)
b
of the Gy, (x+,x),n, (x+,x -, x)(A)-contractible chain complex E(X ™) in
Cav (x4, 3) Ny (X +,x -, %) (A)
(iii) The negative end invariant of a chain complex band E is the end
invariant
[E]l- = [E(X7)] €lim Ko(Py,(x+ x- x)(A))
b
of the G, (x -, x).A, (x+,x—,x)(A)-contractible chain complex E(X ™) in
Cavy(x= 3, M5 (x+,x - x) (A).
m

EXAMPLE 4.11 Let

X =R, Xt =Rt , X =R,
so that
No(XF,X) = [-b,00) , Mp(X7,X) = (—00,0],
MXT, X7, X) = [-bb],
with

lim Ko(Py,x+,x-,x)(A)) = Ko(Po(A)) .
b
Siebenmann [74] defined a band to be a finite CW complex W together
with a finitely dominated infinite cyclic cover W. (Such spaces arise in

the obstruction theory of Farrell [21] and Siebenmann [76] for fibering
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manifolds over the circle - see §20). A classifying map ¢ : W——S* for
W lifts to a proper Z-equivariant map p =¢: W—X =R, and
W =W uUW = pixhHupix)
has two tame ends €, e~ such that
m(et) = m(e) = m(W)
=p H(XTNX") compact.

with W~ AW

€ w

The cellular chain con}\glex of the universal cover W of W is a chain
complex band E = C(W) in Cx (B (Z[r1(W)])), such that the reduced
positive and negative end invariants of E are the end invariants of e¥,

Els =[] = W] € Ko(Z[m: (W) .

O

EXAMPLE 4.12 A contractible finite chain complex F in Cx+yx-(A) is
a chain complex band.
m

ProPOSITION 4.13 For any Mayer-Vietoris presentation & of an n-
dimensional chain complex band E in Cx+,x-(A)
E:0—FENE —E"@FE — E —0

the subcomplezes ET,E— ET N E~ C E are also chain complex bands,
with

[E¥] - [Elx = [ET/E(XT)],

[E7]-[E]- = [E7/E(XT)],

[Ely + [E]- - [E] = [E(XTNX7)]

€ im(lim Ko(Cp;, (x+,x-,x)(A))—1im Ko(Pp,x+,x-,x)(4))) -

b b
The reduced end invariants are such that

[El+ = [EF], [E]- = [E7],

[El+ +[E]- = [E] €lim Ko(Py,x+,x-.x)(4)) -
b
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PROOF The subcomplexes Et, E~ C E are bands by 4.7 (i), and the
intersection ET N E~ is a band since it is defined in Cn,(x,x+,x)(A).
The various identities involving the end invariants
[El+ = [E(XT)], [E]l- = [E(X7)] € lim Ko(Py,x+,x-,x)(4))
b
are given by the projective class sum formula 1.1, using the Noether

isomorphism
ETNE /E(XTNX") =2 EY/E(X")eoE /JE(X™).

O

DEFINITION 4.14 The end invariants [f]+ of an isomorphism f : L— M
in Cx+yux-(A) are the end invariants [E]+ of the contractible 1-dimen-
sional chain complex E defined in Cx+x-(A) by

dE:fZElzL—>E0:M,

that is
[fle = [Els € lim Ko(Py,x+ x- x)(8)) -
b o
{Eg;i;éi‘fe end invariant defined in 4.14 is the image of the end

invariant in the sense of 3.6 of the isomorphism
{[f(X+ X)) L(XT)—M(XT)

(X7, X)) L(X7)—M(X7)
o {(CNb(x+ X) N (XX x) (A)

Cu(x-.x) M (x+,x -, x) (A)
[fl+ = [FEXTXP))
ooy €lim Ko(Pay(x+ x-,x)(A)) -
{m_ = x5 :

The sum formula of 4.13 gives

[fle +1fl- = [MXTNX7)] - [LXTNXT)]

€ im(Ko(Cx+nx-(A))—lim Ko(Py,(x+ x-,x)(A))) -
b

For any isomorphism f : L—M in Cx+_x-(A) the construction
of 3.12 gives chain homotopy projections (D*,p*) in Cn,(x+,x-,x)(A)
such that

[fl+ = [DF,p*] € lim Ko(Pug,(x+ x-x)(A)) -
b

Explicit representatives in Py, (x+ x- x)(A) for [f]; and [f]- are now
obtained, for some ¢ > 0.

For any integers ¢ > b > 0 such that

f(L(XJr)) - M(Nb(XJr?X)) ) fﬁl(M(Nb(XJr?X))) - L(NC(XJr?X))
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define an object in the idempotent completion Py; (x+ x- x)(A)
Pz;r(f) = (L(Nc(XJr,X)\XJF) ) prf_lp/\fb(xtx)f)
such that there is defined a direct sum system in Py, (x+, x)(A)

ft px-f"
(L(X*),1) (MNo(XT, X)), 1) " B(f),
px+f! PN (x+,x)

with f*: L(XT)—M(N,(X™, X)) the restriction of f. Similarly, for
any integers ¢ > b > 0 such that
FIL(XT) € MNy(X 7, X)), fTHMN(X T, X)) C LINe(X T, X))
define an object in the idempotent completion Px; (x+ x- x)(A)

P (f) = (LN(X 7, XN\X7), pX+f71pr(X:X)f)
such that there is defined a direct sum system in Py (x- x)(A)

I px+f7

(M(Nb(X77X))7 1) — Pb_(f) ’
px-f7" PNy (x-S

with = : L(X7)—M(MN,(X~, X)) the restriction of f. There is also

defined a direct sum system in Py, (x+ x— x)(A)
frof
-

-1
Px+nx-f
px-ft@px Tt

(L(X7),1)

(L(XtNX7),1) (MNp(XH, X7, X)), 1)

Pr(f) o By (f) -

Paq(x+,x)f D P x—x)f
PRrROPOSITION 4.15 The end invariants of an isomorphism f : L— M
in Cx+ux-(A) are given by
[fl+ = [BS (] = [MWN(XT, XNXT)],
[fl- = B ()] = IMN(X™, X)\XT)]

€ lim Ko(Pp, (x+,x-,x)(A)) -
b
PROOF As in 4.10 let E be the 1-dimensional contractible chain complex

in Cx+yux-(A) defined by
dg = f : By = L — FEy = M.
For any integer b > 0 such that
FIL(XT) €S MWN(XT, X)), fIL(XT)) € MN(X T, X))
define a Mayer-Vietoris presentation E(b) of E
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0— LXTNX ) —— LX) LX) —L—0
eV s fref f
0— MWN(XTNX7)) —— MWNW(XT) & MANW(X7)) —M—0

such that

[E£(b)] = [PF(f)] € lim Ko(Par,x+,x-,x)(A)) .
b
A direct application of 4.13 gives

[fl+ = [BElx = [E7(})] - [E7()/EXT)]

[Py ()] = [MN(XH, X)N\XT)]
[f]- = [El- = [E7(0)] = [E~(0)/E(XT)]

[Py (/)] = IMNp(X™, X)\XT)]

€ lim Ko(Pp(x+,x-,x)(A)) .
b

o
The end invariants of an automorphism f: M——M in Cx+ x-(A)
are such that

[fl+ +[fl- = 0€lim Ko(Py,(x+,x-,x)(A)) -
b

THEOREM 4.16 The torsion and projective class groups associated to
X = Xt U X~ are related by a Mayer-Vietoris exact sequence
lim K3 (Cp(x+,x-,x)(A) — Ki(Cx+(A)) © K1 (Cx-(A))
b

0
— Ki(Cx(A)) — lim Ko(Pp,x+,x-,x)(A))
b

— Ko(Px+(A)) ® Ko(Px-(A)) ,
with the connecting map 0 defined by either of the end invariants

9 : Ki(Cx(A)) — lim Ko(Py,x+,x-,x)(A)) ;
b

m(f: M—M) — [fly = —[f]-.
PROOF The relative K-group K7(A;) of the additive functor
Ay 1 Py, x-,x0)(8) — Py, x) (A) X P x - x)(A) 5
M — (M, M)
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fits into an exact sequence
K1(Cpx+,x-,x)(A)) — K1(Cp(x+,x)(A)) & K1(Cp,(x-,x) (A))

0
— Ki1(Ap) — Ko(Ppy(x+,x-,x)(A))

— Ko(Pu, (x+,x)(A) ® Ko(Pu, (x-,x)(A)) .

An element in K7 (A}) is an equivalence class of quadruples (P, Q,e™,e™)
consisting of objects P, Q in Py, x+ x- x)(A) and stable isomorphisms
[ef] : P—Q in Py, (x+ x)(A). By definition, (P,Q,et,e”) = 0 €
K1(Ayp) if and only if there exists a stable isomorphism [i] : P—@Q in
Pr, (x+,x—,x)(A) such that

7([e*] 7] : P——P) = 0€ K1(Pp,(x+.x)(A)) ,

m([e7) 7] : P—P) = 0€ Ki(Pay(x—x)(A)) -

Given objects P, Q% in Py, (x+,x-,x)(A), stable isomorphisms [g%] :
PE*——Q* in Py, (x+ x)(A) and a stable isomorphism [h] : PT & P~
—QT ® Q™ in Py, (x+ x-,x)(A) there is defined an element

(PY,Q%,g%(97)7'h) = —(P7,Q7,(g")"h,g7) € Ki(Aw)
with image
[P = [QF] = [Q7] = [P7] € Ko(Pas(x+,x-,x)(A)) .
Define inverse isomorphisms
lim K1(Ap) — K1(Cx(4)) 5 (P.Q,et,e7) —
b
T((e”) tet : P—P) = —7(e (") : Q—Q),
K1(Cx(A)) — lim Ky (Ap) 57(f : M—M) —
b
(P+7Q+7g+7(g_)_lh) = _(P_vQ_7(g+)_1h7g_) )
with P*, Q%, g%, h defined using the terminology of 4.15
Pt = BN, PT = B (f),
Q+ M(Nb(X+7X)\X+) ) Q_ = M(Nb(X_7X)\X_) ’
95 = (f* prxn) f)
M(X) & PE — MN(X®) = QF 6 M(X®),

ho= (f"0F pavyx+x)f pavyx-xf)
MX"NnX)oPteoP —
MN,(XTNX7)) = MXTnX)eTaeQ .
The composite

HL)D Ki1(Ap) — K1(Cx(A)) — h_r)n Ki1(Ayp)
b b
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is the identity, since for any (P,Q,et,e”) € K1(A,) the stable auto-
morphism
a = (e)tet i P—P
has positive end invariant
la]+ = [P]—[Q] € Ko(Px+nx-(A)) .
In order to verify that the composite

K1 (Cx(A) — lim Ky (Ay) — K1 (Cx(A))
b
is the identity consider the evaluation on the torsion 7(f) of an auto-

morphism f: M—M in Cx(A). Let
Mt = M(X"), M~ = M(X")C M,
z?\} = inclusion : Mt NM~ — M*,
j]:\t/[ = inclusion : M* — M,

i = px=f 'onxs ) f ¢ P — MT

ip =l = [enexexf P — M,
15 = inclusion : QF — MT |
jég = JJZ\FﬂES = inclusion : Q¥ — M |
so that f is resolved by an isomorphism of exact sequences
0—MNnM- aPreP  BMteaM oPteP BM—0

h gteg™ f

0—MAM 60 a0 L MteM QT aQ % M—0
with

iy 0 —ip
| =iy —ip 0
=1 o0 1 o
0 0o 1

MtNnM - @PtTeoP — MteoM aoPteP ™,
ve = (i Ju b ip) s MteM ePteP  — M,

iy 0 —ig
— i+
_ —iy —lg 0
e o 1. 0
0 0 1

MtAM - eQteQ- — M TaM aQ Q™ ,
vo = (i Jum Jb Jo) t MTeM &QteQ — M.
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The automorphisms

10 0 ip
o 1 45 0
Be=100 1 o
00 0 1
- MteM ¢ePteP — MteM ePteP
10 0 i
01 it 0
P— Q
Pa 00 1 0
00 0 1

cMteM eQteQ” — MToM QT aQ~
have torsion
T(Bp) = T(Bq) = 0€ Ki(Px(A)) = Ki(Cx(A)),

and are such that there is defined an isomorphism of exact sequences

0—MAnM aPtepr M8 yrgM-aPtepr 222 0
h g !
0—=MNnM eQtaQ 2L yteM Qe X% M —o
with
Z'Jr
iy = ( y) cMTNM™ — MTe M,
—'Mm
v = (i ) s MTeM™ — M
IM Isve Imr) - ,
9= (Bo) Mgt ®g)Bpr : MTOM &P &P
— MteoM oQtoQ .

Applying Lemma 1.4

so that the composite

Ki(Cx(A) — lim Ky (Ay) — K1 (Cx(A))
b
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is the identity. This gives the exact sequence of Carlsson [16]

lim K1(Cryx+,x-,x)(A) —
b

lim K (Cy, (x+,x)(A)) & lim K3 (Cp, (x-,x)(A))
b b

0
— Ki(Cx(A)) — lim Ko(Ppy(x+,x-,x)(A))
b

— lim Ko(Pp; (x+,x)(A)) @ lim Ko(Pus (x-,x)(A)) .
b b

The inclusions
Cx+(A) — Cppxx,x)(A) (b>0)

are homotopy equivalences in the proper eventually Lipschitz category,
giving rise to identifications

lim K (Cy,x,x)(A) = Ki1(Cxx(4)),
b

lim Ko(Pus(x+,x)(A)) = Ko(Px=(A)) ,
b

and hence to the exact sequence of the statement.

The connecting map in 4.15 can be expressed as the composite
0 : K1(Cx(A) —

Ki(Cx x+(A)) = lim K1(Ch, (x\x+,X) N5 (X, x\ X +,x) (A))
b
lim O ) )
— lim Ko(Py,x+,x\x+x)(A)) = lim Ko(Pu,(x+,x-,x)(A)) ,
b b

with the connecting maps 0 given by 4.8.

REMARK 4.16 Working on the level of permutative categories as in Ped-
ersen and Weibel [53],[54] and Carlsson [16] it is possible to extend the
results of §4 to all the algebraic K-groups of the idempotent completions,
with natural isomorphisms

K, (Py(A)—ﬂpx (A)) = K. (]P)X,y(A))

2

lim K, (Par, (x\v, X)) N3 (X\Y,Y,x) (A))
b

with Px y(A) the idempotent completion of Cx y(A), and a Mayer-
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Vietoris exact sequence

- — lim Ko (P x+,x-,x)(A) — Kn(Px+(A)) © Kn(Px-(4))
b

0
— Ka(Px(A)) — lim Ko (B x- x0 (A) — ..
b

(neZ.

¢5. Isomorphism torsion

In general, it is not possible to define the torsion 7(f) € K1(A) of an
isomorphism f : L— M in A, only for an automorphism f: M—M.
This is necessary in order to define the torsion 7(C) € K;(A) for a con-
tractible finite chain complex C' in A. The isomorphism torsion theory
of Ranicki [65] is now applied to the bounded categories, for use in §§6,7.

The isomorphism torsion group K*°(A) was defined in [65] for any
additive category A to be the abelian group with one generator 7(f) for
each isomorphism f : L——M in A, subject to the relations

(i) r(gf:L—M—N) = 7(f: L—M) +7(9: M—N) ,
i) r(fef:Leol’'—MaM)
= 7(f: L—M)+7(f : L'—M') .

The isomorphism torsion of a contractible finite chain complex E in
A is defined by

T(E) = T(d +T': Esgg——Feven) € K{SO(A) )
with

d 0 0
' d 0
Eodd = E1 EBEgEBE5EB — Eeven = EQ@EQ@E4@
the isomorphism in A defined for any chain contraction
' : 0~1: F— FE.
Given objects L, M in A define the sign

(L, M) = T(<(1’ é) LoM—M®L) e Ki®(A) .
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Also, given finite chain complexes C, D in A define
6(07 D) = T((C S2) D)even—> even D Deven)
—7((C ® D)oda—Codd ® Doda)
= ) (e(Cai, Daj) — €(Caiyr, Dajy1)) € Ki*°(A) .
>3
The isomorphism torsion of a chain equivalence f : C——D of round
finite chain complexes in A was defined in Ranicki [65] to be

7(f) = 7(C(f)) — B(D,SC) € Ki*(A)
with C(f) the algebraic mapping cone of f.
PROPOSITION 5.1 (i) For any chain equivalences f : C—D, g: D—FE
of round finite chain complexes in A
7(9f : C—E) = 7(f: C—D)+1(g: D—E) € K{*°(A) .

(ii) Let C be a contractible finite chain complex in A, and let

0—C" —C — C—0

be an exact sequence in A with C',C" round finite. Then f : C"—C’
is a chain equivalence with torsion

7(f) = 7(C)+ D (=) 7((f h): Cf & Cr—Cp) +B(C",C) € Ki°(A)
r=0

for any splitting morphisms h : C,.—C! of g : C.—C, (r > 0). If
also C', C" are contractible then

7(f) = 7(C") = 7(C") € Ki*(A) .
PROOF See [65, 4.2].
O

The reduced isomorphism torsion group of an additive category A is
defined by

Ki*°(A) = coker(e : Ko(A) ® Ko(A)—K®°(A)) ,
with e the sign pairing. The torsion of a chain equivalence f : C——D

of finite chain complexes in A is the reduced torsion of the algebraic
mapping cone

(f) = 7(C(f)) € Ki*(A) .
The reduced automorphism torsion group of an additive category A is
defined by

Ki(A) = coker(e : Ko(A) ® Ko(A)—K;(A)) ,

with € the sign pairing.
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DEFINITION 5.2 A stable canonical structure [¢] on an additive category
A is a collection of stable isomorphisms [¢ar,n] : M—— N, one for each
ordered pair (M, N) of stably isomorphic objects in A, such that

() [Pmm] = ) + M — M,

(ii) [¢ar.p] = [onpPlléMnN] : M — N — P,

(ii)) [pmerm NoN] = [dunN] @ o N] : MOEM — NG N'.
O

A stable canonical structure [¢] on A splits the natural map
Ki(A) — K*°(A) 5 7(f : M—M) — 7(f)
by
K™ (A) — Ki(A) ;
7(f : M—N) — 7(f) = 7([onu]f : M—M) .
The automorphism torsion of a contractible finite chain complex E in A
is then defined to be the image of the isomorphism torsion
T(E) = T(d +I: Eodd—>Eeven) S Kl(A) .
A stable isomorphism [f] : M—— N has an isomorphism torsion 7([f]) €
Ki%°(A) and hence also an automorphism torsion 7([f]) € K1(A). Sim-
ilarly for reduced torsion.
For a ring A the automorphism torsion groups of the additive category
B/(A) of based f.g. free A-modules are the usual torsion groups
Ki(Bf(4)) = Ki(4),

Ki(B/(A) = Ki(A) = coker(K,(Z)—K,(A)) .
If A is such that the rank of based f.g. free A-module is well-defined then
B/(A) has the canonical (un)stable structure [¢] with ¢pn : M——N
the isomorphism sending the base of M to the base of N.

A stable canonical structure (5.2) on an additive category A allows the
definition of torsion 7(f) € K;(A) for an isomorphism f : L— M in A,
and hence the definition of torsion 7(C) € K;(A) for a contractible finite
chain complex C' in A. A ‘flasque structure’ on an additive category A
determines a stable canonical structure; the bounded graded categories
over open cones have flasque structures, allowing torsion to be defined
for bounded homotopy equivalences over open cones.

DEFINITION 5.3 A flasque structure {¥, o, p} on an additive category A
consists of

(i) an object XM for each object M of A,

(ii) an isomorphism oy : M @& XM —3XM for each object M of A,
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(iii) an isomorphism pprny : (M & N)—XM @& XN for each pair of
objects M, N in A, such that
ovmon = (pun) Homw @ on)(Imuen ® puN) -
MeNeE(MeN) — E(MeN).
O

LEMMA 5.4 A flasque structure {3, o, p} on A determines a stable canon-
ical structure [¢p] on A, with

pun = (on®1) Yoy ®1l) : MOEMHGEN — NOESM S EN
and hence a splitting map Ki%°(A)——K1(A) allowing the definition of
torsion 7(C) € K1(A) for any contractible finite chain complex C on A.

O

In particular, if A admits a flasque structure every object M in A is
stably isomorphic to 0 (via o), so that Kg(A) = 0.

DEFINITION 5.5 A flasque structure {3, o, p} on A is natural if the assig-
nation M ——X M on objects of A can be extended to morphisms
(f: M—N) — (Xf : X M—X%N) ,
defining an additive functor ¥ : A——A such that the isomorphisms
onv 2 M@ XM—XM define a natural equivalence of functors
o 1,6Y — ¥ : A— A.
o

If A admits a natural flasque structure then K,(A) = 0, and in par-
ticular K4 (A) = 0.

EXAMPLE 5.6 An additive category A with countable direct sums has a
natural flasque structure {X, o, p} by the Eilenberg swindle, with

o0
SM o= > M,
1

o : M®XM — XM ; (zg, (x1,22,...)) — (To, 21, ZT2,...) .

PROPOSITION 5.7 (i) Cr(A) has a flasque structure.
(ii) Cg+(A) has a natural flasque structure.
PROOF (i) For any object M in Cg(A) let TM be the object defined by
M(t—1) ift>1
(TM)(t) = ¢ M(t+1) ift<-1
0 otherwise ,
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and let T : M——T M be the isomorphism bounded by 1 defined by
a fu>0andv=u+1
T(v,u) : M(u) — TM@w); a — (a fu<Oandv=u—1
0 otherwise .
Define a flasque structure {X, o, p} on Cr(A) by

(e ]
SM =Y T'M,
=1

o - MOYXM — XM ;
(ao, (a1,0a2,...)) — (Tag,Ta1,Taz,...),

punN  S(MSN) — XM PEN; (a,b) — (a,b) .
(ii) The flasque structure on Cg(A) defined in (i) restricts to a natural
flasque structure on Cg+(A).
O

LEMMA 5.8 If F: A——A’ is a functor of additive categories such that
every object M' of A’ is the image M' = F(M) of an object M in A
then a flasque structure {X,0,p} on A determines a flasque structure
{¥,0',p'} on A/, with

M = F(XM),

oy = Floy) : MoY'M = F(M & XM)

— Y'M' = F(EM),
PM’' N = F(pM,N) : E/(M,®N/) = F(E(M@N))
— YM&Y'N' = F(EXM @ XN).
o

In particular, 5.8 applies to the functor F' : Cx(A)—Cx y(A) in-
duced by the inclusion.

PROPOSITION 5.9 Let (X,Y C X) be a pair of metric spaces, and let A
be any filtered additive category.
(i) The end invariant defines a morphism
9 : K*(Cxy(A) — Ko(Py(A)) ; 7(E) — [E+
such that the connecting map 9 in the exact sequence of 4.1
Ki1(Cy(A)) — Ki(Cx(A)) — Ki(Cxy(A))

0
— Ko(Py(A)) — Ko(Px(A))
is the composite

9 : Ki(Cxy(A) — K{*(Cxy(A) — Ko(Py(A)),
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and
im(9) C im(0*°) .
(ii) The sequence

Aiso

E{*(Cxy (A)) — Ko(Py(A)) — Ko(Px(A))
18 exact.
(iil) If Ko(Cx(A)) = {0} then
im(9) = im(9%°) .
(iv) If Cx(A) admits a flasque structure {X, o, p} and Cx y (A) has the
induced flasque structure then

9"+ K1*°(Cxy(A)) — Ki(Cx,y(A)) 2, Ko(Py (A)) .

The automorphism torsion T(E) € K1(Cx,y(A)) of any contractible fi-
nite chain complex E is such that 01(F) = [E];.

PROOF (i) The end invariant of an isomorphism f : M— N in Cx y (A)
is the element [f]+ € Ko(Py (A)) defined in 3.6. It is necessary to prove
that for any contractible finite chain complex E in Cx y (A) the element
O07(E) = [E]4 € Ko(Py(A)) is the end invariant [d 4 I'|+ of the isomor-
phism d + T : Eygq—— Eeven in Cx y(A) used to define 7(FE), for any
chain contraction I' : 0 ~ 1 : E——FE. Consider first the 1-dimensional
case, with

dE:f:ElzL—>E0:M

an isomorphism in Cx y (A), so that 97([f]) € Ko(Py(A)) is the end in-
variant [f]4 of f. The n-dimensional case is reduced to the 1-dimensional
case by the “folding” process of Whitehead [88], as follows.

Let then E be n-dimensional

rF:....—0—EFE, —F, 11— ... — Ey.

As E is contractible there exists a morphism I' : E,,_1—E, in Cx y (A)
which splits d : B,— F,_1 with

I'd =1:FE, —E,.

Let C' be the contractible (n —1)-dimensional chain complex in Cx y (A)

defined by
d
r (d 0)

C:Ep g — Ey 208, —— E 3 — ... — [y,

and let D be the Cx y (A)-contractible n-dimensional chain complex in
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Cx (A) defined by

() )

n —— En 1 ®F, ———
(d 0)
E,:0b, —— Ey 33— ... — Ep.
There are defined exact sequences of contractible chain complexes in
Cxy(A)

0—C —D—C—0,
0—F —D—FE—0,

with C’, E’ the elementary n-dimensional chain complexes

¢ . E,—FE,—0— ..—0,

rF:.:0—EFE, —FE, —0— ... —0.
Now
T(C) = T(D) = T(E) S Kl(CX,y(A)) s
and by the sum formula 3.8
[Cl+ = [Dly = [Ely € Ko(Py(A)) .
As C is (n — 1)-dimensional this gives the inductive step in the proof
that the connecting map 9 of 4.1 sends the torsion 7(E) to the positive
end invariant [d + T : Eogg—— Feven]+- N
(ii) The objects P, @ in Py (A) are such that [P] = [Q] € Ko(Px(4)) if
and only if there exists an isomorphism in Px (A)
f = (fQP fQR) CPOR-—0Q®S
fsp fsr
for some objects R,S in Cx(A), in which case [fsr] : R—S is an
isomorphism in Cx y (A) with isomorphism torsion
7([fsr]) € Ki*°(Cx,y (A))
such that
07 ([fsr]) = [Q] - [P] € Ko(Py(A)) .
(iii) The objects of Cx y (A) are the objects of Cx(A), so for any iso-
morphism f : M——N in Cx,y(A) the element 9°°7(f) € Ko(Py (A))
has image
9"or(f) = [N]—[M] € im(FKo(Cx (A)—Ko(Py (A))) = {0}.
(iv) By 3.7 (iii) the end invariants of the isomorphisms oy : M &
YM—XM in Cx(A) have end invariants
lom]+ = 0€ Ko(Py(A))
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The torsion of an isomorphism f: L—M in Cx y (A) is defined by
m(If]) = 7(loml[fllo]™") € K1(Cx,y(A))
s0 O7([f]) € Ko(Py (A)) is the end invariant of the stable automorphism
loam][f]lor] ™ : 0—0 in Cx y(A). By the sum formula 3.7 (ii)
o(rlf) = lloamlfllo] ]+

= lomls +[fl+ —locl+ = [fl+ € Ko(Py(A)) ,
verifying the 1-dimensional case of O7(E) = [E]4+. The n-dimensional
case for n > 2 is reduced to the case n = 1 by folding as in (i).

O

§6. Open cones

The open cone of a subspace X C S* is the metric space
O(X) = {tr e R teRT 2z X} .
In particular,
O(S%) = RF! .
For the empty set () it is understood that
o) = {0}, Com(A) = A.
ForanngXQSk and any b > 0 let
Op(Y, X) = Ny (O(Y),0(X))
= {z € O(X)|d(z,y) < b for some y € O(Y)} .
Also, for any Y, Z C X C S* and any b > 0 let
On(Y, 2, X) = Ny(O(Y),0(2),0(X))
= {z € O(X)|d(z,y) < b for some y € O(Y)

and d(z, z) < b for some z € O(2)} .

LEMMA 6.1 Let X C S* be a compact polyhedron which is expressed as a
union X = XTUX ™ of compact polyhedra. For any b > 0 the inclusion
O(XTNX") — O X+, X, X)

is a homotopy equivalence in the proper eventually Lipschitz category.
PRroor Following a suggestion of Steve Ferry, replace X, X~ by Lips-
chitz homotopy equivalent cubical subcomplexes of S*. for which there
is an identity
Op(XT, X7,X) = Op(XTNX,X).
o

The results of §1-§5 will now be specialized to the O(X)-bounded

categories Co(x)(A).
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PROPOSITION 6.2 (i) Let Y C X C S*. The torsion and class groups
of the bounded categories over the open cones are related by an excision
isomorphism

K1(Poyy(A)—Po(x)(A)) = Ki(Cox),ov)(A))
and an exact sequence
Ki1(Corvy(A)) — K1(Cox)(A)) — Ki(Cox),ov)(A))

0
I— KQ(Po(y)(A)) — KO(PO(X)(A)) .
(ii) For a compact polyhedron X = X+ U X~ C S* there is defined a
Mayer-Vietoris exact sequence
K1(Cox+nx-)(A)) — Ki(Co(x+)(A)) & K1(Corx-)(A))

— Ki1(Cox+ux—)(A)) i’ Ko(Pox+nx—)(A))
— Ko(Po(x+)(A)) ® Ko(Pox-)(A)) -
PROOF (i) A special case of 4.1.
(ii) A special case of 4.16, identifying
OXTUX™) = OXHuo(X7), 0XTnX") = O(XT)NO(X™),
and using 6.1 to identify
K1(Co,(x+,x-x)(A) = Ki(Corx+,x)no(x-,x)(A))

Ko(Po,(x+,x-.x)(A)) = Ko(Pox+ x)nox-,x)(A)) -
o
Pedersen and Weibel [54] identified the algebraic K-theory of
Po(x)(A) for a compact polyhedron X C Sk with the reduced gen-
eralized homology groups of X with coefficients in a non-connective de-
looping of the algebraic K-theory of the idempotent completion Py(A)
K.(Pox)(A)) = HI(O(X);K(Po(A)) = Heo1(X;K(Po(A))) -
The excision isomorphisms and the Mayer-Vietoris exact sequence of 6.2
are particular consequences of this identification. However, the elemen-
tary techniques used here in the cases * < 1 give an explicit formula for
the connecting map relating torsion and projective class, and are better
suited for the generalization to L-theory obtained in §14 below.
Next, it is shown that Co(x)(A) admits a flasque structure for non-
empty X, so that the isomorphism torsion theory of §5 applies.
Given a non-empty subspace X C S*, and a base point z € X define
for any object M in Cox)(A) an object TM in Co(x)(A) by
M((t—-1)y) ift>1
(TM)(ty) = § M(0) ift=1andy=ux
0 otherwise .
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Let T': M——TM be the isomorphism in Co(x)(A) defined by
T(uz,ty) : M(ty) — TM(uz) ;
a fu=t+landz=y
a— qa ift=0andu=1andz==x
0 otherwise .

DEFINITION 6.3 The z-based flasque structure {X, 0, p} on Co(x)(A) is
defined by

XM = iTiM ,
=1

o - MSYXM — XM ;
(ao, (a1,0a2,...)) — (Tag, Tay,Tas,...),
punN  D(MSN) — XM PEN; (a,b) — (a,b) .
The z-based torsion of an isomorphism f : M——N in Cox)(A) is the
torsion of f with respect to the z-based flasque structure
7(f) = m([on][flloa] ™! : 0——M—N—0) € Ki(Cox)(4)) -
i

In particular, the natural flasque structure defined on Cg+(A) in 5.6
is the 1-based flasque structure {3, o, p} of 6.3.

Applying Lemma 5.4, it follows that Co(x)(A) is equipped with a sta-
ble canonical structure, and that Ko(Co(x)(A)) = 0 for non-empty X.
The z-based torsion is defined for any contractible finite chain complex
C in Co(x)(A) by

TI(C) = Tz(d—l-r : Codd—>Ceven) S K1(Co(x)(A)) s
with I": 0 ~ 1 : C——C any chain contraction.
The filtered structure on A is used to identify
CXl X X2 (A) = (CXI (CX2 (A)) )
for any metric spaces X7,X5 with the max metric on the product X7 x Xo
dx,xx,((z1,72), (y1,92)) = max(dx, (z1,y1), dx,(z2,92)) -

The cone and suspension of X are defined as usual by

CX = Xx[0,1]/X x{1}, 83X = CTXUxC X .
For X C S* identify
O(CX) = O(X)xRT | OXX) = OX)xR.

PROPOSITION 6.4 (i) For non-empty X C S* and any x € X the x-based
flasque structure on Cocx)(A) is natural, so that

K.(Cocx)(A)) = Ki(Pocx)(A) = 0.
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(i) The bounded Y x RT -graded category Cy g+ (A) has a natural flasque
structure, for any metric space Y.
PRrOOF (i) The z-based flasque structure on Co(z})(A) = Cr+(A) is
natural, with ¥f : XM ——XN defined for any morphism f : M— N
by

Ef ¢+ XM — XN ; (a1, a2,...) — (f(a1), f(az),...) .
It follows that for any non-empty X C S*¥ and any = € X the z-based
flasque structure on

Coex)(A) = Cr+(Cox)(A))

is natural.
(ii) Immediate from (i) and the identifications

Cyxp+(4) = Cr+(Cy(4)) , RT = O({pt.}).

PROPOSITION 6.5 The functor
Cxuyxr+(A) — Cxy(A); M — M(X) = ) M(z)

induces an isomorphism
K1(Cxuyxr+(A)) = Ki(Cxy(A)) ,
and there is defined an exact sequence
K1(Cy(A)) — Ki(Cx(A)) — Ki(Cxuyxr+(A))

0
— Ko(Py(A)) — Ko(Px(A))
with the connecting map
0+ Ki(Cxuyxr+(A) — Ko(Py(A)) ;
T(f: M—M) — [f(X, X)]+
sending the torsion T(f) of an automorphism f : M—DM in
Cxuyxr+(A) to the end invariant [f(X, X)]+ of the automorphism
[f(X, X)]: M(X)—M(X) in Cx,y(A) defined by the restriction of f
to the subobject M(X) C M.
PROOF Theorem 4.1 gives an exact sequence

Kl(CyX]R+ (A)) — I(l(CXqu]R+ (A))
— Ki(Cxuyxrt,yxr+(A)) — Ko(Pyxr+(4)) .

By 6.4 (ii) Cy «g+(A) has a natural flasque structure, so that the idem-
potent completion Py yr+(A) also has a natural flasque structure and

K1(Cyxr+(A)) = Ko(Pyxr+(A)) = 0.
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Thus there is a natural identification

K1(Cxuyxr+(A)) = Ki(Cxuyxr+yxr+(4)) .
Every object M in Cx_yxgr+(A) is stably isomorphic to the object
M(X) in Cx(A). The germs away from Y of morphisms in Cx(A)
are the germs away from Y x RT of morphisms in Cxyyyg+(A). It
follows that the functor

Cxuyxr+yxr+(A) — Cxy(A) ;s M — M(X)

induces isomorphisms in algebraic K-theory, allowing the natural iden-
tification

K1(Cxuyxr+,yxr+(A) = Ki(Cxy(4)) .

i
In fact, 6.5 is a special case of a general result: the functor
Cxuyxr+(A) — Cxy(4)
induces isomorphisms in all the algebraic K-groups
Ky (Pxuyxr+(A) = Kn(Cx,y(A)) (n€Z),
with a consequent long exact sequence
oo — K (Py(A) — Kn(Px(A)) — Kn(Cxuyxr+(A))
0
— anl(]P)y(A)) — nfl(]Px(A)) —_— ...
(Ferry and Pedersen [28], Hambleton and Pedersen [31]).
DEFINITION 6.6 (i) Given a map w : S"—X let
_ B
Bo(w) : Ko(A) — Ko(Po(A)) —
Wi
Ki(Cr(A)) = Ki(Co(soy(A)) — Ki(Co(x)(A)) -
(ii) The Whitehead group of Co(x)(A) is defined by
Wh(Co(x)(A))
{coker(z Bo(w) : > Ko(A)—K1(Cox)(A))) if X #0
Ki(A) if X =10
with the sum taken over all the maps w : S'—X.
O

The class at 0 of a finite chain complex C' in Cp(x)(A) is

[e )

[CO)] = Y (-)C(0)] € Ko(A) .

r=0
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PROPOSITION 6.7 (i) Ifw: S'—X extends to a map D'——X then
Bo(w) = 0 : Ko(A) — K1(Co(x)(A)) .
(ii) If X is non-empty and connected
Wh(Cox)(A) = Ki(Corx)(A)) -
If X has n components X1, Xo,..., X, with n > 2 then

n—1 n—1
Wh(Cox)(A)) = coker(Y Bo(wi) : Y Ko(A)—K1(Co(x)(A)))
i=1 i=1

for any maps w; : S°——X such that w;(+1) € X1, wi(—1) € X;11.

(iil) For any z,2’ € X let {X,0,p}, {X/,0',p'} be the z- and x’-based
flasque structures on Co(x)(A). The difference of the x- and z’-based
torsions of a contractible finite chain complex C in Co(x)(A) is

72(C) = 72 (C) = Bo(w)[C(0)] € K1(Co(x)(A))
with
w:8S—X 4l —zz, -1 — .
(iv) The Whitehead torsion of a contractible finite chain complex C in
Cox)(A)
7(C) = 7.(C) € Wh(Cp(x)(A))
is independent of the choice of base point x € X wused to define the
torsion 7, (C) € K1(Co(x)(A)).
PROOF (i) If w extends to a map D!'——X there is a factorization
Bo(w) @ Ko(A) — Ki1(Co(so)(A))

— Ki1(Cop1)(A)) — Ki1(Cox)(A))
and K1(Co(p1y(A)) =0 (by 6.4 (i)).
(ii) Immediate from (i).
(iii) The automorphism defined for any object M in Cp(x)(A) by
ay = (0y®lem) Hom®lyny) : MESMOY'M — MOXMaY' M
has torsion

(an) = Bo(w)[M(0)] € K1(Co(x)(A)) -
(iv) Immediate from (iii).
m

REMARK 6.8 In view of 6.7 (ii) and Anderson [1] the Whitehead group

Wh(Cp(x)(A)) is a special case of the Whitehead groups defined by
Anderson and Munkholm [4, p.146]. In particular, for X = S°

Wh(Co(s0)(A)) = Wh(Cr(A))
= coker(By : Ko(A)—K;(Cr(A))) .
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For any object M in Co(x+nx-)(A)
[M] = [M(0)] € im(Ko(Co(x+nx-)(A))—Ko(Pox+nx-)(A)))
= Im(Ko(A)—Ko(Po(x+nx-)(A)))
B {{0} ifXTNX™#£0
im(Ko(A)—Ko(Po(A))) f XTNX—=0.
Given a map
w: 8 —XtTuX ;1 — a2t -1 — 2,
such that 2% € X* define the abelian group morphism
Bo(w) : Ko(Co(x+nx-)(A) — Ki(Cox+ux-)(A)) ;
[M] — 7(lo) " oq,] - M—M)
with {£% 0%, p*} the 2*-based flasque structure on Cox+)(A) given
by 6.3. The morphism By(w) of 6.7 (i) is the composite
By(w) : Ko(A) — Ko(Cox+nx-)(A))

Bo(w)
- Kl((CO(X*uX*)(A)) ;

[M] — w,r(z: M[z,27 | —MJz,27Y]) .
By 6.7 (iii) the z"-based and x~-based torsions of a contractible finite
chain complex E in Co(x+ux—)(A) differ by
T+ (E) = 7= (E) = Bo(w)[E(0)]
€ im(Bo(w) : Ko(A)—K1(Cox+ux—)(4))) .
The composite

Bo(w)
Ko(Cox+nx—)(A))

K1(Cox+ux—)(A))

i Ko(Po(x+nx-)(A))
is independent of w, being the natural map
0Bo(w) : Ko(Corx+nx—)(A)) — Ko(Po(x+nx-)(A)) ;
[M] — [M] = [M(0)] .

PROPOSITION 6.9 The connecting map
9+ Ki(Cox+ux—)(A)) — Ko(Po(x+nx-)(A))

sends the x-based torsion 7,(E) € K1(Cox+ux-)(A)) of a contractible
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finite chain complex E in Cox+ux-)(A) to the projective class

012 (E) = [E]4 + i(_)r[aEr 1 B, @ BE,—XE |+
r=0

— { [E]+ ifoex™ € Ko(Po(x+nx-)(A)) .

[El+ —[E(0)] ifa¢XT
PRrROOF By construction, 0 is the composite
0 : Ki(Cox+ux—)(A)) —

K1(Cox+ux-y,0x-)(A)) =2 K1(Cox+),0x+nx-)(A))

17}

— Ko(Po(x+),0x+nx—)(A)) .
For € X the image of 7,(E) in K1(Co(x+),0(x+nx-)(A)) is the z-
based torsion 7,(F(O(X7T))) of the contractible chain complex
E(O(X)) in Co(x+),0(x+nx-)(A), and the identity

01(E) = [E]+ € Ko(Po(x+nx-)(A))
is immediate from 5.8. For z ¢ X choose a base point #’ € X*, and
define w : S°—X by w(+1) =2/, w(—1) = z, so that

7(E) = 7u(E) — Bo(w)[E(0)] € K1(Co(x+ux-)(A))

and

O7u(E) = 07,0 (E) — 0Bo(w)[E(0)
(B — [E(0)] € Ko(Bogx-ux—(A)) -

o
If X* N X~ is non-empty then Ko(Co(x+nx-)(A)) = 0, since there
exists a flasque structure on Co(x+nx-)(A) (by 6.3). Thus if £ is round
at 0 or if X N X~ is non-empty then
O1(E) = [El+ € Ko(Po(x+nx-)(A))
for all base points x € X+ U X, in agreement with 6.7 (iii).

PROPOSITION 6.10 The image under the connecting map O of the x-based
torsion 7,(f) € K1(Cox+ux—)(A)) of a chain equivalence f : C——D
of band complexes in Co(x+ux—)(A) is given by
or(f) = {[D]+—[C]+ ifxe X+
D]+ = [Cl4 = ([D(O)] = [C(0)]) if ¢ XT.
PROOF The z-based torsion of f is the z-based torsion of the algebraic
mapping cone C(f)

7(f) = 7(C(f)) € Ki(Corx+ux—)(A)) -
(The sign term § in the definition of 7(f) in Ranicki [65,p.223] is 0,
since Xt U X~ is non-empty and Ko(Co(x+ux-)(A)) = 0.) The result
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follows from 6.9 and the sum formula of 3.12 for the end invariants of
the band complexes in the exact sequence

0— D — C(f) — SC — 0.

For any X = Xt U X~ C S* and b > 0 write
Op(X™) = N (O(XT),0(X))
= OXH, X)UM(O(XTNX7),0(X7)),
Op(X7) = No(O(X7), 0(X))
— O(X~, X)UNy(O(X* N X),0(XH)) .

PROPOSITION 6.11 (i) The Whitehead torsion and reduced projective
class groups associated to X = XT U X~ C S* are related by a Mayer-
Vietoris exact sequence

Wh(Corx+nx-)(A) — Wh(Co(x+)(A)) & Wh(Co(x-)(A))

0 -
— Wh(Cox+ux—)(A)) — Ko(Pox+nx-)(4))
— Ko(Po(x+)(A) ® Ko(Pox-)(A)) -

(ii) If E is a contractible finite chain complex in Cp,(x+)(A) for some
b>0 then

7(E) € im(Wh(Cox=+)(A)) —Wh(Cox+ux-)(A))) -

(iii) If E is a contractible finite chain complex in Co(x+yux—)(A) such
that

Or(B) = 0 € Ko(Po(x+nx—)(4))
then for any Mayer-Vietoris presentation of E
i J
E:0—FE'NE- — Et@E~ — E—0

there exist finite chain complezes F*, F~ in Cox+nx-)(A) and chain
equivalences ¢= : F¥*——E% in Co,(x+)(A) for some b > 0, with

7(E) = 7(¢N) +7(¢7)+7((¢pT @¢ ) i ETNE —FT®F)
€ im(Wh(Cox+)(A)) @ Wh(Cox—(A) —Wh(Co(x+ux—)(4))) .

PROOF (i) By 6.7 there is no loss of generality in assuming that X+ and
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X~ are connected, so that
Wh(Cox+)(A) = Ki(Cox+)(A)),

Ko(Po(x#)(A)) = Ko(Pox=)(A)) |
Ko(Po(x+nx-)(A))
_ {KO(PO(X+0X)(A))
coker(Ko(A)—Ko(Po(x+nx-)(A)))
Wh(Corx+ux—)(A))

B {K1(Co(x+ux—)(A))
| coker(By(w) : Ko(A)—K1(Coix+ux—)(A)))

Wh(Co(x+nx-)(A))
{ coker(; Bo(n) : ; Ko(A)— K1 (Cox+nx—)(A)))
Ki(A)

" {X+ NX~#0
XtNnX-—=0
with the sums taken over all the maps
w: S —XtuXxX",n:8 —-XTnx~
with w(£1) = ¥ € X*. For any such 7 the composites

30(77)
Ko(A) ————— K1(Cox+nx-)(A)) — K1(Corx+)(A))

are 0, since X and X~ are connected. Thus the reduced K-theory
Mayer-Vietoris exact sequence is a quotient of the absolute K-theory
Mayer-Vietoris exact sequence of 6.2 (ii).

(ii) For any object M in Cp,(x+)(A) let M’ be the object defined in

CO(X+)(A) by
. M (') if ¥’ € O(XT)\{0}
M'(z") = .
M(0)® M(Op(XH\O(XT)) ifa’=0.
For any base point = € X~ the evident regrading map 6,y : M—— M’
is an isomorphism in Cp, (x+)(A) with 27-based torsion
To-(0n) = To- (M(Oy(X ) NO(X 7)) —M'(Op(XT)NO(X7)))
€ im(K1(Co, (x+)no(x-)(A)) —K1(Cox+ux-)(A))) = {0},
so that the Whitehead torsion is
T(0nm) = 0€ Wh(Cox+ux-)(A)) .
Thus for any isomorphism f : M——N in Cp,x+)(A) there is defined
an isomorphism in Co(x+)(A)
f = 0onfOr)t : M — M — N — N’
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such that
Ta— (f,) = Tz— (f) + Ty (QN) = Ta— (HM) € Kl(CO(X‘*'UX_)(A))) ’
and the Whitehead torsion of f is
7(f) = 7(f') € im (Wh(Co(x+)(A))—Wh(Cox+ux-)(A))) -
Similarly for chain complexes.
(iii) The reduced end invariant [E]+ is the Co(x+nx—)(A)-finiteness
obstruction of E*
[Elx = [E*] € Ko(Pox+nx-)(A)) -
By the sum formula and (ii) the Whitehead torsion of F is
7(E) = 7(i: EYNE —Et®E")
= 7(@")+7(¢7) + (0T @¢T) i EXNET—F & F7)
€ im (Wh(Cox+)(A)) @ Wh(Co(x-)(A))—Wh(Cox+ux-)(A))) -
O

§7. K-theory of C;(A)

We now consider the K-theory of the bounded Z-graded category
Ci(A) = Cz(A),
using resolutions in the Z-graded category G1(A) = Gz(A). The bounded
R-graded category Cr(A) equivalent to C;(A) is used to obtain a chain
complex interpretation of the isomorphism
K1(Cr(A)) = Ko(Po(A))
originally obtained by Pedersen [49] (for A = Bf(A)) and by Pedersen
and Weibel [53] (for any A).
In order to apply the K-theory exact sequences of §4 to Cgr(A) use
the expression of X = R as a union X = X+ U X~ with
Xt =R" = [0,00), X~ =R = (-00,0], XTNX" = {0},
or the equivalent subsets of Z. The b-neighbourhoods for b > 0 are the
intervals
M(XT,X) = [=b,00), Np(X ™, X) = (—o00,b],
M(XT, X7, X) = [-bbCR.
The various graded categories of a filtered additive category A associ-
ated to Z, Zt ={n € Z|n > 0} and Z~ = {n € Z|n < 0} are denoted
by
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with B = C or G. The inclusion Z——R is a homotopy equivalence in
the proper eventually Lipschitz category, with homotopy inverse

R—Z;z— 2],
and similarly for Z* —R*. Thus C;(A) is equivalent to Cg(A) and
K.(C1(A)) = K.(Ca(a)).

The flasque structure defined on Cg(A) in 5.7 (i) restricts to a flasque
structure on C;(A), and this will be used to define torsions in K;(C4(A))
for isomorphisms in C;(A). The flasque structure on C;(A) restricts to
natural flasque structures on C4(A), so that

K.(C2(A) = K.(Cge(A)) = 0.

The induced flasque structure on C. (3 (A) is not natural, in general.
The inclusions

Cio(A) — CRi,{o}(A)
are also equivalences of additive categories, so that
K. (Cro(A) = Ki(Cgrx (0y(A)) .
Given an object M in A let M[z] be the object of C4(A) defined by
M[z|(k) = M (k>0),
with z*M a copy of M. Given a collection of morphisms in A
£, € Homy (L, M) j = 0}
such that {j € Z| f; # 0} is finite let

;= szfj . Lz,27Y — MJz,27)
=0
be the morphism in C; (A) defined by

0 ifk<j
The polynomial extension category Alz] of A is the subcategory of C (A)
with objects M|z] and morphisms Y 27 f;. Similarly for A[z~1].

j
The end invariant [E]4 € Ko(Po(A)) of a G4 o(A)-contractible finite

chain complex E in C4 ¢(A) is defined as in §3.

flhk,j) = {f’“‘j WEZT L LEG) = P — M) = 2°M .

PROPOSITION 7.1 The end invariant defines an isomorphism
9 : Ki(Cyo(A)) — Ko(Po(A)) ; 7(E) — [E]y ,

with inverse
B : Ko(PQ(A)) e Kl(C+7Q(A)) ;

[M,p] — 7(1 —p+ 2zp: M[z]—M]2]) .



7. K-THEORY OF C;(A) 65

PROOF 0 is the connecting map in the exact sequence of 4.1 for (X,Y) =
(z*,{0})
Ki(A) — Ki(C1(A)) — Ki(Cy0(A))

2 Ko(Bo(A)) — Ko(Pa(A))
with P (A) = Po(C4(A)). It follows from the natural flasque structure
on C4(A) given by 5.7 (ii) that
Ki(Cy(A) = Ko(Py(A) = 0,
so 0 is an isomorphism. The identification d7(F) = [E]+ is given by
5.9. In order to verify that B is the inverse of 9 it is necessary to prove
that for any object (M, p) in Py(A) the automorphism in C4 o(A)
1—p+zp : M[z] — M]z]
has positive end invariant
[1—p+zply = [M,p] € Ko(Po(A)) .
This has already been done in 3.11.
m

Given an object M in A let M[z, z7!] be the object of C;(A) defined
by
Mz, 27 (k) = *M (kez),
with ¥ M a copy of M. Given a collection of morphisms in A
{fj € Homs(L,M)|j € Z}
such that {j € Z| f; # 0} is finite let
f = Z 2f 0 Lz, 27 — Mz, 27 Y
j=—o0
be the morphism in C;(A) defined by
Fkg) = fueg ¢ Llz,27Y(j) = 2L — Mlz,27')(k) = 2"M .
The Laurent polynomial extension A[z, z71] of A is the subcategory of
C1(A) with objects M|[z,27'] and morphisms Y 27 f;.
J

The end invariant of a G_ o(A)-contractible finite chain complex F in
C_ o(A) is denoted by [E]- € Ko(Po(A)).

Let No(A) be the full subcategory of C;(A) with objects M of fi-
nite support (2.8 (i)), corresponding to the neighbourhood Nyoy(A) of
Cy0y(A) in Cgr(A) (which is the full subcategory with objects of com-
pact support). Similarly, let N+ o(A) be the neighbourhood of Cygy(A)
in C4(A), the full subcategory with objects of finite support. The in-

clusions
A = C{O}(A) — No(A) , A — Ni’o(A)
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are equivalences of additive categories.

Recall from { g; that a finite chain complex C'in C4 (A) is {

(G+(A),Nx0(A))
(C+£(A),Nx,o(A))

A chain complex band E in C1(A) is a finite chain complex which is
(G1(A),Np(A))-finitely dominated, so that F is a chain complex band
in Cg(A) in the sense of 4.10 and the end invariants [E]+ € Ko(Po(A))
are defined for X = Z = Z* UZ~, with sum

[Ely +[E]- = [E]+[E(0)] € Ko(Po(A)) -
The end invariants of an automorphism f : L——L in Cy(A) are

defined as in 4.14 to be the end invariants of the 1-dimensional (con-
tractible) chain complex band E given by

dE:fZElzL—>E0:L,

Gio(A)_
Cio(A)

contractible if and only if it is { -finitely dominated.

that is
[fl+ = [E]l+ € Ko(Po(A))
with [f]4 + [f]- =0 € Ko(Po(A)).
PROPOSITION 7.2 (i) The end invariants of automorphisms in Cy(A)
define an isomorphism
0 : Ki(Ci(A)) — Ko(Po(A)) 5 7(f : L—L) — [fl+ = —[f]-

with inverse

B : Ko(Po(A)) E— Kl(Cl(A)) 3
[M,p] — 7(1 —p+2p: Mz, 27| —M|z,271]) .
(ii) The isomorphism O of (i) sends the torsion 7(f) of a chain equiva-

lence f : E—E' of bands in C1(A) to the difference of the positive end
moariants

or(f) = [E'l+ — [Ely € Ko(Po(A)) .
PROOF (i) 0 is the connecting map in the Mayer-Vietoris exact sequence
of 4.15 for X = X+ U X~ given by Z = ZT UZ~. The categories
Cx=+(A) = Cz+ (A) have natural flasque structures (by 5.7 (ii)), so that
K.(Cz+(A)) = K.(Pz=(A)) = 0.

The exact sequence of 4.16 includes

0 — Ki(Ci(A)) 2 Ko(Po(A)) — 0,
so that 0 is an isomorphism. In order to verify that B is the inverse of
0 note that by 3.10 (again) for any object (M, p) in Py(A) the automor-
phism in C;(A)
1—p4zp @ Mlz,z7Y — M[z,271]
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has positive end invariant
[1—p+2zply = [M,p] € Ko(Po(A)) .
(ii) It is immediate from 5.9 that 0 sends the torsion 7(C) € K1(C;(A))

of a contractible finite chain complex C' in C;(A) to the positive end
invariant

97(C) = [Cls € Ko(Po()
The algebraic mapping cone C(f) is contractible, and fits into an exact
sequence of band in C;(A)
00— EF — C(f) — SE — 0.
Applying the sum formula of 3.8
or(f) = o7(C(f))
= [C(f)+ = [E']4+ +[SE]x = [E']4 — [E]l+ € Ko(Po(4)) .

O
DEFINITION 7.3 The Whitehead group of C1(A) is
Wh((Cl(A)) = COkeI‘(BO . Ko(A)—>K1((C1(A)))
with _
_ B
By i Ko(A) — Ko(Po(A)) — Ki(Ci(A)) ;
[M] — 7(2: M|z, 27 ]—M]z,27"]) .
O

PROPOSITION 7.4 (i) The reduced end invariants of isomorphisms in
C1(A) define an isomorphism
0 : Wh(Cy(A)) — Ko(Po(A)) 5 7(f : L—M) — [fly = —[f]-
with inverse
[M,p] — (1 =p+2p: Mlz, 27 ]—M[z,27"]) .
(ii) The Whitehead torsion 7(f) € Wh(C1(A)) of a chain equivalence
f : E—F' of bands in C1(A) is sent by the isomorphism O to the
difference of the reduced positive end invariants
or(f) = [E'ls = [Ely € Ko(Po(A)) -

PROOF (i) Immediate from 7.2 (i).
(ii) Immediate from (i) and 7.2 (ii).

m
REMARK 7.5 (i) Browder [9] studied the problem of homotoping a home-
omorphism W—M x R to a PL homeomorphism, with W an open n-
dimensional PL manifold and M a closed (n — 1)-dimensional PL mani-
fold, proving that there is no obstruction in the case n > 6, w1 (W) = {1}.
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(ii) If W is an open n-dimensional manifold with an R-bounded homo-
topy equivalence h : W—X X R (e.g. a homeomorphism) for some
finite (n — 1)-dimensional geometric Poincaré complex X then W is a
band with two tame ends. The cellular chain complex C(W) of the
universal cover W is a band in Cr(B/(Z[x])), and

W]x = [C(W)]x € Ko(Z[r])
with 7 = 71 (W) = m1(X). The end invariants are such that
Wiy + W] = [W] = [X] = 0€ Ko(Z[n]) .
By the main result of Siebenmann [73] (cf. Pacheco and Bryant [13, §4])
for n > 6 the following conditions are equivalent:
(a) W]y =0 € Ko(Z[n]),
(b) the R-bounded homotopy equivalence h : W——X xR can be made
transverse regular at X x {0} C X x R with the restriction
f=h:M=hnr"Xx{0}) — X
a homotopy equivalence,
(¢) W is homeomorphic to M x R for a compact (n — 1)-manifold M
homotopy equivalent to X.
See 15.4 below for the surgery-theoretic interpretation.
(iii) For any filtered additive category A a band chain complex F in
Cr(A) is simple chain equivalent to C(1—2 : F[z, 27 '|—F][z,27]) for a
finite chain complex F in A if and only if [E]; = [E]- =0 € Ky(Po(A)),
where simple means 7 =0 € Wh(Cg(A)) = Wh(C4(A)).
o
Let Cgr(A)Z be the subcategory of Cg(A) with objects L which are
invariant under the Z-action on R
L(z) = L(z+1) (x €R),
with the Z-equivariant morphisms. Let A[z, z7!] be the subcategory of

C1(A) with one object L[z, z7!] for each object L in A, and morphisms
the Z-equivariant morphisms in C;(A)

(o)

Z 2f; 0 Liz,z7Y — Mz, 271

Jj=—0o0
defined by collections {f; € Hom|j € Z} with {j| f; # 0} finite. The
functor
Alz, 27 — Cr(A)? ; M[z,27Y — MJz,27 Y

is an equivalence of additive categories.
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PROPOSITION 7.6 For any filtered additive category A the map
B : Ko(Po(A)) — K1(Cal(h))
[M,p] — m(zp+1—p: M[z,27 ' |—M[z,27}]) .
is a split injection.
PROOF The composite

_ B
B : Ko(Po(A)) — Ki(Cz(A)®) — Ki(Cr(A))
is an isomorphism, by 7.2 (i).
o

For a ring A and the additive category A = B/(A) of based f.g. free
A-modules there is an equivalence of additive categories

B (Alz,271]) — Alz,27Y; M[z,27Y] — M]z,27Y],

with A[z, 27!] the Laurent polynomial extension ring of A. The map B
is the original injection due to Bass, Heller and Swan [8] of the projective
class group of a ring A in the torsion group of the Laurent polynomial
extension Alz, 271

B : Ko(A) — Ki(A[z,27Y) ; [P] — 7(2: Plz, 2" ]—P[z,27']) .

The K-theory of the polynomial extension category Alz,z7!] will be
examined in greater detail in §10 below.

§8. The Laurent polynomial extension category A[z, 27

The finite Laurent polynomial extension category A[z, 2] of a filtered
additive category A was defined in §7 to be the subcategory of C;(A)
with objects the polynomial extensions of objects L in A

o0
L[z, 271 = Z 2L
j=—00

and with Z-equivariant morphisms. The infinite Laurent polynomial
extension category Gi(A)[[z,27]] is defined to be a subcategory of
Gyz2(A) containing A[z, z71] as a subcategory. The Z-equivariant ver-
sion of the algebraic transversality of §4 is used to construct ‘finite
Mayer-Vietoris presentations’ in A[z, z7!] for finite chain complexes in
Alz, 271, as subobjects of canonical ‘infinite Mayer-Vietoris presenta-
tions” in Gi1(A)[[z,27!]]. This algebraic transversality is an abstract
version of the existence of fundamental domains for free cocompact ac-
tions of the infinite cyclic group Z on manifolds. Algebraic transversality
will be used in §10 to express the torsion groups of Az, 27 !] in terms of
the algebraic K-groups of A.
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DEFINITION 8.1 (i) The finite Laurent extension of an additive group A

oo
is the additive group A[z,27!] of formal power series Y. axz* with
k=—o0

coeflicients ay, € A such that {k € Z|ay # 0 € A} is finite.
(ii) The infinite Laurent extension of a countable product of additive
o0

groups A= [[ A(j) is the additive group A[[z,z7!]] of formal power

j=—o0

&)
series Y. arz”® with coefficients

k=—o
Hak YeA = HA

j=—00 j=—00
such that {k € Z|ar(j) # 0 € A(j)} is finite for each j € Z.
o
In particular, if A is the additive group of a ring then A[z, z71] is also
a ring, and if M is an A-module then M|z, z71] is an A[z, 2~ !]-module.
For a f.g. free A-module M and any A-module N

HOmA[Z’Z—l](M[Z,Zﬁl],N[Z,Zil]) = Homu (M, N)[z, 271 .
&)
For a countable direct sum M = > M(j) of f.g. free A-modules

Jj=—00
Homu(M,N) = H Hom 4 (M (j), N)
j=—00
HomA[z,z—l](M[Z7 Z_l]7 N[Z, 2_1]) = HOHIA(M, N)[[Za Z_l]] .
Given an additive category A let G1(A) = Gz(A) be the Z-graded
category.
ExXAMPLE 8.2 For any ring A let
BY (A) = {based f.g. free A-modules} ,

B(A) = {countably based free A-modules} .
The forgetful functor
Gi(B/(A) — B(A); M — > M
Jj=—00
is an equivalence of additive categories.
i

For any object L in A let L[z, 27!] be the object in G1(A) defined by
Llz,z71(G) = 2L (j€Z)
with 27 L a copy of L. A morphism f : L[z, 271 ]——L[z, 271 in G;(A)
is homogeneous of degree k if
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(i) for all j,j' € Z with j' —j # k
G5 =0 2L — 21,
(i) for all4,j € Z
flt+ ki) = fG+kJj) = fr:
2L = PL = L — 2 = 2R = [/
for some morphism fj : L——L' in A,
in which case f is written as

f=2f 2 Llz,27Y ) — L'[z,27Y] .

DEFINITION 8.3 The finite Laurent extension Alz,27'] of an additive
category A is the subcategory of Gy (A) with one object L[z, 2] for each

object L in A, with morphisms finite sums of homogeneous morphisms
o0

F= 3 2 Llge — Lz 27,
k=—o0

so that
HOmA[Z’Z—l](L[Z,Zil],L/[Z,Zil]) = Homy (L, L)[z,271] .
O

For each object M = L[z,271] in A[z, 27 !] define a homogeneous

degree 1 automorphism
(M) =2 : M— M
by
¢(M); = identity : L — L.
The morphisms in A[z, 271] are the morphisms f : M——M’ in G;(A)
which are (-equivariant that is
FCM) = ¢+ M — M
The finite Laurent extension A[z,271] of a filtered additive category

A is a subcategory of the bounded Z-graded category C; (A), namely the
subcategory

Alz, 271 = Ci(A)”
with objects L[z, 271] and the (-equivariant morphisms.
EXAMPLE 8.4 For any ring A the finite Laurent extension of the additive

category B/ (A) of based f.g. free A-modules is the additive category of
based f.g. free Alz, z7!]-modules

B (A)[z,271] = B (A[z,27Y]) .
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For any ring A the inclusion defines a morphism of rings

. —17 . _ > J - a 1f]:0
i A— Alz,27]; a—a Z a;z’ | aj {0 720,
j=—00
Induction and restriction define functors
iy : (A-modules) — (A[z, 27 !]-modules) ,

i' : (A[z, 2~ ']-modules) — (A-modules) .

An A-module L induces an A[z, z~1]-module
WL = Alz,z7 Y ®@aL = L[z,27'] = Z 2L
j=—o00
The restriction i*M of an A[z,z7!]-module M is the A-module de-
fined by the additive group of M with A acting by the restriction
of Alz,z71]-action to A C Alz,271]. An Alz,27!-module morphism
f: L[z, 27— L'[z,271] can be expressed as a polynomial

oo

F= Y 2% Lz — LUz

j=—00
Z kak — Z Z Zj+kfj(fl)k)
k=—o0 Jj=—00 k=—0o0
with coefficients f; € Homa (L, L) (j € Z) such that for each z € L the
set {j € Z| f;j(z) # 0} is finite. For f.g. L this condition is equivalent
to the set {j € Z| f; # 0} being finite, but this need not be the case for
infinitely generated L. In particular, if L = ‘i K for an A-module K
then the A[z, 27 1]-module morphism

p = Z szj c oL = it K — 0K ; a® (b®zr) — abRx
j=—00
(a,b€ Alz,271], z € K)
has each coefficient p; : L— K non-zero, namely
oo oo
p; : L = inK = Z FK — K Z zkxk—>xj.
k=—o k=—oc0
For each k € Z there is only a finite number of j € Z with p;(2*K) # {0}
(only j = k), so that

p = Z pjzj € Homy (L, K)[[z, 27 Y] ,

j=—c0

with the infinite Laurent extension defined as in 8.1 (ii) with respect to
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the countable product structure

(o)
Homa(L,K) = [] Homa(*K,K) .

k=—o0

DEFINITION 8.5 For any additive category A the induction and restric-
tion functors are given by

o0
i A —— Alz,27Y s L — 4L = Liz,27Y] = Z AL,
j=—o00
i Az, 27 — Gi(A) ;
M = Liz,z7 Y —i'M , (i'M)(j) = 2L .
The object i'(L[z, 27']) will usually be written L[z,27!]. A morphism
f: L— L’ in A induces a homogeneous degree 0 morphism ¢, f : iy L—
L' in Alz, 27 with (i1f)o = f : L—L’. A morphism f : L[z, 27
——L'[z,271] in A[z, 271] restricts to a morphism in G1(A)
i'f o Lz, 27l — L[z,27Y]
with

@NGK) = fi-k ¢ Llz27 (k) = 2"L — L'[z,271() = 2L

EXAMPLE 8.6 For aring A and the additive category A = B/ (A) of based
f.g. free A-modules the induction and restriction functors of 8.5 are the
induction and restriction associated to the inclusion i : A—A[z, 27!

i : A = B (A) — Alz,2z7Y = B (A4]z,27Y),
i Alz,27Y = B (A[z,27Y]) — Gi(A) = B(A) .
O
Let G2(A) = Gz2(A) be the Z?-graded category. Given an object L
in G1(A) let L[z, z7'] be the object in G2(A) defined by
Lz, 2 Y. k) = 2"L(j) (j,keZ).
For any objects L, L' in G1(A) use the countable direct product structure
Homg, (s)(L, L)) = [ ( D> Homa(L(5),L'(j")))

j==00 j/==00

to identify the infinite Laurent polynomial extension

Hom([;l(A) (L7 L,)[[Z7 Zﬁl]]
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with the image of the injection
HomGl(A)(L,L')[[z,z_l]] — HomG2(A)(L[z,z_1],L'[z,z_l]) ;

> o —f

k=—o0

defined by
f((]lvk,)v(]7k)) = fk/*k(j,hj) :
FL(G) = L(G) — UG = L)

DEFINITION 8.7 The infinite Laurent extension G1(A)[[z, z71]] of G1(A)
is the subcategory of G2(A) with one object L[z, z7!] for each object L
in G1(A), and morphisms

HomGl(A)[[LZq” (L[Z, Z_l], L/[Z, Z_l]) = HOHIGI(A) (L, L/)[[Z, Z_l]]

C Homg, (a)(L[z, 27 1], L'[2,271]) .
o

EXAMPLE 8.8 The additive category B(A[z,271]) of countably based
free A-modules is such that the forgetful functor
G1(BY (4))[[z, 27 Y]] — B(Alz,271))
is an equivalence.
o
o0 .
A morphism f = Y 2/f; : M—M' in G1(A)[[z,271]] is homo-
Jj=—00
geneous of degree k if f; = 0 for j # k. A morphism f : M—M’ in
G1(A)[[z,271]] is linear if f; =0 for j # 0,1, so that
f=fotzh i M— M.
In the applications it is convenient to introduce a change of sign, writing
linear morphisms as
f=fe—zf i M— M
with fi = fo, f- = —fi1.

The Laurent polynomial extension category A[z, z~1] will be identified
with the full subcategory of G1(A)[[z, 271]] with objects L[z, 271] such
that L(j) = 0 for j # 0. Also, Co(A)[z,271] is identified with the
full subcategory of Gy (A)[[z, 271]] with objects L[z, z71] such that {j €
Z|L(j) # 0} is finite.

DEFINITION 8.9 A Mayer-Vietoris presentation of an object M in
Alz, 271 is an exact sequence in G1(A)[[z,271]]

g
M:0— L'[z,27Y —— L[z,z7Y] — M —0
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with f = fy — zf_ linear. The Mayer-Vietoris presentation is finite if
M is an exact sequence in Co(A)[z, 27!, in which case it is equivalent
to an exact sequence in A[z, 27 !], and the torsion of M is defined by

(M) = 7((f h): L"[z, 27| @ M—L'[z,27"]) € K{(Alz,271])
for any morphism h : M——L'[z, 271] splitting g.

O

For a ring A and A = B/(A) the finite Mayer-Vietoris presentations of
objects in Az, 27! = Bf(A)[z,271] are ‘Mayer-Vietoris presentations’
in the sense of Waldhausen [82].

The restriction of an object M = 4L in Alz,27'] is an object i'M
in G1(A). The induced object 4i'M in G1(A)[[z,271]] is equipped with
commuting automorphisms

QM) = C(ai'M) , G(M) = ii'¢(M) : ii'M — iyi'M
such that
Wi'M o= > 3 QMY (ML .

j=—oc0 k=—00

Define a morphism in Gy (A)[[z, 271]]
[ee]
p(M) = Z Ap(M); ¢ ii'M — M = QL ;
Jj=—0o0
QMY QM) e — (MY

by

[ee]
p(M); = jth projection : i'M = Z (ML — L ;

k=—o0
> M)y — ;.
k=—o0
DEFINITION 8.10 The exact sequence
o 1-— ZC(M)_l o p(M)
M(co) : 0 — 4’ M ' M M—0

is the universal Mayer-Vietoris presentation of M in Gy (A)[[z, z71]].
o

Let Zt = {r € Z|r > 0} U {cc}, and let N be the lattice of pairs
(N*+,N-) € Z*+ x Z*, with
(NUNE = max(NE,N'F) | (NON)E = min(NE, N'F) .

N has the maximum element co = (00;00). An element N = (NT, N™)
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€ Nis finite if Nt # 0o and N~ # oco. Let N/ C N be the sublattice of
finite elements.

PROPOSITION 8.11 (i) For every object M =i\L in Alz, 2~ '] and every
N = (NT,N7) € N there is defined a Mayer-Vietoris presentation of
M in G1(A)[[z, z71]]

M(N) : 0 — M"(N)[z, 27} ﬂ M'(N)[z, 271 ﬂ M —0
with
N~— N~
M/(N) = > L, M"(N) = > L,
k=—N+ k=—N+t+1
FIN) = foN) =2f-(N) + M"(N)[z,27"] — M'(N)[2,27],
N~ N~
Fe(N) © M(N) — M(N) 5 Y e — )Y Ay,
k=—N++1 k=—N++1
N~ N~—
fAN) © MY(N) — MU(N) 5 Y rae — Y 2y,
k=—N++1 k=—N++1

N
g(N); + M'(N) — L ; Z Ky — .
k=—Nt

(ii) If N € N is finite then M(N) is a finite linear presentation of M in
Co(A)[z,271].

(iii) If NN’ € N are such that N < N’ then inclusion defines a
morphism of Mayer-Vietoris presentations M(N)——M(N') resolving
1: M—M.

PROOF M(N) is a subobject of the universal Mayer-Vietoris presentation
M(oo) of M.

DEFINITION 8.12 A Mayer-Vietoris presentation of a finite chain com-
plex F in A[z,2z71] is an exact sequence of finite chain complexes in

Gy (A)[[z, 271]]

g
E:0— E'z,27'] — E'l2,27] — E—0
with E’, E” finite chain complexes in G;(A) and f linear. E is finite if
it is defined in Co(A)[z, 27 1], in which case it is equivalent to an exact
sequence of chain complexes in A[z, 271] and the torsion of E is defined
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by
7(E)

(g 0): Clfy — 2 s B'—E')—E)
= (=) 7(E,) € K1(Alz,27"]) .
r=0 o

Given an n-dimensional chain complex F in Az, 2~ !] with E, = i\F,
(0 <r < n)let N(E) be the lattice of (2n + 2)-tuples of elements of ZT

N = (NJ,N{,...,N}; Ny, Ny ,...,N;,)
such that
No Ny
dp( Z ZF,) C Z 2E_ (1<r<n).
j=—N; k=—N1

r—

N(E) has the maximum element

o0 = (00,...,00;00,...,00) € N(E) .
An element N € N(E) is finite if

NEf+oo (0<r<n).

Let Nf(F) C N(E) be the sublattice of finite elements.
PROPOSITION 8.13 (i) For every n-dimensional chain complex E in
Alz, 271 with B, = 4/F, (0 < r < n) and every N € N(E) there is
defined a Mayer-Vietoris presentation of E in G1(A)[[z, 271]]

f+(N)y—2zf_(N
E(N) : 0 — E"(N)[z, 2] ) al E/(N)[z, 27 ]

g(N)

—— FE— 0.

(ii) N/(E) is non-empty, and E(N) is a finite Mayer-Vietoris presenta-
tion of E for any N € Nf(E).
(iii) If N,N' € N(E) are such that N < N’ then inclusion defines
a morphism of Mayer-Vietoris presentations B(N)——IE(N') resolving
1: E—F.
PROOF Set
E(N), = E.(N,) (0<r<n)
the Mayer-Vietoris presentation of F,. associated to N, = (N,F,N,7) €
N.
o

The universal Mayer-Vietoris presentation of a finite chain complex

E in A[z, z71] is the Mayer-Vietoris presentation of E in G1(A)[[z,271]]
1—z¢(B)™Y o p(E)

E(x) : 0 — i E ———— "~ L ii'E ——~ s E—0
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associated by 8.12 to the maximal element co € N(E). The universal
property is that for any chain map f : E'’——F of finite chain complexes
in A[z, 27!] and any Mayer-Vietoris presentation E’ of £’ there is defined
a unique morphism f : E'—E(co) resolving f.
DEFINITION 8.14 (i) For any filtered additive category A let
B : Ko(Po(A)) — Ki(Alz,27'])
[M,p] — 7(sp+1—p: Mz, 2] —Mz,271])

By : Ko(A) — Ko(Po(A)) iKl(A[z,zfl]) ;
[M] — 7(z: M|z, 2" |]— M|z, 27 1)) .
(ii) The Whitehead group of Alz,271] is defined by
Wh(Alz,271]) = coker(By : Ko(A)—K;(Alz,271))) .
o
For a ring A and the additive category A = Bf(A) of based f.g. free
A-modules this is the original injection due to Bass, Heller and Swan

[8] of the projective class group of a ring A in the torsion group of the
Laurent polynomial extension A[z, 2]

B : Ko(A) — Ki(Alz,27Y) ; [P] — 7(2: Plz, 2 ']—P[z,27Y]) .
The Whitehead group of the polynomial extension category
Alz, 271 = B/ (A)[z,27Y) = B/ (4[z,27Y))

is

Wh(Alz,271]) = coker(By : Ko(A)—K;(Alz,271))

= Ki(Alz, 2 ) /{r(£z: Alz, 27 ]—Alz,27 ]},
since Ko(A) is generated by [A]. (If A is such that the rank of f.g. free
A-modules is well-defined then Ky(A) = Z). The Laurent polynomial
extension of a group ring A = Z[x] is the group ring
Alz,2z71Y = Z[rx 7],
and the actual Whitehead group of m x Z is
Whin x Z) = Ki(Zr x Z])/{r(x27g) |g € 7, j € Z}
= Wh(B!(Z[))[z,z"'])/{r(9)|g € 7} .

A chain complez band E in Az, 2] is a finite chain complex such that

the restriction i'E is Co(A)-finitely dominated in G1(A), so that E is a

chain complex band in G1(A) and the end invariants [E]x € Ko(Po(A))
are defined as in 4.10.

EXAMPLE 8.15 Let X be a finite n-dimensional CW complex with fun-
damental group 71(X) = 7 x Z, so that Z[r(X)] = Z[r][z,271]. The
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cellular chain complex of the universal cover X is a finite n-dimensional
chain complex C(X) in B/ (Z[r (X)]). The Mayer-Vietoris presentations
of C(X) constructed in 8.12 are obtained by an algebraic transversal-
ity which mimics the geometric codimension 1 transversality for maps
p: X—S* inducing
p. = projection : m(X) = 7 xZ — m(S') = Z.

Let X = X /7 be the infinite cyclic cover of X classified by p, and let
¢ : X—X be a generating covering translation. If X is a compact
n-dimensional manifold it is possible to choose p : X ——S' transverse
regular at a point * € X, so that V. = p~!({x}) is a codimension 1

framed submanifold of X, and cutting X along V defines a compact
cobordism (V;U, ¢U) between U and a copy (U of U such that

X = {J dWwiu).

j=—o0

¢g-v av Gty

(:j_lU CjU Cj+1U Cj+2U

Thus codimension 1 manifold transversality determines a finite Mayer-
Vietoris presentation of C(X)

0 — C(U)[z,27"] A C(V)[z, 271 — C(X) — 0,

with (7, V the covers of U , V induced from the universal cover X of X.

More generally, for any finite CW complex X it is possible to develop a
codimension 1 CW transversality theory using the mapping torus of ¢

T(C) = X x[0,1]/{(x,0) = (¢(a), Dl € X} ,
which has an infinite cyclic cover
T¢) = X xR
with generating covering translation
T(Q) — T(Q) ; (a,t) — (((a)st+1) .
Define a subfundamental domain to be a subcomplex Y C X such that
U ¢v = x.
j=—00
A fundamental domain is a subfundamental domain such that
YNEY = 0 for j#-1,0,1.
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For any subfundamental domain Y (e.g. X) define
(V;U,CU) = (Y x[0,1; Y N¢T'Y x0,{Y NY x 1)

CTE) = XxR,

Ty(Q) = Y x[0,1]/{(y.0)= (Cv), )|y e Y N¢Y} S T(C)
so that Ty (¢) has infinite cyclic cover with fundamental domain V'

o0
Tv(¢) = | ¢(V;U.CU) CT(Q) -
j=—o00
The projection
py = Ty(¢) — X5 (2,t) — p(x)
has contractible point inverses, and is thus a homotopy equivalence,
corresponding to the Mayer-Vietoris presentation

H o) — o®) — 0.

0 — CU)[z,27Y
In particular, for Y = X
V = XX[Ovl] , U = X ) TY(C) = T(C) )
corresponding to the universal Mayer-Vietoris presentation

~ 1—25_1 ~ ~
0— C(X)lz27Y] ———— C(X)[z,27Y] — C(X) — 0

with ¢ : X—X am (X)-equivariant lift of ¢ : X——X. Subfunda-
mental domains Y C X can be constructed in exactly the same way
as the subcomplexes E'(N) C i'E used to define E(N) in 8.12. Let I,
(0 <7 < n) be an indexing set for the r-cells e” C X, so that

= JePulJe'u...uJem,
Ip I I,
and choose a lift & C X for each cell e” C X so that

U (J¢e'u UC]el u...ulee
I,

j=—o0 Io

For any element
N = (N§,N{,...,NJ Ny, Ny ,...,N;) € NC(X))
such that

N
U U¢oe cxt=2u U U(’”l (1<r<n)

j=—NF Ir k=

there is defined a subfundamental domaln

N Ny Na
vivy = |J Ydev | Ydetu...u | Ydercex,

j=—Nj Io j=—N; I j=—N;5 In
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corresponding to the Mayer-Vietoris presentation E(N) of E = C(X).
N is finite if and only if Y (N) is compact.

§9. Nilpotent class

The construction of the nilpotent class groups Nilg(A), Nvilo(A) for a
ring A of Bass [7] are now extended to define the analogues Nilg(A),
Nilp(A) for an additive category A. The nilpotent class groups are
required for the splitting theorem of §10 for the torsion groups
Ki(Alz,27Y), Ki*(A[z,271]) of the Laurent polynomial extension cat-
egory Az, 27 1.

An endomorphism v : M—— M is nilpotent if for some integer N > 0

VW =0:M-— M.
Let Nil(A) be the additive category with objects pairs

(M = objectof A, v : M — M nilpotent) .

A morphism in Nil(A)
f : (M7V) - (M/7V/)
is defined by a morphism f : M——M' in A such that
Vi =fv: M—M.

Nil(A) is given the (non-split) exact structure in which a sequence

0— (M" V" — (M',V) — (M,v) — 0
is exact if the underlying sequence 0—— M" —— M'—— M ——0 is exact
in A.

The nilpotent class group Nilp(A) of an additive category A is the class
group of Nil(A)

Nilg(A) = Ko(Nil(A)) .
The inclusion

i A— Nil(A) ; M — (M,0)
is split by

j : Nil(A) — A; (M,v) — M .
The reduced nilpotent class group NYIO (A) is defined by

Nilp(A) = coker(i : Ko(A)—Nily(A))

and is such that

Nilp(A) = Ko(A) @ Nilg(A) .
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ExAMPLE 9.1 The Nil-groups of a ring A are the Nil-groups of the
additive category Bf(A) of based f.g. free A-modules
Nilg(A) = Nilg(B/(4)) , Nilg(4) = Nilo(B(4)) .
O
A finite chain complex C in A and a chain homotopy nilpotent chain
map v : C——C have an invariant [C,v] € Nilg(A), which will now be
defined. In fact, Nilg(A) will be expressed in terms of such pairs (C, v),
by analogy with the following expression of Ky(A) in terms of finite
chain complexes C' in A.
Let Kéoo)(A) be the abelian group with one generator [C] for each
finite chain complex C in A, subject to the relations

(i) [C] = [C"] if C is chain equivalent to C”,
(i) [C] = [C']+[C"] = 0 if there is defined an exact sequence in A
0—C"—C —C—0.

For any finite chain complex C' in A there is defined an exact sequence

of finite chain complexes in A
0—C—C1l:C—C)— SC —0
with C(1 : C——C) contractible, so that
[SC] = —[C] e K{(4) .

PROPOSITION 9.2 The natural maps define inverse isomorphisms
Ko(h) — K¢ (A) 5 [M] — [M],

K§™ () — Ko(A) ; [C) — [C] .
The morphisms are defined by regarding objects M in A as 0-dimensional
chain complexes, and by sending finite chain complexes in A to their

class.
PROOF Let Kén) (A) (n > 0) be the abelian group defined exactly as

Kéoo)(A) but using only n-dimensional finite chain complexes in A. In
particular, Kéo) (A) = Ko(A).
An n-dimensional chain complex C' is also (n + 1)-dimensional, so
there are defined natural maps
K" (8) — K"V (A) 5 [C) — (€] (n20).

Given an (n+ 1)-dimensional chain complex C let C’ be the n-dimen-
sional chain complex

O Cpyy — Cp — ... — Cy — C,
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and let C” be the (n + 1)-dimensional chain complex

; (60)

c” . Cn+1 — ), — ... — (y — C19Cy — Cy .

Now C” is chain equivalent to SC’, and there is defined an exact se-
quence

0—C —C"—8Cy — 0,
so that
(€] = [0"]-[SCo] = [SC') - [SC] = [Co] - [C'] € Kg™(A) .
Thus the natural map is an isomorphism K(g")(A)—>Kén+1)(A) , with
inverse
K50 (8) — E§(A) 5 (€] — [Co) = [C') (n20).
o

Define Nil(()oo) (A) to be the abelian group with one generator [C, v] for
each finite chain complex C in A with a chain homotopy nilpotent self
chain map v : C——C, subject to the relations

(i) [C,v] =[C", V] if there exists a chain equivalence f : C—C" such

that
fv=vVf . C—C,
(ii) [C,v] = [C",V]+[C",v"] =0 if there is defined an exact sequence
0— (C"V") — (C",V) — (C,v) — 0.
The suspension S(C,v) = (SC,v) is such that there is defined an
exact sequence
00— (C,v) — (C1l:C—C)yvdv) — S(C,v) — 0
with C(1) contractible, so that
[S(C,v)] = —[C,v] € Nil{™(A) .
The reduced Nil-group defined by

NI (4) = coker(i : K (A)—Nill* (4))

is such that
Nl (a) = KA oNil,  (A) .
PROPOSITION 9.3 The natural maps define isomorphisms
Nilo(A) — Nil{™(4) ; [M,v] — [M, ],

Nilo(A) — NI (A) 3 (M, 0] — [M, 1] .

PROOF In view of 9.2 it is sufficient to consider the absolute Nil-groups.
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Let Nil(()n)(A) (n > 0) be the abelian group defined exactly as
Nil(()oo) (A) but using only pairs (C,v) with C' an n-dimensional chain
complex in A. In particular,

Nill” (A) = Nilg(A) .

The proof that the natural maps Nil{™ (A)—Nil{" ™ (A) (n > 0) are
isomorphisms proceeds by analogy with the proof of 9.2.

Given an (n + 1)-dimensional pair (C,v) let N > 0 be so large that
there exists a chain homotopy n : vV ~ 0 : C——C, so that n : Co—C}
is such that

N o= dn : Cy — Cy .

Let (M, 1) be the object of Nil(A) defined by

01 0
00 1 .. N-1
L=1loo0o0 ..| M= ZlCo = Co®Co®... 0 Co
. . . J=
N—1
— M = 200200@00@...@00,
=1

Also, let e, f be the morphisms in A defined by
e = (Z/Nil N2 v) : M = CodCo®...0Co — Cp ,
f=M0...0 : M =0CaC®d..Cy — C1,

and let (C’,v') be the (n + 1)-dimensional pair defined by

; 6)  wo

C/ : Cn_t,_l —>Cn—> —>CQ—>01@M—>CQ,

vV =v:C. =C —C. =C, (r£1),

Vo= (g ;’:) L = oM —C = CLaM .

The Nth power of v/ : C]—C] has an upper triangular matrix of the
type
IN VN fN ! /
VY = 0 N 0 =CieM —C, =CidM
with ¢ = 0. The chain map " : C'——C" defined by

0 " __

0:C.—Clifr#1
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is nilpotent, with /2 = 0, and there is defined a chain homotopy
ne0 : VN o 0 — .

Powers of chain homotopic self chain maps are chain homotopic, so that
V/2N — (V/N)Q "2

is chain homotopic to v"# = 0, and v’ : C'——C" is chain

homotopy nilpotent. The morphism
0

n = 0 L O =Chp—Cl = CLdCo®...aC, = CLdM

1
is such that

dn =V (=v): CH— Cf .
The chain homotopy nilpotent self chain map
Vo=V —-dny+n9d) . C"—
is chain homotopic to v/ : ¢"——C", and such that &' = 0 : Cj—C}.
Thus
[C' V] = [C,¥] e Nil{" ™D (4)
and there is defined an exact sequence
0 — (Cp,0) — (C",0') — S(C", ") — 0
with (C”,0") the n-dimensional pair defined by
Cl =C,(0<r<n), v =70
There is also defined an exact sequence
0— (C,v) — (C",V) — S(M,u) — 0.
It follows that
[Cov] = [C"V]+ M, 4] = [Co,0] + [M, u] - [C", "]
€ im(Nil{™ (A)—Nil{" ™ (4)) .
O

The inclusion A—Py(A); M —(M, 1) induces an isomorphism of
reduced nilpotent class groups

Nily(A) — Nilo(Po(A)) : [M,v] — [(M,1),]
with inverse
Nilo(Po(A)) — Nilo(A) ; [(M,p),v] — [M, ] .
These isomorphisms will be used to identify
Nilo(Po(A)) = Nilg(A) .
Given a pair (C,v) with C' a Cy(A)-finitely dominated chain complex
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in G1(A) and v : C——C chain homotopy nilpotent it follows from 9.3
that there is defined a reduced nilpotent class invariant

[C,v] € Nilg(Po(A)) = Nilg(A) .
This will be used in §10 below.
§10. K-theory of Az, z71]

The splitting theorem of Bass, Heller and Swan [8] and Bass [7] for the
torsion group of the Laurent polynomial extension A[z, z71] of a ring A
Ki(Alz, = Y) = Ki(A) @ Ko(A) @ Nily(4) & Nilg(A)
will now be generalized to the torsion group of the finite Laurent exten-

sion A[z, 271 of a filtered additive category A
Ki(Alz,27Y) = Ki(A) @ Ko(Po(A)) & Nilg(A) & Nilp(A) .
The proof makes use the Mayer-Vietoris presentations of §8 and the

nilpotent objects of §9 to obtain a split exact sequence

. al X BEBN+ @N_
0 — K*(A) — K{™(Alz,27])

Ko(Py(A)) & Nily(A) & Nilp(A) —> 0
and the analogue with K#*° replace by K;
1 B& N, & N_
0 — Ki(A) — Ki(Alz,2z71)
Ko(Po(4)) & Nilo (4) & Nilo(4) — 0.,
as well as a version for the Whitehead torsion and reduced class groups
B®& N, ®N_

0
0 — Wh(A) — Wh(A[z2"Y)
Ko(Po(A)) & Nilg(4) @ Nilo(A) — 0.
Given an object L in A and j € Z define objects in G1(A)

GL = G ) = SO
k=

j—1
JL™ = J(Llz27")” = > L.
k=—o0
The projections onto ¢/ L+ and ¢~ define morphisms in G1(A)
peir+ = 1®0 : Liz,z7"] = CLYedL
— Lz,27Y = JLtedL,
peir- = 0@1 - Llz,27Y = JLTedL™
— L[z,27Y = JLtedL .
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DEFINITION 10.1 The split surjection
B @ N+ @ N, :

K#°(Alz,271)) — Ko(Po(A)) @ Nily(A) @ Nilg(A) ;
7(f) — ([fl+; [Py, v4 ], [P-,v])

sends the torsion of an isomorphism in A[z, z7!]
t
f = Z Af; 0 Lz, 271 — M[z,27}
j=—s

with inverse
t1

fh= S AT s Mz e —— Lz,
Jj=—s1
to the end invariant

Br(f) = [fl+ = =lfl-

[
=
!
(]
NM
E
M
NQ
E
m
=
=
E

and the reduced nilpotent classes
Ner(f) = [Pe,ve] € Nilo(A)

of the objects (Py,v4) in Nil(Py(A)) given by
—1

Pro= LMY = (3 P p e )

Jj=—5—51
=1

P =LTnf¢tM) = ( Z AL, pr+ f e )
=0

vi = pr-f ' Cpcem+f 1 Py — Py,

v = pe f T pe-f 2 P — P

87

O

There are two distinct ways of splitting Ki%°(A[z, 271]), as the alge-

braically significant direct sum system
1

Kio(h) " KPP(AL 27

-
Ji
B&N, @ N_
N _ N
Ko(Po(A)) @ Nily(A) & Nilo(A)

-—_

BoN,®N_
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and the geometrically significant direct sum system

1)
-

K1 (A) Ki(Alz,271)

P
Ji
Be&N,& N_

-

Ko(Po(A)) @ Nilg(A) @ Nilg(4) .

«—

B & N_ &N’
Similarly for K instead of Ki*°. The algebraically significant splitting
41 of 4y is induced by the functor

j i Alz,z27 | — A; M = L[z,z27Y | — 5M = L,

(f = Z P f s Lz, 27 ) ——L[2,27Y))

(o)
— nf = Z fo: L—1L".

k=—o0

DEFINITION 10.2 (i) The algebraically significant injection
B® N, @ N_ : Ko(Po(A)) @ Nilg(A) @ Nilg(A) — Ki°(Alz,271))
is the splitting of B @ N4 @ N_ with components

B([P) = 7(z: Plz,z"'|—Plz,271]) ,
Ni[Pv] = (1 —(z7' = 1)v: P2,z ]—P[z,27']) ,
N_[Pv] = 7(1 = (2 = 1)v: Plz, 2 |—P[z,271]) .

(ii) The geometrically significant injection splitting of B & N & N_
B '@ N, ®N" : Ko(Po(A)) @ Nilg(A) @ Nilg(A) — Ki*(Az,271])
has components

B'([P]) = 7(~2: Plz,z2""]=—Plz,27]) ,

N, [Pv] = 7(1—2z"'v: Plz,27']—Plz,271]) ,

N'[P,v] = 7(1 — zv: Pz, 27 Y| —P[z,27Y]) .

REMARK 10.3 For a ring A and the additive category A = Bf(A)
of based f.g. free A-modules the algebraically significant direct sum
decomposition of the automorphism torsion group Ki(Alz,271]) =
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B® N, & N_
_—

Ko(A) @ Nilo(4) @ Nil(A)

BN, ®N_
is the original decomposition of Chapter XII of Bass [7], with j :
Ki1(Alz, 271])—K1(A) induced by the surjection of rings

j o Alz, 27— A i a2t — i ay

k=—o0 k=—o0

splitting the inclusion i : A——A[z, 2~!]. The relative merits of algebraic
and geometric significance have already been discussed in Ranicki [66].
The geometrically significant direct sum decomposition of the White-
head group of a product m X Z

2

_

Wh(m) Wh(m x Z)

-
Ji
B® N, & N_

-

" Ko(z[x]) @ Nilp(Z[r]) ® Nilo(Z[r])
B &N, &N
includes the split injection

B : Ko(Z[r]) — Wh(r X Z) ; [P] — 7(—2: Plz, 2~ ]—Plz,27 1))

which was identified in [66] with the split injection defined geometrically
by Ferry [27], sending the finiteness obstruction [X]| € Ky(Z[r]) of a
finitely dominated CW complex X with 71 (X) = 7 to the Whitehead
torsion

B'([X]) = 7(1x —1: X x S'——X x S') € Wh(n x Z) .

It is also geometrically significant that the image of B’ : IN(O(Z[W])—>
Wh(m x Z) is the subgroup of the transfer invariant elements, as will be
explicitly verified in §12 below.
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The objects Py of 10.1 fit into direct sum systems in Py(G1(A))

f pr-f"
(L+71) (CiSMJrv]-) P+ ’
pref! pe—emt f
f pr+f"
722 § I (477 P
pr-ft perv—f

The nilpotent endomorphisms v4 : Pr—— P4 of 10.1 fit into endomor-
phisms of exact sequences in Po(G1(A))

f

0 Lt ¢CSMT Py 0
I -

0 Lt / ¢*MT Py 0

0 L~ / M~ P 0
IR

0 L~ / M~ P 0

and are such that

(v4)™™ =0 Pp — Py,

(vo)fm" =0: P — P_.

PROPOSITION 10.4 For any object M = L[z, z7'] in Alz,27] and any
N = (Nt,N7) € N/ the torsion 7(M(N)) € Ki**(Alz,27]) of the
finite Mayer-Vietoris presentation M(N) of M is such that
-1
(BoN, & N)rMaN) = (Y #L],0,0)
J=—N*
€ Ko(Po(A)) @ Nilg(A) ® Nily(A) .

PROOF The map g(N) in the exact sequence

f(N
M(N) : 0 — M"(N)[z, 2] L M'(N)[z,27Y]

g(N)

—— M —0
is split by the homogeneous degree 0 map
R(N) : M = L[z,z7'] — M'(N)[z,z7 1]
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defined by
N
h{N)o = inclusion : L — M'(N) = Z 2L,
k=—N+
The isomorphism
f= (F(N) MN)) © M"(N)[z,2" ]& M — M'(N)[z,27"]
is such that
T(M(N)) = 7(f) € K{*(Alz,271]) .

The nilpotent objects (P, v+) associated to f in 10.1 are given up to
isomorphism by

vy @ PLo= Z AL — Py ; Z zjacj—> Z sz:lcj

v_ : P_

I
[
l
K
L]
|
[

P, and P_ fit into exact sequences in G1(A)

f p
0 — M"(NV* @ Lt - M (MY =5 P, — 0

0— M'"(N)" L™ L CM’(N)‘p—_> P.—0
with py, p— the projections. The matrices of vy and v_ are upper
triangular, so that
[Py,vy] = [P_,v_] = 0€Nilg(A) .
Thus the components of (B & Ny & N_)7(M(N)) are given by
Br(M(N)) = Br(f) = [fl+ = [P4] € Ko(Po(A)) ,

NiT(M(N)) = Ni7(f) = [Ps,vs] = 0€ Nilp(A) .

o
REMARK 10.5 The algebraic K-theory splitting theorem of Bass, Heller
and Swan [8] used the linearization trick of Higman [34] to represent
every element of K1(A[z,271]) as the difference of the torsions of linear
automorphisms. Atiyah [6,2.2.4] proves the Bott periodicity theorem in
topological K-theory by applying the linearization trick to polynomial
clutching functions of bundles. See Bass [7,IV] and Karoubi [39,I11.1] for
the connection between the algebraic K-theory of polynomial extensions
and Bott periodicity.

i

For any additive category A every element of Ki*°(A[z,271]) is the
difference of the torsions of linear isomorphisms:
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PROPOSITION 10.6 An isomorphism in Alz, z71]

t

f = Z Af; 0 Lz, 27 — Mz, 27}

j=—s
determines a commutative diagram of isomorphisms in Az, 27 1]

<i ?> (Lo M")[z, 271

(LM ]| —

(5 1) =)

)

(M@ M")[z,27Y M'[z, 27

with f' and f" linear, so that
T(f) = 7(f) = 7(f") € Ki*°(Al2,271]) .
The nilpotent objects in Po(A) associated to f, f', f” are such that
(Pr,ve) = (Pi,vh),

—1 —1 —1

"o "o k "o k k

vi : Pl = E "M — P ; szk—> E 2 Tl—1 ,
k=—s k=—s k=—s+1

t ¢ t—1
v P o= E M — P E P — E e,
k=0 k=0 k=0

and

Br(f') = [Py], Br(f") = [P{] € Ko(Po(A)) ,

Nar(f) = [Pi,vs], Not(f") = 0€ Nilg(A) .
PROOF Define a contractible 1-dimensional chain complex E in A[z, 271]
by

dg = f : By = Liz,z27Y — Ey = M[z,27'].
Let N = (5,0;t,0) € N/(E), so that by 8.8 there is defined a finite
Mayer-Vietoris presentation of E in Co(A)[z, z71]

f+(N) —zf_(N
E(N) : 0 — E"(N)[z,27] +V) W) E/(N)[z, 2]

g(N)

—— F—0

which is written as
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0 0 Lz, 271 %L[z,zfl] —0

J |

M'[z, 271 L)M[z,zfl] —0.

0 Mz, 2] 1=14 — 20—

Passing from Cy(A) to A note that E'(N) and E”(N) are 1-dimensional

chain complexes in A with

E'"(N)y = 0, E'(Ny) = L,

f+(N) = iy = inclusion :
t t
E'(N)y = M" = Y M —FE(N)o = M = > M,
k=—s+1 k=—s

fo(N) = i = C_l(inclusion) :

t t

E'(N)y = M" = Y M —FE(N) =M = > M,
k=—s+1 k=—s

g(N); = i = jth projection :

t ¢
E'(N)y = M' = szM—>E0:M;szxk—>xj,
k=—s k=—s
¢
dgny = € = Y 2Ffi e

k=—s

t

E(N)y = L— E'(N)o = Y 2*M.
k=—s
The homogeneous degree 0 morphism h : M|z, 271 |—M’[z,27] de-
fined by
t
ho = inclusion : M — M’ = Z 2K M
k=—s
splits 4" : M'[z, 27 Y]——= M|z, 2~ !]. The morphism defined in A[z, 2]

t
e = Z 2Pep o Llz,27Y — M"[z,27Y)
k=—s
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by
t—k—1
> =2 fiskyr 1 L— M" ifk>0
€ = ]:(?
> =2 fi c L— M" ifk<-1
j=—s—k
is such that
ie = hf —¢€ : Liz,z7Y ] — M'[z,271].

THEOREM 10.7 The isomorphism torsion group Ki*°(A[z, 271]) fits into
the split exact sequence

i B®N,®N_

0 — Ki*(A) — Ki*(Alz,27]) ————
Ko(Po(A)) @ Nilg(A) @ Nilp(A) — 0,

with B the composite

R &

B : Ki(Alz,27")) — Ki(Ci(A)) — K1(Ci(4)) = Ko(Po(4))

induced by the inclusion Alz,27'] C C1(A). Similarly, the automor-

phism torsion group K1(A[z,z71]) fits into the split exact sequence

! B® N, ®N_
0 — Ki(A) — Ki(Alz,27Y]) —mM8M ——

Ko(Po(4)) @ Nily(A) @ Nilp(A) — 0,
and the Whitehead group Wh(A[z, 27 Y]) fits into the split exact sequence

iy B&N, & N_
0 — Ki(A) — Wh(Alz,271])

Ko(Po(A)) @ Nilg(A) @ Nilg(A) — 0 .
PROOF For any linear isomorphism in A[z, 271
f=fr—2f-: Lzl — Mz, 27

there is defined a commutative diagram of isomorphisms in Pg(A)[z, 27 !]



10. K-THEORY OF Alz,z7}] 95

!
B h//\ B o= (2/4- )

L[z, 27 Y #M[z,zfl]

Py

with

' by
W= ) M —PeP,

" h
h' = v : L — P, P_

the isomorphisms in Py(A) defined by
hi}— = pL*f71 : M—>P+7 h/— = pM+f71 : M—)P—a
K| = ¢ '(inclusion) : L — Py, h” = inclusion : L — P_ .
The torsion of f can thus be expressed as
7(f) = ar(h: L—M) +7(—z: Py[z, 27 |— Py [z, 271])
+7(1 =27 vyt Pz, 27 =Pz, 27 1Y)
+7(1 —2v_: P_[z,27 Y] —P_[z,271])
= ir(h) + B'([P) + N{ [Py, vi] + N/ [P-,v_] € Ki*(Alz,27])
with (Py,vy) the nilpotent objects associated to f in 10.1 and h =
W=h" : L——M an isomorphism in A. By 10.6 every element of

Ki5°(A[z,27']) can be expressed as a difference of the torsions of linear
isomorphisms in A[z, z71], thus establishing the geometrically significant
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direct sum system

i
_—

K1 (A) Ki(Alz,271)

-
Ji
Be&N,& N_

-

Ko(Po(A)) @ Nilg(A) @ Nilg(4) .

B eN,eN.
The geometrically significant surjection j| splitting ¢ is thus given for
linear isomorphism f : L[z, z2=!]— M|z, 27] by
i KiP(Alz 27Y) — K°(A) 5 7(f) — 7(h: L—M) .
Define abelian group morphisms
w : Ko(Po(A)) — Ki*(Po(A)) = Ki(A);
[M,p] — 7(=1: (M,p)—(M,p)) = 7(1—=2p: M—M),

o ﬁlO(A) — Ki*(A); [M,v] — 7(1 —v: M—M) .
The splitting maps in the algebraically significant direct sum system

i
o

K3(A) K (Alz,271)

.
J
B®& N, N_
" Ko(Po(A)) @ Nilp(A) & Nilo(A)
Bo& N, ®N_
are related to the geometrically significant splitting maps by
B' = B4w R ]\_f;: = Ni—l—,u,
ji = ji+Bw+ uNy +puN_
so that the algebraically significant direct sum system has also been
established.
For the automorphism torsion groups note that for an automorphism
in Alz, 271
f @ Mlz,z27Y ) — M[z,27Y]
the objects M’, M" in the commutative diagram of 10.5

10

e

(L@M@%fﬂ—g—iZ%L@M@%fﬂ

(5 1) =)

f" = (i)

(M & M")[z,27] M'[z,27Y]
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are defined by
t t

M = ZZjM , M" = Z M
j=—s j=—s+1
and there exists a homogeneous degree 0 isomorphism in A[z, z7}]
¢ Mz,z7Y ] — (Ma M)z 2.
Thus ¢f' and ¢f” are linear automorphisms such that
7(f) = 1(of") —7(of") € Ki(Alz,271])
and every element of Kj(A[z,27]) is the difference of the torsions of

linear automorphisms in A[z,271]. The verification of split exactness
now proceeds as for the isomorphism torsion groups.

ProposiTION 10.8 The projection
B® Ny & N_ : Ki*(Alz,27]) — Ko(Po(A)) & Nilg(A) & Nilg(A)
sends the torsion T(E) € Ki*°(Alz,271]) of a contractible finite chain
complex E in Alz, 27| with E, = i,F, to
_Nt -
(BeN, &N )r(E) = (Bl Bl (VB )
€ Ko(Po(A)) & Nilg(A) & Nilg(A) ,
with vy, v_ the chain homotopy nilpotent self chain maps of the Co(A)-
finitely dominated chain complezes (=N E*, (N"E~ in G1(A) defined
for any N € N/(E) by

oo

v (CY BN, = Y PR — VB,
j=-N.!
o0 o0
Z ;g — Z ARSI
j=—N; j=-NF
Ny
v_ (CN_Ef)T = Z ZE, — (CN_Ef)T;
j=—00
NT NT
Z zjxj — Z zj_lacj ,
Jj=—00 Jj=—0o0

and with

n —1

[Ely = VB3 Y #F] € Ko(Po(A))

=0 =-NS
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the positive end invariant (4.10) of E regarded as a chain complex in
Ci(A).
PROOF Applying the torsion sum formula of 5.1 (ii) to the exact sequence

of finite chain complexes in A[z, 271

[=f+(N)—2f(N
E(N) : 0 — E"{N)[z,27] 7N e,y

g(N)

—— F—0

gives

T(E) = 7(f) = Y (=) 7(E(N)) = BE"(N)[z,27"], E)

r=0
€ Kfso(A[z, z_l]) .

The sign term (8 does not contribute to (B & N1 & N_)7(FE), since

B(E"(N)[z,27 ', E) € im(iy : Ki**(A)——Ki*(A[z,271]))
= ker(B® N, @ N_ : Ki*°(Alz,271])
—Ko(Po(A)) ® Nilg(A) @ Nily(A)) .

From 10.4

-1
(B&Ny @ N)r(E(N,) = ([ Y #/F,0,0)
j=—-N}

€ Ko(Po(A)) @ Nilg(A) @ Nilg(A) .

The linear chain equivalence f fits into a commutative diagram of chain

equivalences in Gy (A)[z, 27!
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CNEz @Y B[z, 27

(v Y)

BNz, =] —L— BN, 2]

with A/, h” the homogeneous degree 0 chain equivalences with compo-
nents

B, = z '(inclusion) : E'(N) — ('E/(N*) = N ET,
B’ = inclusion : E'(N) — E'(N7) = ¢V E~,
! = inclusion : E"(N) — E"(N*t) = ¢ N"ET,
r"” = inclusion : E’(N) — E"(N™) = ¢N E~,
so that
(Be Ny & N)r(f) = (VB [V BYL ] [V Bl

€ Ko(Po(A)) @ Nilg(A) @ Nily(A) .
O

REMARK 10.9 The following conditions on a contractible finite chain
complex E in A[z, 27! are equivalent :
(i) 7(E) € im(iy : Wh(A)—Wh(Alz, 271])),
(i) (B® Ny @ N_)T(E) = 0€ Ko(Py(A)) & Nilg(A) & Nilg(A) ,
(iii) there exists a finite Mayer-Vietoris presentation of E
E:0— E'z2z Y] — Flz,z']—F—0
with E’ and E” contractible in A and 7(E) = 0 € Wh(Alz,271]),
so that
7(E) = i(r(E") — 7(E")) € im(iy : Wh(A)—Wh(Alz,271])) .

This is the abstract version of the codimension 1 splitting theorem of
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Farrell and Hsiang [24], which in its untwisted form states that a homo-
topy equivalence f : M——X x S! of compact n-dimensional manifolds
is such that
7(f) € im(iy : Wh(m)—Wh(rm x Z))
= ker(B® Ny @ N_: Wh(n x Z)
— Ko(Z[r]) & Nilo(Z[x]) & Nilo(Z[r]) )
(m = m (X))
if (and for n > 6 only if) f splits, i.e. is homotopic to a map (also
denoted by f) which is transverse regular at X x {*} C X x S! and such
that the restriction
fle A {}) — X
is a homotopy equivalence of (n — 1)-dimensional manifolds. The com-
ponents of the splitting obstruction (B & N4 @& N_)7(f) are given by

Br(f) = [M~] = ['O(M)/¢N C(M)*] € Ko(Z[a])
Nir(f) = [F'Cn)/¢ N o)t
N_7(f) = ['C(M)/¢N C(M)~,¢ Y € Nilg(Z[x])

forany N=(NT,N7) e Nf(C(M)), with M = f*(X x R) the pullback
infinite cyclic cover of M. By duality
7(f) + ()" 7(f)* = 7(M)—7(X xS = 0€ Wh(n xZ) ,
so that N
Br(f) = (=)"(B7(f))" € Ko(Z[x]) ,

Nyr(f) = ()" H(N-7(f))" € Nilo(Z[r]) .
The splitting obstruction (B @& Ny & N_)7(f) vanishes for a simple
homotopy equivalence f : M——X x S, in which case there is defined
a W ho-invariant
a(f) € H™ Y (Zo; Wha(r x Z)) .

Let By : Why(m x Z)—Wh(n) be the Whs-analogue of B : Wh(m x Z)
—Ko(Z[r]). The image Bama(f) € H™(Za; Wh(n)) is the obstruction
of Slosman [78] and Wall [84, 12B], such that By7e(f) = 0 if and only
if the restriction f|: f~1(X x {¥})——X can be chosen to be a simple

homotopy equivalence. See §20 for the generalization to the fibering
obstruction.
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§11. Lower K-theory

The lower K-groups K_,,(A) (m > 1) of a ring A were defined by
Bass [7] using the polynomial extension rings A[z], A[z71], A[z,271], to
fit into split exact sequences

0 — Ki-m(A) — Ki_m(A2]) ® Ki_n(Alz71])
— K1 m(A[z,27Y]) — K_(A) — 0.
The lower K-groups of an additive category A were defined by Karoubi
[38] to be

K_m(A) = Ki(S™A) (m>1)
with S™*1A the (m + 1)-fold “suspension” of A, and are such that
K_n(A) = K_ph(Po(A) (m>1).
For the additive category A = B/ (A) of based f.g. free A-modules
K m(B(4) = K_n(4) (m>1).
Define a metric on Z™ by
d(J,K) = max{|j; —ki||1<i<m}>0

for J = (j1,J2, -+ Jm), K = (k1,k2, ..., kn) € Z™. Write the bounded
Z-graded category of a filtered additive category A and its idempotent
completion as

Czn(A) = Cm(A) , Po(C(A)) = Pm(A) (m>1).

Since Z™*t! = Z™ x Z the bounded Z™*!-graded category can be

expressed as
Cnt1(A) = Ci(Cin(A)) ,
and by 6.2 there is an identification
K1(Cny1(A)) = Ko(Pm(A)) (m=0).

Pedersen [49] (for A = B/(A)) and Pedersen and Weibel [53] expressed

the lower K-groups of a filtered additive category A as
Kom(A) = Ki(Cni1(A) = Ko(Pm(A)) (m=1).

The lower K-groups K_,,(A) (m > 1) of any filtered additive category

A will now be shown to fit into split exact sequences

0 — Ki-m(Po(A)) — Ki-m(Po(Alz])) ® Ki-m(Po(A[271]))
— K1 m(Bo(Alz,21) — K m(8) — 0,
exactly as in the original case A = B/ (A).
As in §7 define the polynomial extension A[z] of an additive category
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A to be the additive category with one object

L[z] = i 2L
k=0

for each object L in A, and one morphism
f=Y 2 Lzl — L[]
k=0

for each collection {fx € Homa (L, L") |k > 0} of morphisms in A with
{k > 0|fx # 0} finite. Regard A[z] as a subcategory of C;(A) with
objects M such that
. ZIM(0) ifj>0
M(j) = @
0 ifj<0.
The functor
g 0 Al — Alz, 2715 Lle] — Llz,271]
defines an inclusion of A[z] as a subcategory of Az, z71]. The polynomial
extension A[27!] is defined similarly, with one object

Llz7Y = i 2P L

k=—o0
for each object L in A, with morphisms
0
f = Z 2P o Lz — L'[z7Y
k=—o
and with an inclusion
jo ¢ AT = Ale, 275 LT — L[z, 27T

The inclusions define a commutative square of additive functors

A LA

Given a functor
F : {additive categories} — {abelian groups}
define the functor
LF : {additive categories} — {abelian groups} ; A — LF(A)
by
LF(A) = coker((jy j_) : F(A[Z]) ® F(A[s~1)—F(Alz,271) .
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DEFINITION 11.1 The lower K-groups of an additive category A are
defined by

K_m(A) = L™Ko(Po(A)) (m=>1).

Following Bass [7,p.659] define a functor
F : {additive categories} — {abelian groups}
to be contracted if the chain complex
()
0 — F(A) ——— F(AlZ]) & F(Al=))
(J+ J-)

F(Alz,271) =l LF(A) — 0
has a natural chain contraction, with B the natural projection.
PRroOPOSITION 11.2 The functors
L™K, : {additive categories} — { abelian groups} ; A — L™K (A)
(m>0, [°K;, = K;)
are contracted. For m > 1 there are natural identifications
L™K(A) = Ki-m(Po(A) = Ki(Cn(A)) = Ko(Pr-1(A))
and for m > 2
L™K1(A) = Ki_m(A) .
ProOF Consider first the case m = 0. Working as in the proof of 10.7
there are defined naturally split exact sequences
0 — K1(A) N Ki1(A[2]) bl Nilg(A) — 0 ,
i Nyj—
0 — Ki(A) — Ki(A[z7]) —— Nilp(A) — 0

and hence a naturally contracted chain complex
iy
—i_

U el B Koo — 0

0 — K1 (A) K1(A[2]) @ K1 (A[z71])

so that

LK 1(A) = Ko(Po(A)) .
For m > 1 replace A by C,,(A) and use the identifications of filtered
additive categories

Cm(A['zil]) = Cm(A)[zil] ) (Cm(A[szil]) = Cm(A)['zv'zil]
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to obtain a naturally contracted chain complex
(=)
—i_
0 — Ki(Cr(A)) ———— Ki(Cn(Al2])) ® K1(Cn(A[271]))

(J+ J-) Ky (Con(Alz, 1)) B Ko(Pm(A)) — 0

which can be written as
0 — Ko(Pm-1(A)) — Ko(Pr,

~1(A[2]) @ Ko(Prm—1(A[z71]))
— Ko(Prm—1(Alz,271)) — Ko(Pm(A)) — 0.
Thus the functor F : A—Ky(Py,— 1(A)) is contracted with
LF(A) = 0( m( )) = K—m(A)'
o

EXAMPLE 11.3 Given a ring A let A[z] (resp. A[z7']) be the subring

00 0

of Alz,27!] consisting of the polynomials > apz® (resp. 3. ap2)
k=0 k=—o00

such that ar = 0 for k¥ < 0 (resp. k& > 0). For the additive category

A =B/ (A) of based f.g. free A-modules
Alz] = B/(Al2]) , Alz7'] = B/(A[7Y),
and the functors
ie : A — AlzT] | g o Al2T] — Alz, 27
are induced by the inclusions of rings
iv + A— A[zi] , J+ ot A[zi] — Alz, 27
Bass [7] defines a functor
F : {rings} — {abelian groups}
to be contracted if the functor
F : {rings} — {abelian groups} ; A — LF(A)
defined by
LF(A) = coker((j+ j-): F(A[]2]) ® F(Alz7])—F(Alz,271]))
is such that the chain complex
()
0 — F(A) —— L P(Al]) @ F(A=Y)
M F(Alz,z7Y) i LF(A) — 0
has a natural chain contraction, with B the natural projection. The
“fundamental theorem of algebraic K-theory” ([7]) is that the functors

Kq_p, @ {rings} — {abelian groups} ; A — Ki1_,,(4) (m >0)
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are contracted, with natural identifications
LK1_m(A) = K_,,(A) .
This is the special case of 11.2 with A = Bf(A).
o
For m > 1 define the m-fold Laurent polynomial extension of an ad-
ditive category A inductively to be the additive category
A[Zm] - A[Zm_l][zmvzvzl] ) A[Z] = A[Zlvzfl] )
and write
AlZ™) = A[zl,zfl,zg,zgl, R I
Alternatively, A[Z™] can be viewed as the subcategory of the bounded
Z™-graded category C,,(A) = Czm (A) with one object M[Z™] for each
object M in A, graded by
MIZ™(j1, 52, - s Jm) = 274232 ... 20m M |
with the Z™-equivariant morphisms.
THEOREM 11.4 The torsion group of the m-fold Laurent polynomial
extension of A is such that up to natural isomorphism

m m
maazm) = (3 () Ko o230 (7 ) M)
i= i=1

with - l
ﬁl*(A) = coker(K,(A)—Nil,(A)) , Nil,(A) = K.(Nil(A)) .
PROOF Iterate one of the splittings of §10
Ki(Alz,27Y) = Ki(A) @ Ko(Po(A)) @ Nilg(A) @ Nilg(A) .
(As usual, there are algebraically and geometrically significant split-
tings.)
O
For a ring A and A = B/(A) there are evident identifications
A[Z™ = Bf(A[Z™) , Nil,(A) = Nil,(4) , Nil,(A) = Nil,(4),
with A[Z™] = Alz1, 27 Y, 20,25, .., Zm, 2] the m-fold Laurent poly-
nomial extension of A.

The Ky- and K;-groups of Z are
Koz) =7 , K:i(Z) = Zs .

ExaMPLE 11.5 The lower K-groups and the lower Nil-groups of Z are
K_m(Z) = Nil_jp(Z) = Nil_n(Z) = 0 (m>1),
by virtue of the computation Wh(Z™) = 0 of Bass, Heller and Swan [8].
o
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§12. Transfer in K-theory

The lower K-group Ki_m,(Po(A)) (= Ki—m(A) for m > 2) of an addi-
tive category A will now be identified with the subgroup K;(A[Z™])!NV
of the T™-transfer invariant elements in Kj(A[Z™]). This is signifi-
cant because the reduced lower K-group Ki_,(Z[z]) (= Ki_m(Z[x))
for m > 2) arises geometrically as the T™-transfer invariant subgroup of
the Whitehead group Wh(mw x Z™), in connection with the ‘wrapping up’
procedure for passing from R™-bounded open n-dimensional manifolds
with fundamental group 7 to closed (m +n)-dimensional manifolds with
fundamental group m x Z™.

In the first instance consider the case m = 1.

For each integer ¢ > 1 let

q: 8 — 8z =[t] — 2 = [gf]
be the canonical g-fold cover of the circle S! = R/Z by itself. Given a
map c¢: X—S! let
!

X' = {(z,[t]) € X x S*|c(x) = [¢t] € S*}
be the pullback g-fold cover of X

X! c Sl

|

X—¢ gt
The infinite cyclic cover of X classified by ¢
X = {(z,t) € X xR|c(x) = [t] € S'}
has covering projection
X — X (2,t) — x
and generating covering translation
¢: X —X; (z,t) — (z,t+1).

Let X' denote the space X regarded as the infinite cyclic cover of X'
classified by
¢ Xh— S (o [t]) — (1],
with covering projection
X=X — X' (a,t) — (z[t/d)
and generating covering translation

C! = Cq : X! = X—>X| = X; (x,t)—>(x,t—|—q),
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so that there is defined a pullback Square
X —<
X—c

g : R—R;2z—x+gq.

%‘7%

with

If X is a compact manifold and (V; U, (U) is a fundamental domain for
X then

q—1

V5U,¢0) = (J(¢FVvi¢htu ¢t

k=0
is a fundamental domain for X'. More generally, the ¢-fold transfer of
an R-graded CW complex (K, px : K—R) (not necessarily of the type
K = X) may be defined to be the R-graded CW complex

(K!vpK!) = (K,pK/Q),

such that
q—1
(pe) 'l d+1] = Jlox) aj+kaj+k+1] (GEZ).
k=0

Define the ¢-fold transfer functor
q—1
q!:(Cl(A)—>(C1( ) ; M — ¢'M , qM Z (gj +k) .
k=0
The g-fold transfer of a morphism f : M——N in C;(A) is the morphism
¢'f: ¢! M—¢'N defined by

f(qk,q5) f(qk,qj+1) e f(ak,qj+q—1)
\ ) f(gk+1,q5) f(gk+1,q5+1) ..o flgk+1,qi+q-1)
qfk,j) =
f(gk+q—1,95)  f(gk+q—1,g5+1) ... f(gk+q—1,qj+q—1)

L g M(j) = M(gj)®M(gj+1)®...&M(gj+q—1)
— ¢'N(k) = N(gk)®N(gk+1)& ... N(gk+q—1) .

The g-fold transfer of a linear morphism f = f, —z2f_ : M—N in
C1(A) is the linear morphism

af = d'fs—z2d'f- : ¢M —¢N
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with
afi(j) =
f+(qj) 0 0 0
—f-(qj)  filg+1) 0 0
0 —f(qgi+1) frlgg+2) ... 0
0 0 0 o filgi+q—1)

D g M(j) = M(gj)®M(qj+1)®...&M(gj+q—1)

— q¢N() = N@j)@N@g+1)&...&N(qg+q-1),
qf-(j) =

0 0 ... f(gg+qg—-1)
0 0 ... 0
0 0 ... 0

D ¢ M(j) = M(qj)®M(gj+1)&...®M(qj+q—1)

—4¢'N(G+1) = Ngj+@) & N(gj+q+1)®...&N(gj +2¢ 1) .
The g-fold transfer of a (-equivariant morphism is (-equivariant, so that
there is also defined a functor ¢' : Az, 271 |—A[z,271].

The g¢-fold transfer functors
¢ : Ci(A) — Ci(A) , ¢ : Alz, 27 — Az, 271
induce the g-fold transfer maps in the algebraic K-groups

q + Ki(Ci(A) — Ki(Ci(A)) ,
q : Ki(Alz,z27Y) — Ki(Alz,271]) .

DEFINITION 12.1 The S-transfer invariant subgroup of Ki(A[z,271)
is

Ki(Alz, 2 DINY = {r e Ki(Alz,27Y]) | ¢'(1) = 7 for every ¢ > 2} .
O

For any group 7 there are analogously defined ¢-fold transfer maps in
the Whitehead group of 7 x Z

¢ : Whir xZ) — Wh(x x Z)

and an S'-transfer invariant subgroup Wh(r x Z)INV C Wh(r x 7).
If X is a finitely dominated CW complex then X x S! is equipped

with a homotopy equivalence

¢ X xS —K
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to a finite CW complex K (Mather [46]) with infinite cyclic cover K =~
X. The map
¢! ,  proj. 1
c: K — Xx§ — §
has the property that for every cover ¢ : S'——S' the pullback cover
K' is simple homotopy equivalent to K. The map representing —1 €
m(Sh) = St
-1: 8 —8St,t—1-t

covers itself

Thus the self-homotopy equivalence
1 ¢ 1 X- ¢

f=¢(1x-1)p7 : K — XxS5 — XxS — K
is such that

q!T(f K—K) = T(f! :K!—>K!) = 7(f: K—K)

e Whin x )NV C Whin x Z) (n =m (X)) .
In fact, the image of the split injection of Ferry [27]
By, : Ko(Z[r]) — Wh(r x Z) ; [X] — 7(f)

geo

is precisely the S'-transfer invariant subgroup Wh(r x Z)INV . See Ran-
icki [66] for the identification of B;eo with the geometrically significant
split injection

B : Ky(Zx]) — Wh(xxZ); [P] — 7(—2 : Plz,2"'|—P[z,271]) .

PROPOSITION 12.2 (i) The effect of ¢' on the geometrically significant
direct sum decomposition of K1(Alz,271]) is given by the commutative
diagram

W®B'ON, &N’
A AN

K1 (A) & Ko(Po(A)) & Nilp(A) & Nilg (A) Ki(Alz,271)

geled ad g

W®B'@N\ &N

K1(A) ® Ko(Po(A)) @ Nilg(A) @ Nilg(A) Ky (Alz,271)
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with
¢ : Nilg(A) — Nilg(A) ; [M,v] — [M, 7] .
(ii) The image of the geometrically significant split injection
B i Ko(Po(A)) — Ki(Alz,271) ;
[M,p] — 7(1 —p—2zp: M[z, 2" ]—M[z,271])
is the subgroup of the S'-transfer invariant elements
im(B') = Ki(Alz,z7 1)V .
(iii) The effect of ¢ on K1(C1(A)) is
¢ =1 : Ki(Ci(A)) — K (Ci(A)) .
PROOF (i) For a linear automorphism in A[z, z7!]
f=fe—z2fo: Mlz,z7] — M[z,271]

the g-fold transfer is the linear automorphism

I+ 0 0 ... —zf-
—f— f+ 0 ... 0
q!f: 0 —f, er 0
o 0 o0 .. f
g—1
() M)z, = (MoMe... M)z,z2 1
§=0

— (MOM&...0 M)[z,27Y.
Define an automorphism in A
g=af=f—-f-:+ M—M.
The linear automorphism in Alz, 271]
fr=97 = fi—2fL = g ' fr—z97'f- : M[z,z7"] — M[z,27"]
is such that
il =ff, fi-f=1:M—M.
Elementary row and column operations show that
@ f) = ()= 2(F)0 s Mz, 2 —M[z,27Y]) € Ki(Alz,=7))
It follows that
m(q'f) = 7(d'(9f) = 7(¢'[") +7(d (irg))
= 7((f{)" = 2(fL)7: Mz, 27— Mlz,27"))
+qirt(g: M—M) € K1(Alz,271]) .
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In particular, if f, f_ = f_f, then
m(df) = ((f) = 2(f-)": Mz, 27" ]—M[z,27"]) € K1(Alz,271])) .
This is the case for each of the components of the geometrically signifi-
cant decomposition of K1 (A[z,271]):
(I) if f— =0 then
T(f) = ir(f+), d7(f) = ar((fH)) = ar(f)
€ im(i : Kij(A)— K1 (Alz,271)) ,
(IN) if f =1 —p, f_ = p for a projection p? = p : M——M then
B(Mp]) = 7(f), ¢ B (M,p]) = 7((1 =p)? = 2p") = 7(f)
cim(B’ : Ko(Po(A)— K1 (Alz,271)) ,
(IfI) if f4+ = v, f— = 1 for a nilpotent endomorphism v : M— M
then
Ni[Mv] = 7(1—2"Yv) = 7(f) = B'([M])
INLM) =m0t —2)— BIM] = 7(1— 20 = N}(¢[M, )
€ im(N/, : Nilp(A)— K, (Alz,271)) ,
(Iv) if {4 =1, f- = v for a nilpotent endomorphism v : M—M
then
N.[Mv) = 7(f), ¢ N.IMv] = 7(1—2v%) = NL(¢'[M,])
€ im(N’, : Nilg(A)— K, (Alz,271)) .
(ii) Immediate from (i).
(iii) Immediate from (ii), since there is defined a commutative diagram

Ko(Po(4)) —B— Ky (A2, 271]) ——— K1 (C1(A))

Pl |

Ko(Po(A)) —B— K1 (A2, 271]) ——— K1 (C1(A))

an isomorphism.
O
Given m > 11let 7™ = St x S x ... x St be the m-fold torus. For
each m-tuple Q = (g1, ¢2, - - ., qm) of integers g; > 1 let
Q :T" — T, (21,22, ., 2m) — ((21)", (22)®, ..., (2m)"™)
be the canonical finite covering of T™ by itself. For any such @) define

the Q-fold transfer functors
Q' 1 Cn(A) — Cp(A) , Q'+ A[Z™] — A[Z™)
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by sending the object M to the object Q'M with components
Q!M(.j17j27 R 7.7777,)

q1—1g2—1 qm—

= > > . Z M(qjr + kr, gada + Koy -, G + m)

k1=0k2=0 k=0
and similarly for morphisms.
By analogy with 12.1 and 12.2:
DEFINITION 12.3 The T™-transfer invariant subgroup of Ky (A[Z™]) is
K (AZ™)™NY = {7 e K\ (A[Z™))| Q' (1) = T for every Q} .

O

PRrROPOSITION 12.4 For any m > 1 the geometrically significant split
imjection
maps the lower K-group Ki_m(Po(A)) (= Ki—m(A) for m > 2) to the
subgroup of the T™-transfer invariant elements

im(B,B,...B) = K(A[z™)NV .
PRroOOF This follows from the case m = 1 dealt with in 12.1 and the

factorization of the Q-fold transfer for Q = (q1, qa, . .., ¢m) as the m-fold
composition of the single transfers

Q' = (@)'(@) - (gm) : AZ"] — A[Z"]
with (g;)" acting on the jth coordinate (1 < j < m).

§13. Quadratic L-theory

This section is a brief recollection from Ranicki [68, §3] of the quadratic
L-theory of an additive category with involution A.
An involution on an additive category A is a contravariant functor

* : A—A; M — M*
together with a natural equivalence
e:1l— xx: A— A; M — (e(M): M—M™)
such that for every object M in A
e(M)* = e(M*)™' : M* — M*.
Use e(M) to identify
M = M
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for every object M in A. Given objects M, N in A define
M ®p N = Homy(M*,N) .
The transposition isomorphism is defined by
T(M,N) : M@y N — N@y M ; f — f*,
and is such that
TN, MT(M,N) =1 : M@y N — M®uN .
Given chain complexes C, D in A let C ®4 D be the abelian group
chain complex defined by

(C®a D)y = Z Cp ®a Dy ,
ptq=r

decg,p @ (C®aD)r — (C®a D)y—1 5 f—dpf+(=)"f(dc)” .
An n-cycle ¢ € (C ®4 D),, is a chain map
¢ : C"* — D |
with C™~* the n-dual chain complex defined by
den-e = (-)d + (C"%)y = C" = (Cos)” — (C")s .
The transposition isomorphism
T : CxyD — D, C
is defined by
T = (=)"T(Cp,Dy) : Cp @4 Dy — Dy @4 Cp .

Let W be the standard free Z[Z2]-module resolution of Z

1-T 14T 1-T

Given a chain complex C' in A define the Z[Z;]-module chain complex
We,C = W®Z[Z2] (C XA C) R

with T' € Zs acting by the transposition involution T' : C®,C—C®,C.
The boundary of the n-chain

b = {s € (C @4 C)ps |5 20} € (WyC)s
is the (n — 1)-chain d(¢) € (Wy,C),—1 with
d(¥)s = dow,c(s) + ()" (Whapr + () Tebsta)
€E(C®C)ps—1 (s>0).
The quadratic Q-groups of C' are defined by
Qn(C) = Hn(WyC) .
An n-dimensional quadratic (Poincaré) complexr (C,) in A is an n-

dimensional chain complex C' in A together with an element ¢ € @, (C)
(such that the chain map (147T)1 : C"*——C is a chain equivalence).
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See Ranicki [68] for further details of the definition of quadratic
(Poincaré) pairs the construction of the n-dimensional quadratic L-
group Ly, (A) (n > 0) as the cobordism group of n-dimensional quadratic
Poincaré complexes (C, 1 € Q,(C)) in A, and for the proof of 4-period-
icity

L,(A) = Lyia(A) .

Lo;(A) (resp. Laj+1(A)) is the Witt group of nonsingular (—)’-quadratic
forms (resp. formations) in A. The definition of L, (A) is extended to
the range n < —1 by the 4-periodicity, that is L, (A) = Ly, (A) for any
k such that n + 4k > 0. The surgery obstruction groups L, (A4) of Wall
[84] are the quadratic L-groups of the additive category with involution
A =B/ (A) of based f.g. free A-modules for a ring with involution A.

A chain map f: C——D in A induces a Z-module chain map
fa + WqC — Wy D s ¢ ={is|s 2 0} — foibp ={fpsf"]s 20} .

Given an n-dimensional quadratic complex (C,1) and a subcomplex
B C C there is defined a quotient n-dimensional quadratic complex

(QW/B = (C/B,fooll)),

with f : C——C/B the projection. In dealing with subcomplexes it is
always required that the sequences

f
0— B, — C, — (C/B), — 0

be split exact, so that there is defined a connecting chain map ¢ :
C'/B—SB such that gf = 0.

ProposiTION 13.1 There is a natural one-one correspondence between
the homotopy equivalence classes of n-dimensional quadratic Poincaré
pairs in A and the homotopy equivalence classes of n-dimensional quad-
ratic complexes in A.

PROOF This is just the categorical version of the one-one correspondence
of Ranicki [61,3.4] for the additive category with duality involution

P(A) = {f.g. projective A-modules} ,

and proceeds as follows.
The boundary of an n-dimensional quadratic complex (C,) in A is
the (n — 1)-dimensional quadratic Poincaré complex in A

9(C,9) = (9C,09)
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with
doe = (dc (—)’“(1+T)wo)
0 (=)"de
oC, = Crp1 ®C" " — 0C,_; = C,eCm L

0 0
Iy — (1 0)

acm,—r—l = nr @Cr-i-l N acvr —_ i1 @Cn—r ,

_ n—r—s—lT o 0

8Cn77’7571 — n s D Cr+s+1 e 8C7~ - r+1 S crr
(s>1).

Given an m-dimensional quadratic complex (C,v) in A define the
thickening n-dimensional quadratic Poincaré pair in A

00(C,¢) = (pec = projection : 9C — C™"™* | (0,0¢)) .
Conversely, given an n-dimensional quadratic Poincaré pair in A
apply the algebraic Thom construction to obtain an n-dimensional quad-
ratic complex

X/0X = (D,09)/C = (C(f),09/9)

with
s 0
op/)s = ( _ _ % Crs )
( / ) (_)n T 1wsf (_)n T Tws—i-l
C(f)n—r—s+1 _ Dn—r—s+1 @Cn—r—s . C(f)r _ Dr @Crfl
(s >0),
which is homotopy equivalent to §0(X/0X).
O

The boundary construction of 13.1 generalizes to quadratic pairs. An
n-dimensional quadratic pair (f : C——D, (d1, 1)) determines an (n —
1)-dimensional quadratic Poincaré pair

(0f : 0C——90D, (061, Ov))
with
oC = ST'C(1 + T : C" 1 —0)

dD = S'C((1+ Tty : C(f)"*—D) .
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Here, (1 + T')d1)o is an abbreviation for the chain map C(f)"™*——D
defined by
(L+T)0o fA+T)po) : C(f)"" = D" "@C" "' — D, .
The quadratic complex (C,%) is Poincaré if and only if 0C is con-
tractible. Similarly, the quadratic pair (f : C——D, (d¢,v)) is Poincaré
if and only if 9D is contractible, in which case OC' is also contractible.
The n-dimensional quadratic pairs in A
V+ = (f+ : C+—)D+7 (5¢+7¢+)) )
Vo = (f7:CT—D7, (v~ ,¢7))
are adjoining if
C+:C— ) 1/)+:—¢_'

See Ranicki [61, §3] for the definition of the union of adjoining n-dimen-
sional quadratic pairs

VE = (fT:0—D", (5v", ),

Ve = (f:C—D", (v, —¢))
with common boundary

oVt = -9V = (C,v) .
The union is an n-dimensional quadratic complex in A
Vtuv- = (D,0y) = (DYUD 6yt udsy™),

with
f+
-

The duality chain maps fit into a map of homotopy exact sequences of

DtuD™ = C(( ):C—>D+EBD_).

chain complexes

0 D (D—',-)n—* e (D—)n—* C«n—* 0
(1 +TW% (1+T) (8 @5%—)[ (1 +T)¢0[
0 D C(fHecif) Sc 0

so that there is defined an exact sequence of algebraic mapping cones
0 — 0D — DT ®9D~ — SOC — 0 .
If 9D and D~ are contractible then so are 9C and D, i.e. the union

of quadratic Poincaré pairs is a quadratic Poincaré complex.

DEFINITION 13.2 A splitting (V*,V =, h) of an n-dimensional quadratic
complex (E, ) in A consists of adjoining n-dimensional quadratic pairs
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V+, V—, together with a homotopy equivalence
h :VTUV: — (E,0) .
The splitting is Poincaré if the quadratic pairs V', V'~ are Poincaré, in
which case the complex (E, 6) is Poincaré.
O
See Ranicki [63, 7.5], [69, §23] for the applications of Poincaré splittings

to the algebraic theory of codimension 1 surgery, and Yamasaki [89] for
an application to controlled surgery.

DEFINITION 13.3 Given an n-dimensional quadratic complex (F, §) and
a subcomplex D C F in A let (V, V=, h) be the splitting of (E, §) given
by

V* = (f*:0(E/D)—D, (0,0p40))

V™ = 60((E,0)/D) = (f~ : 0(E/D)—(E/D)""",(0,0p%0)) ,

ft : 0(E/D)r = (E/D)rs1® (E/D)"™" — (E/D)r41 — Dy,

f~ = projection :

AE/D), = (E/D)ry1 @ (E/D)"" — (E/D)"",

h:C (ff) = (B/D)" " ®d(E/D)r_1 ® D, —> D, — E, .

If (E,0) is a Poincaré complex then (V*, V= h) is a Poincaré splitting.
o

In fact, every splitting of a quadratic complex is homotopy equivalent
to one constructed as in 13.3.

An involution on A determines an involution on the projective class
and torsion groups of A

x  Ko(A) — Ko(A) ; [M] — [M7],

x + K1(A) — Ki(A); 7(f: L—L) — 7(f* : L*—L") .
In dealing with torsion it is required that the additive category A be
equipped with both an involution and a compatible stable canonical
structure (see Ranicki [68,87] for details).

A quadratic complex (C,%) in A is round if the underlying chain
complex C' is round, i.e. such that [C] =0 € Ky(A). The torsion of an
n-dimensional quadratic Poincaré complex (C,) in A is defined by

. K1(A) for round (C, %)
T(Cyp) = 71(1+ T : C"*—0C) € {kl(A) for any (C.%) |

and satisfies

T(va)* = (_)nT(C7'¢) :
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There is a corresponding notion of torsion for an (n + 1)-dimensional
quadratic Poincaré pair V = (f : C—D, (0¥, 1))

(V) = 7((1L+T)d¢o : C(f)"H' " —D) ,
satisfying
T(C) = (V) +(=)"r(V)".

If (V*,V~,h) is a Poincaré splitting of an n-dimensional quadratic
Poincaré complex (E,0) in A the torsions satisfy

7(E,0) — 7(VTuVv™) = 7(h) + (=)"7(h)*,
TVTuUVT) = 1(VH) + 7(V7) — 7(VTnV7).

The intermediate quadratic L-groups L3 (A) are defined for a *-invar-

S C Ko(A)
iant subgroup < S C K1(A) to be the cobordism groups of quadratic
S C Ki(A)
[Cle s
Poincaré complexes (C,%) in A with ¢ [C] =0, 7(C,¢) € S. The in-
T(C,¢) € S

termediate L-groups associated to *-invariant subgroups S C S’ are
related by the usual Rothenberg exact sequence

C— Ly(A) — LY (A) — H"(25;5'/S) — Ly_1(A) — ...,
with the Tate Zs-cohomology groups defined by

H"(Z;8'/8) = {z€8'/S|a" = (-)"a}/{y+(=)"y" |y € §'/S} .
The quadratic L-groups of A are the special cases

L.(A) = L™ @a) = L™ @)

The round quadratic L-groups of A are the special cases

L:(A) _ L*KI(A)(A) _ Lio}gKO(A)(A)

For a ring with involution A and A = Bf(A) these are the round
quadratic L-groups L7 (A) of Hambleton, Ranicki and Taylor [32].

Given an additive category with involution A and a set X it is not
possible in general to define an involution on the X-graded category
Gx(A). Define the locally finite X -graded category Fx(A) to be the
subcategory of Gx (A) with the same objects, in which a morphism

f={fyn)}: L= La)—M=>Y My
reX yeX

is required to be such that for each y € X the set {z € X | f(y,z) #0:
L(z)— M (y)} is finite. The involution on A extends to an involution
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on Fx(A) by
x : Fx(A) — Fx(A);

M = > M) — M =Y M(z), M'(x) = M(x)".
reX zeX
The dual of a morphism f : L—M in Fx (A) with components f(y, ) :
L(x)— M ((y) is the morphism f* : M*——L* with components
[y = fly,2)" :
M*(y) = M(y)" — L*(z) = L(x)" (z,y € X).

An involution * : A—A on a filtered additive category A is required
to preserve the filtration degree §, i.e. for every morphism [ : L— M
in A

o(f*: M*—L*) = §(f: L—M) .
For any metric space X the bounded X-graded category Cx (A) is a sub-
category of Fx(A) which is invariant under the involution, so that it is
also a filtered additive category with involution. Similarly, if (X,Y C X)
is a pair of metric spaces the bounded (X,Y)-graded category Cx y (A)
of 2.6 is a filtered additive category with involution.

REMARK 13.4 Given a metric space X and an m-dimensional normal
map (f,b) : M—N from an n-dimensional X-bounded manifold M
to an n-dimensional X-bounded geometric Poincaré complex N with
constant bounded fundamental group m1(N) = 7 Ferry and Pedersen
[28] associate an X-bounded surgery obstruction
ol(f,b) € Lu(Cx (Z[n])) -
By the main result of [28] for n > 5 this is the only obstruction to
making (f,b) X-bounded normal bordant to an X-bounded homotopy
equivalence, provided that X is a reasonable metric space (such as the
open cone O(K) on a compact polyhedron K C S*¥). For compact X
this is just the main result of Wall [84], with L, (Cx (Z[r])) = L, (Z[r]).
O

§14. Excision and transversality in L-theory

The localization exact sequence of algebraic L-theory (Ranicki [63,53])
for a morphism of rings with involution A——S~!A inverting a multi-
plicative subset S C A

. — L1(A) — L,(S7'A) — L,(A,S) — L!

n—1

(4) — ...
relates the free L-groups L, (S~1A), the intermediate projective L-gro-
ups LI (A) with

I = ker(Ko(A)—Ko(S~1A))
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and the L-groups L, (A, S) of cobordism classes of (n — 1)-dimensional
quadratic Poincaré complexes (C, 1)) over A such that C is an S~1A-
contractible f.g. projective A-module chain complex, corresponding to
an excision isomorphism
LI (A—S7'A) = L,(A,S) .
A similar exact sequence
. — Ly(Py(A)) — Ln(Cx(A)) — Ln(Cxy(A))
0
— LI 1 (Py(A) — ...
will now be obtained for any pair of metric spaces (X,Y C X) and
filtered additive category with involution A, with
J = ker(Ko(Py(A)—Ko(Px(A))) ,

by analogy with the K-theory exact sequence of 4.1

Ki1(Cy(A)) — Ki(Cx(A)) — Ki(Cx vy (A))

0
— Ko(Py(A)) — Ko(Px(A)) .
The exact sequence is obtained from quadratic L-theory excision iso-
morphisms
Ly (Py (A)—Cx(A)) = L,(Cx,y (A))
analogous to the K-theory excision isomorphism of 4.1
Ki(Py(A)—Px(A)) = K1(Cx,y(A)) .
This requires the following L-theory analogue of the result of 2.7 that

every finite chain complex in the bounded germ category Cx y (A) is of
the type C' = [D] for a finite chain complex D in Cx (A).

LEMMA 14.1 (i) For every n-dimensional quadratic complex (C,%) in
Cx,y(A) there exists an n-dimensional quadratic complex (D,0) in
Cx(A) such that
(Cyy) = [D,0].
(ii) L,(Cx,y(A)) is naturally isomorphic to the cobordism group of n-
dimensional quadratic Cx y (A)-Poincaré complexes in Cx (A).
PROOF (i) As in the proof of 2.7 for any representatives in Cx (A)
do : C. — Cr—1 (1<r<n)

there exists a sequence b = (bg, by, ..., b,) of integers b, > 0 such that

(a) do(Cr(Ne, (Y, X)) € Cra(Ns,_, (Y, X)) ,

(b) (dC)Q(Cr) c Cr—Q(Nbr—2 (Y7X)) ’

(c) the n-cycle

(VRS (W%C)n = Z Wp ®Z[Zz] (Cq ®<Cx,y(A) Cr)

ptgt+r=n
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is represented by an n-chain

Ve Wyl = > W, ®szz, (Co ®cyea) Cr)
ptq+r=n
with boundary

Ay (V') € ker(Wo,C)p g — (Wt C)rm1)

For any such sequence b the n-dimensional quadratic complex (D, #) in
Cx (A) defined by

0 0
i = (0 ay)

D, = Cr = C(M, (Y,X)) & C(X\M,, (Y, X)) —
Dioy = Croy = Croa(N, (Y, X)) © Crt (XN, (Y, X))
— 0 0 . n—r—s __ n—r—s
0s = (0 [ws]) : D = C
= C"" N, (Y X))@ CMTTTHX\NG (Y, X))
— D, = Cr. = C.(M, (Y, X)) ® Cr(X\N,. (Y, X))

is such that [D, 6] = (C,v).
(ii) Immediate from (i) and its analogue for quadratic pairs.

n—r—s

Let
J = im(9"° : Ki**(Cxy (A))—Ko(Py (A)))
= ker(Ko(Py (A)—Ko(Px(A))) € Ko(Py (A))
and let LY (Py (A)——Cx (A)) be the relative L-quadratic groups in the
exact sequence

L;(Py (A)) — La(Cx(A)) — Ly (Py(A)—Cx(4))

0
— L) 1 (Py(A)) — L,_1(Cx(A)) .

THEOREM 14.2 For any A, (X,Y C X) there are natural excision iso-
morphisms

Ly (Py(A)—Cx(A)) = Ly(Cxy(4)),
with the connecting map in the exact sequence
Ly (Py(A)) — Ln(Cx(A)) — La(Cx,y(A))

0
— Ly_1(Py(A)) — Ln-1(Cx(A))
given by
9 Ln(Cx,y(A)) — Lp_1(Cy(A)) 5 (C,¢) — A(C,¥)



122 LOWER K- AND L-THEORY

with (C,¥) any n-dimensional quadratic Cx y (A)-Poincaré complez in
Cx(A).

PROOF The relative L-group L;(Py(A)——Cx(A)) is the cobordism
group of n-dimensional quadratic Poincaré pairs (f : C——D, (0¢,1)))
in Px(A) such that (C,%) is defined in Py (A) and D is defined in
Cx(A). The algebraic Thom construction (13.1) on such a pair gives
an n-dimensional quadratic Poincaré complex (C(f), 09 /v) in Px vy (A)
with reduced projective class

[C(f)] = [D] = 0€ Ko(Px,y(A)) .
The complex is homotopy Cx,y (A)-finite, and represents an element

(C(f),00/¢) € Ln(Cx,y (A)) -

The boundary of an n-dimensional quadratic Cx y (A)-Poincaré com-
plex (C,v) in Cx(A) is an (n — 1)-dimensional quadratic Poincaré com-
plex 9(C,) in Cx(A) with C = S7IC((1 + T)tp : C"*—C) a
Cx,y (A)-contractible chain complex. By 3.9 there exists a bound b > 0
such that 9C is (Cx (A), Cp; v, x)(A))-finitely dominated, with reduced
projective class

[0C] = —0"°7(C,¢)
€J = im(d*° : Ki**(Cx.y(A))—Ko(Py (A))) .
The n-dimensional quadratic Poincaré pair (0C — C™*,(0,9v)) ob-
tained by thickening (13.1) represents an element in the relative L-group
LI (Py (A)—Cx(4)).

The algebraic Thom construction and thickening define inverse iso-

morphisms

L (Py (A)—Cx(A)) — Ln(Cx,y (A)) ;

(f: C—D,(6¢,9)) — (C(f),09/) ,
Ln(Cxy(A)) — L;(Py(A)—Cx(A)) ;
(C,p) — (0C — C™7*,(0,0v)) .

As in §4 write the complement of Y in X as
Z = X\Y.
The L-theory analogues of the excision isomorphism of 4.8

Ki(Cxy(A)) = lim Ki(Cpy(z,x)0,(v,2,x) (A))
b
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will now be obtained, along with the exact sequence
lim K1 (Cp(v,2,x)(A)) — K1(Cz(A)) — K1(Cx v (A))
b

0
— lim Ko(Pr(v,z,x)(A)) — Ko(Pz(A)) .
b

COROLLARY 14.3 There is a natural identification

Ln(Cx,y(A)) = lim Ly (Cr(z,x)8,(v,2,x)(A))
b
with an exact sequence

. — lim L (P, (v.z.x)(A)) — La(Cz(A)) — La(Cx v (A))
b

0
- h_H)l Lib—l(PNb(Y,Z,X)(A)) — Ln-1(Cz(A)) — ...,
b
where

Jp = ker(f?o(PNb(y}Z’X)(A))—j%O(PZ(A))) - I?O(]P)Nb(Y:ZvX)(A)) :
PROOF Given an n-dimensional quadratic Poincaré complex (C,%) in
Cx,y(A) there exists a subcomplex D C C such that D is defined in
Ch,(v,z,x)(A) for some b > 0 and the quotient C'/D is defined in
Cn,(2,x),N, (v, 2,x)(A). The morphism

Ln(Cx,y(A) — 1lim Ln(Cpy(z,x),05,(v,2,x) (D))
b

(C,9) — (C9)/D

is an isomorphism inverse to the morphism

lim Ly (Cag (2,50, (v, 2,%)(8)) — Ln(Cx,y (A))
b
induced by the inclusions

Cavzx) N (v, 2,x)(A) — Cx v (A) (b>0) .
The exact sequences of 14.2

o= Ln(Pr(v,z.x)(A) — Ln(Chy(z,x)(A))

— Ln(Cp,(2,x)N5 (v, 2,x)(A))

0
— Liil(PNb(Y,Z,X)(A)) — Ln1(Cppz,x)(A) — ..
combined with the natural identifications
Li(Chyzx)(A) = L.(Cz(A))
give the exact sequence of the statement, on passing to the limit as
b — oo.
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THEOREM 14.4 For a metric space X expressed as a union X = X+ U
X~ of subspaces X1, X~ C X the quadratic L-groups of the bounded
X -graded category Cx (A) of a filtered additive category with involution
A fit into a Mayer-Vietoris exact sequence

- — lim Ly (Pug,(x+,x-,x)(A)) — La(Cx+(A)) © Ln(Cx-(4))
b

0
— Ly(Cx(4)) — lim Ly (P x+ x- ) (A) — ...
b
with
Ty = ker(Ko(Py,x+ x- x)(A)—Ko(Bx+(A)) & Ko(Px-(4))) -
The connecting map is defined by

0 ¢ Ln(Cx(A)) — lim Ly (Pag,x+x- x(A))
b

with EY C E any subcomplez appearing in a Mayer-Vietoris presenta-
tion of £
i J
E:0—FE"NE- — Et@E — E—0.

PROOF For each b > 0 let L;*(A;) be the cobordism group of adjoining
pairs (V, V™) of n-dimensional quadratic Poincaré pairs in Cx (A)

VE = (ft:C—D", (5y*,9)),

Vo = (f7:C—D7, (¢, —%))
such that C'is Cn;, (x+,x -, x)(A)-finitely dominated in Cx (A) with pro-
jective class

[Cle Jy C f{O(PNb(xtx—,X)(A)) ;

and such that D* is homotopy Cy+ (A)-finite. The common boundary of
V*and V™ is a Cy, (x+,x-,x)(A)-finitely dominated (n—1)-dimensional
quadratic Poincaré complex in Cx (A)

VinVv: = oVt = -9V~ = (C,v) .
By construction, L/*(A;) is the relative L-group in the exact sequence
T Lib(P/\/},(X‘*',X—,X)(A))
— Ln(Cpy(x+,x)(A) © L (Chryx - x)(A) — L& (Ay)

— L (Pt x- x)(A) — ...,
with
9 ¢ LI(Ay) — Ly (Pay e x-x0)(A) 5 (VE V) — ViV,
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The abelian group morphisms defined by union

U @ lim L (A) — La(Cx () ; (VF, V) — ViUV
b
will now be shown to be isomorphisms by exhibiting explicit inverses.

Define an abelian group morphism
Vi Ln(Cx(A)) — lim Ly (D) ; (B.6) — (VF, V)
b

with the adjoining n-dimensional quadratic Poincaré pairs

VE = (fT:0—D", (5v", ),

Vi = (f:C—D", (v, —¢))
given by the construction in 13.3 of a splitting (V*,V ™) for (E, #) using
the subcomplex D = E+ C E, so that

(C.y) = o((B,0)/E7), DY = EY, D™ = (E/ET)"™".

It will be proved that V = U~'. The chain complexes D* are defined
in Cps,(x+ x)(A), and hence homotopy Cx+ (A)-finite. In order to ver-
ify that the chain complex C' = (E/E") is Cp;,(x+ x-,x)(A)-finitely
dominated in Cx (A) it is convenient to embed the given Mayer-Vietoris
presentation of E as a subobject E C E(b) in one of the Mayer-Vietoris
presentations constructed in 4.6

E®) : 0 — ETO)NE~ (b)) — ETO)DE (b)) — E — 0,
which is possible for some sufficiently large bound b > 0. The (n — 1)-
quadratic Poincaré complex 9((E, §)/E™ (b)) is obtained up to homotopy
equivalence from 9((E, 0)/E™) by algebraic surgery (Ranicki [61,§4]) on
the n-dimensional quadratic pair

(O(B/ET)—(E*(b)/E)""",(0,0]6]))

with (E+(b)/ET)"* defined in Cp;,(x+ x-,x)(A). Thus (E/ET) is
Chs(x+,x—,x)(A)-finitely dominated if and only if d(E/E*(b)) is
Cn,(x+,x-,x)(A)-finitely dominated, and there is no loss of generality
in assuming that E = E(b). The same argument also shows that it suf-
fices to verify that O(E/E™ (b)) is C;, (x+,x—,x)(A)-finitely dominated
for any bound b > 0. It will now be shown that for sufficiently large b
the Mayer-Vietoris presentation E(b) is compatible with the quadratic
structure 6 € Q,(E), and proceed with the verification for such b.

Define the quadratic Q-groups of a Mayer-Vietoris presentation of a
chain complex E in Cx(A)

E:0—E'NE-—Et@E — E—0

)_
)_

by
Qn(E) = Hy(Wo (BT NE™)—(WyET) & (WyE7)) ,
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to fit into an exact sequence
- T Qn(EJr NE™) — Qn(EJr) ®Qn(E™) — Qn(E)
— Qun1(EtTNE™) — ... .
The long exact sequence of Z[Zz]-module chain complexes

0— (ETNE) ®Cyp, x4 x- ) (A) (ETNE") —

+ + - -
(E" @c, vy ENO(E” B¢, o ) E7) — EQcx@) E

— (B/ET ®cyxa) E/E7) ® (E/E™ ®cx(a) E/ET) — 0
(with the free Z[Zs]-action on (E/Et @ E/E~) & (E/E~ ® E/ET))
induces an exact sequence of homology Z-modules

.~ Hy1(B/ET @ E/E™) — Qu(E) — Qu(E)
— H,(E/EY®E/E™) — ...,
with @, (E)—Q,,(F) the union map. If the bound b in the construction
of the Mayer-Vietoris presentation E = E(b) is chosen so large that the

composite chain map
(1 + T)60

(B/By — B
is zero then

0 € ker(Q,(E)—H,(E/EtY @ E/E7)) = im(Qn(E)—Q,(FE)) .
Choosing a lift of 8 € Q,(E) to an element (67,0~ ,0T N607) € Q,(E)
there is defined a splitting (UT,U ™, g) of (E, ) with

Ut = (EtNE-—E" (61,67 n67)),

U = (E'NE"—E ,(0,-0tn67)),

g: Efe(ETNE),10E — E,; (zT,y,27) — 2" +27 .
(The splitting (U*,U ™, g) is not Poincaré in general). The chain com-
plexes OET, OE~ fit into an exact sequence of chain complexes in Cx (A)

0 — E"NE) — 0Et®0E~ — OF' — 0

E — E/E™

with
OE = ST'C(C(EtNE"—ET@E )" *—E).

Now C(E* N E-——E* @ E~) is chain equivalent to E, so that F’
is chain equivalent to F, which is contractible. Thus OE™ and 0E~
are complementary homotopy direct summands of d(ET N E~), and
are both Cp, (x+, x -, x)(A)-finitely dominated in Cx (A). The quadratic
complex (E,0)/E™" is obtained from the quadratic Poincaré pair U~ by
the algebraic Thom construction collapsing the boundary, so there is
defined a chain equivalence

AE/EY) ~ O(S™(EY NE~)—IE"),
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and 9(E/E") is also Cpy(x+,x-,x)(A)-finitely dominated in Cx(A).
The reduced end invariant of the isomorphism torsion of (F,0)

r(E,0) = 7(1+T): E"*—E) = —1(9E) € Ki*(Cx(4))
is given by
or(E,0) = [0E7] = [0(E/ET)] = [C]

€ Jp = im(9" : K{*(Cx(A)—Ko(Py,x+ x-x)(A)) -
Since [M] € J;, for every object M in Cp,(x+ x-,x)(A) (assuming X+
and X~ are non-empty) it follows that
VENVT] = [Cl €y C Ko(Payx+.x-.x)(A)) ,

as required for V(E,6) = (V*, V™) to represent an element in Ly (A,).

For any n-dimensional quadratic Poincaré complex (E, ) in Cx (A) let
(V*,V ) be the pair constructed above to represent V(E, 0) € L (Ay).
The union VUV~ is homotopy equivalent to (F, ). Homotopy equiv-
alent quadratic Poincaré complexes are cobordant, so the composite

UV @ Ly(Cx(A)) — lim L;?(A) — Ln(Cx(A)) ;
b
(B,0) — VtuVv~™

is the identity.

For any adjoining pair of n-dimensional quadratic Poincaré pairs in
Cx(A)

V= (ff:C—Dt, (50F,4))
Ve = (f":C—D", (04", —¥))

representing an element (V*, V=) € L7 (A,) let VI UV~ = (E,0)
be the union n-dimensional quadratic Poincaré complex in Cx (A). Let
(V'* V'~ k') be the splitting of (E,6) obtained by the construction of
13.3 using the subcomplex

D =D'CE = C((f+) :C—Dt @& D7)
C - .

The pair (V'T,V’7) is homotopy equivalent to (V*, V™). Homotopy
equivalent pairs are cobordant, so the composite
VU : lim Ly (Ay) — La(Cx (A)) — lim L (Ay) 5
b b
(VH V") — (V17

is the identity.

Thus U, V are inverse isomorphisms, and the L-theory Mayer-Vietoris
sequence is exact.
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REMARK 14.5 The algebraic Poincaré transversality used in the proof of
14.4 can be developed further, giving a purely algebraic proof of Proposi-
tion 7.4.1 of Ranicki [63], and hence of the Mayer-Vietoris exact sequence
of Cappell [15] for the L-groups of an amalgamated product of rings with
involution A = A" xg A~
. — LY(B)® UNil,y; — L,(AT)® L, (A7)
9
— Ly(ATxp A7) — L) _(B)® UNil,, — ...
with J = ker(Ko(B)—Ko(AT) & Ko(A™)), and the analogue for an
HNN polynomial extension A = A" xp [z, 271]
. — L)(B) @ UNil, 11 — Ln(A") — L, (A" *p [z, 271])
o
— L _4(B)® UNil,, — ...
with J = ker(Ko(B)—Ko(AT)). See §16 below for the L-theory of
the Laurent polynomial extension A = B[z,z7!]. See Connolly and
KoZniewski [20] for an expression of the UNil-groups as the L-groups of
an additive category with involution.
O

COROLLARY 14.6 For a compact polyhedron Y C S* expressed as a
union Y = YT UY ™ of compact polyhedra Y, Y~ C Y the quadratic
L-groups of the bounded O(Y')-graded category Coyy(A) of a filtered
additive category with involution A fit into a Mayer-Vietoris exact se-
quence

. — LI (Pory+ny-)(A) — Ln(Cor+)(A)) & Ln(Coy-)(A))

0
— Ln(Cow)(A)) — Li_1(Pory+ny—)(A) — ...,
with
J = ker(f(O(PO(Y‘*'ﬁY—)(A))—’KO(PO(Y‘F)(A))@I?O(PO(Y—)(A)))
= im0 : Whegy, (A)— Ko (Pogy+ny-)(A)))

C I?O(PO(YHTY*)(A)) :
PRrROOF Apply 14.4 to the expression of the open cone X = O(Y) as a
union X = X+ U X~ of the open cones of subpolyhedra Y™, Y~ C Y,
with X* = O(Y*). By 7.1 the inclusions
XtNX™ =0 'nY ) — NMp(XH, X7, X) (b>0)
are homotopy equivalences in the proper eventually Lipschitz category.
The induced isomorphisms in the projective class groups

Ko(Px+nx-(A)) — Ko(Pay(x+ x-.x)(A) (b>0)
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send J to Jp, so that there are also induced isomorphisms in the L-groups
LI (Px+nx-(A)) — L P x+x-x) () (6>0),
and the direct limits in the exact sequence of 14.4 are given by

h_r)n Ll (Prr, (x+,x-,x)(A) = Li(PXﬂTX* (A)) .
b

m
In order to formulate the intermediate versions of 14.4 it is convenient
to assume that the bounded categories Cy(A) for W = X, X+, X~
have flasque structures (as is the case for the open cones W = O(Y),
O(Y 1), O(Y ™) of 14.6) so that the intermediate L-groups LT (Cy(A))

are defined for any x-invariant subgroup 7' C K1 (Cyw (A)).

COROLLARY 14.7 For X = XT U X~ and any *-invariant subgroup
T C K1(Cx(A)) such that
ker(d : K1 (Cx (A))—lim Ko(Py;, x+,x-.x)(A) €T
b
there is defined a Mayer-Vietoris exact sequence of intermediate L-groups

cee T hi)n LgT(PNb(thax)(A))
b

— Ly (Cx+(A)) ® Ln(Cx-(A))

T 0 . or
- Ln (CX(A)) I h_H)l Lnfl(P./\/'b(X‘*',X—,X)(A)) — ..
b
PRrROOF Exactly as for 14.4, the special case T = K1(Cx (A)) with 0T =
lim Jb.
b

Given *-invariant subgroups
ST C K(Cx+(A), ST CKi(Cx-(A))

define the *-invariant subgroups
Ry = ker(li%)n Ki1(Cpyx+,x-,x)(A))
—K1(Cx+(A)) ® K1(Cx-(A))) ,
R = ker(liTrQ Ki1(Chyx+,x-,x)(A))
—K1(Cx+(A))/ST @ K1(Cx-(A))/S7)
c th)l K1(Cryx+,x-,x)(A))
T = im(ST® S~ —K,(Cx(A))) C K1(Cx(A))
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such that there is defined an exact sequence

0 — R/Ry — ST®S™ — T — 0.

COROLLARY 14.8 The intermediate quadratic L-groups fit into a Mayer-
Vietoris exact sequence

< — lim LE(Cpyx+ x-.) (A)) — L5 (Cx+(A)) @ LS (Cx-(A)
b

0
— Ly (Cx (&) — lim L 1 (Crgx,x- x) (A) — ...
b
PROOF The proof of 14.4 shows that for any n-dimensional quadratic
Poincaré complex (F,0) in Cx(A) such that the torsion
T(E,e) S Kl(CX(A))
has reduced end invariant
Ir(E,0) = 0€ lim EO(PM,(th—,X)(A))
b
there exists a Poincaré splitting (V*,V~,h) with V*, V~ defined in
Cy,(x+,x)(A) for some b > 0, and V* NV~ consequently defined in
Cy,(x+,x-,x)(A). (Specifically, replace d(E/E™) by any chain equiv-
alent finite chain complex in Cy,(x+ x- x)(A)), for some b > 0.) The
torsions
T(VE) € K1(Cx+(A)) , (VI NV7) € K1(Cphy(x+.x- x)(A))
T(h) s T(V+ U V_) S Kl(CX(A))
are related by
7(E,0) — 7(VTUV")
r(VIUVT) = 7(VY) + ()" (V)
= 7(V7) + (=)"7(V)" € K1(Cx(4)) ,
T(VINVT) = 7(VF) + ()" (V)" € Ki(Cx+(A)) -
If (E,6) is such that 7(E,#) € T then d7(E,#) = 0 and there exists
such a Poincaré splitting (V, V=, h) with
7(h) € T C K1(Cx(A)),
T(VE) € §* C K1(Cx+(A)) ,
’7'(Vdr N Vi) €ERC KI(CX‘*'QX— (A)) .

= 7(h) + (=)"r(h)",

Working as in the proof of 14.4 define the cobordism groups Lfﬂsi (Ap)
of adjoining cobordisms (V*, V=) with 7(V*) € S* to fit into the exact
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sequence
. — LI (Cpx+,x- ) (A))
— L5 (Cx+(A)) ® LS (Cx- (A)) — L5 (A)

0
— L1 Cyx+ x-x)(A)) — .o,
pass to the limits as b — oo to obtain an exact sequence
- — lim L(Cug (x+,x- x)(A))
b
— LY (Cx+(A)) @ L§ (Cx-(A)) — lim L5 5 (A,)
b

- h_H}Lg—l(CNb(X*,X*,X)(A)) —
b
and define inverse isomorphisms
U : lim L5757 (Ay) — LI(Cx(A) 5 (VHVT) — VIUV™,
b
Vo LI(Cx(A) — lim L35 (Ay) 5 (B,0) — (VF, V7).
b

§15. L-theory of C;(A)

The identification K;(Cq(A)) = Ko(Po(A)) of §7 will now be general-
ized to L-theory, and it will be proved that

Ln(Ci(A)) = Ln-1(Po(A))

for any filtered additive category with involution A.

The isomorphisms L,,_1(Po(A))— L, (C1(A)) will be defined by the
following construction, which is a direct generalization of the product
(Ranicki [61], [62]) of a quadratic complex and the symmetric Poincaré
complex of S?.

DEFINITION 15.1 (i) Given a finite chain complex (C,p) in Po(A) define
a finite chain complex in A[z, z7!]
(Cp)®R = C(1—pz: Cls, 2 —Clz, 271 .

(ii) Given an (n — 1)-dimensional quadratic (Poincaré) complex (C, p, ¥)
in Pyp(A) define an n-dimensional quadratic (Poincaré) complex in
Alz, 271

Cp, )R = ((Cip) @R, v 1€ Qn((C,p) ®R))
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by
_ 0 (_)Szws
(w ® R)S - ( (_)n—r—lws (_)n—r+sT¢s+1 )
. ((C,p) ® R)n—r—s _ Cm—?"—s[z7 Z—l] @ Cn—r—s—l[z’z—l]

— ((C,p) ®R), = Cplz, 27 Cry[z,27Y] (5>0) .
O

In order to apply the L-theory Mayer-Vietoris exact sequences of §14
express the bounded R-graded category as

Cr(A) = Cox+ux—)(A),
with
Xtux- = 8% = {41,-1}, X* = {£1}, O(X*) = R*,
OXtTNX") = OX)NOX~) = {0},
OXTUX™) = OXT)UO(X™) =R
as in §6, using the equivalence C1(A) ~ Cg(A) to identify
L.(Ci(A)) = L.(Ca(h)) .

A Mayer-Vietoris presentation of a finite chain complex E in C1(A) is
the exact sequence

i J
E:0—FE"NE- — Et@ogE — E—0
determined by subcomplexes Et, E~ C E such that for some b > 0

oo b
EFC Y EG) ., BSC Y E() (r=0).

J=—b j=—o00
THEOREM 15.2 The quadratic L-groups of the bounded Z-graded category
C1(A) are such that up to natural isomorphism
Ln(Ci(A) = Lna(Po(A)) (n€Z).
The map
B : Ln(Ci(A)) = Lyp(Cr(A)) — Ln—1(Po(4)) ;
(E,0) — 0((E,0)/E")
defined using any Mayer-Vietoris presentation & of E is an isomorphism
with inverse

B = —®R : L, 1(Py(A)) — L,(Cy(A)) ;
(C,p, ) — (C,p, ) @R .

PRrROOF The natural flasque structures on the categories Co(x+)(A) =
Cgr+ (A) are compatible with the involutions, so that

L.(Cgs(A) = 0.
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The exact sequence of 14.4 includes

0 — Ln(Cy(A)) 2, Lyn—1(Po(A)) — 0,
so that B = 0 is an isomorphism. For any (n — 1)-dimensional quadratic
Poincaré complex (C,p, ) in Po(A) let
(E,0) = (C.p,Y)®R
and define a Mayer-Vietoris presentation [E for E by
ET = C(1—2p:C[z]—C[z]), E= = C(1—2zp: Clz7'|—2C[z7"]) .
The Cy(A)-finitely dominated (n — 1)-dimensional quadratic Poincaré
0)

complex defined in C;(A) by d((E,0)/E™) is homotopy equivalent to
(Cyp, ) ® R, so that

B(E79) = (C,p,w) € Ln—l(Po(A))
and

B7HC.p,¥) = (B,0) = (C.p,¥) ®R € La(C1(8)) .

The isomorphism B : K1(C;y(A))—Ko(Po(A)) of §7 is such that
Bx = —xB : Ki(C1(A)) — Ko(Po(A)) ,
since the inverse
B™' = B : Ko(Py(A)) — K1(Ci(A)) ;
[M,p] — 7(1 =p+2p: Mz, 27 |—M][z,27"])
is such that
« B[M,p] = 7(1—p* + 27 p* : M*[2, 27| —M*[2,27Y])
= (= ) M 2 M, )
= —Bx*[M,p] € Ki(Alz,2z71]) .
It follows that
H*(Zo; K1(C1(A))) = H*™'(Za; Ko(Po(A))) .

COROLLARY 15.3 (i) The intermediate quadratic L-groups of C1(A) are
such that up to natural isomorphism
Ly (C1(8)) = L%, (Po(A))

for any *-invariant subgroup S C K1(C1(A)) (resp. Wh(C1(A))), with
0S5 C Ko(Po(A)) (resp. Ko(Po(A))) the isomorphic image of S in the
class group.
(ii) For any x-invariant subgroups S C T C K;1(C1(A)) the exact se-
quence

. — L3(Ci(4)) — LY(Ci(A)) — H"(Z5;T/S)

— Ly 1 (C1(8) — ...
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is naturally isomorphic to the exact sequence
. — L3S (Po(A)) — LT, (Po(A)) — H"}(Z5;0T/05)
— L25,(Py(A)) — ... .
Similarly for S CT C Wh(Cy(A)).
PROOF (i) As for 15.2 (the special case S = K1(C1(A))), but using 14.6
and 14.7 instead of 14.4.
(ii) Immediate from (i).

In particular, 15.3 gives
L@@ (Cy(a) = LIIERCW@a) = Ly,
L3(Ci(A) = LEWMEWI(C,(a))

_ Lim(Ko(A))gKo(Po(A))(PO(A)) = L,_1(A)

= n—1

(A),

with L} the round L-groups.

REMARK 15.4 The total surgery obstruction groups S, (X) of a space X
are defined in Ranicki [60], [69] to fit into an exact sequence

. — H,(X;L.) — L,(Z[r]) — Sp(X) — H,—1(X;L.) — ...

with 7 = m(X) and 7 (L.) = L.(Z). The total surgery obstruction
s$(X) € Sp(X) of a finite n-dimensional geometric Poincaré complex
X with n > 5 is such that s(X) = 0 if and only if X is homotopy
equivalent to a compact n-dimensional topological manifold. The total
projective surgery obstruction groups SE(X) are defined to fit into an
exact sequence

. — H,(X;L.) — L2 (Z[n]) — SP(X) — Hp—1(X;L.) — ...
with a Rothenberg-type sequence
... — H"(Zy; Ko(Z[r])) — Sp(X) — SP(X)

— H™(Zy; Ko(Z[x])) — ... .
The following conditions on a finitely dominated n-dimensional geomet-
ric Poincaré complex X with n > 5 are equivalent:
(i) the total projective surgery obstruction s?(X) € SP(X) (Pedersen
and Ranicki [52]) is such that s?(X) =0,
(i) X x S! is homotopy equivalent to a compact (n + 1)-dimensional
topological manifold,
(iii) there exists an open (n + 1)-dimensional manifold W with an R-
bounded homotopy equivalence h : W ~ X x R.
Thus if X is a finite n-dimensional geometric Poincaré complex with
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sP(X) = 0 the total surgery obstruction is such that
$(X) € ker(Sp(X)—S2(X)) = im(H" ! (Zy; Ko(Z[n]))—Sn (X)) .

The corresponding element of H n+1(Zy: Ko(Z[r])) is determined by a
choice of R-bounded homotopy equivalence h : W ~ X x R, and may be
regarded as either the class of the Siebenmann end obstruction [W]; €
Ko(Z[x]) or the bounded Whitehead torsion (k) € Wh(Cy(Z[r])), as
follows.

In the first instance, note that for any finite n-dimensional geometric
Poincaré complex X the isomorphism B : Wh(Cy(Z[r]))— Ko (Z[x])
sends the torsion 7(X x R) to

Br(X xR) = [X xRl +(=)"([X xRl)* = 0 Ko(2fr))
(m=m (X)),
so that
T(X xR) = 0€ Wh(Cy(Z[r]))
and X xR is a simple (n+1)-dimensional R-bounded geometric Poincaré
complex. Given an R-bounded homotopy equivalence h : W ~ X x R

make it transverse regular at X x {0} C X xR, so that there is defined
a normal map

(f,b) = hl : M = h1{(X x{0}) — X
from a compact n-dimensional manifold M. By definition, A splits if
there exists a normal bordism
(gsh, )+ (ViW, W) — X xR x ([0,1]; {0}, {1})
with (V; W, W’) a bounded h-cobordism and A’ : W/'—X x R an R-
bounded homotopy equivalence such that the restriction
(f,0) = b M = 1 (Xx{0}) — X
is a homotopy equivalence. By analogy with the splitting theorems of
Farrell and Hsiang [24] and Wall [84,§12B] the obstruction to splitting
h for n > 5 can be identified with the Tate Zs-cohomology class of the
bounded torsion
7(h) € H"(Z; Wh(C1(Z[n]))) ,
using the isomorphic exact sequences
- L3 5(Ci(ZIn])) — Lny2(Ca(Z[7]))
— H"(Za; WH(C1(Z[7]))) — L (CL(Z[A]) — ...,
- — Lns1(Z[r]) — L7, (Z[n])
— H"Y(Zy; Ko(Z[n])) — Ln(Z[x]) — ... .
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The primary obstruction to splitting A is the simple bounded surgery ob-
struction of Ferry and Pedersen [28], which is determined by the torsion
7(h) € Wh(C4(Z[n]))
oi(h) = [r(h)] € im(H"(Zy; Wh(C1(Z[r])))—L;, 11 (C1(Z[A]))
and is just the finite surgery obstruction of (f,b)
oi(h) = o.(f,0) € Lj, 1 (C1(Z[r])) = Ln(Z[r]) .
Working as in Pedersen and Ranicki [52] it is possible to identify X up

to homotopy equivalence with the homotopy inverse limit of a system of
neighbourhoods of the end W+ = A=}(R*) of W

X =~ holim h™([k,o0))
k

and to extend (£, b) to a normal map of finitely dominated n-dimensional
geometric Poincaré bordisms

(e;a) + (WH M, X) — X x ([0,1]; {0}, {1})
with e| = id. : X——X. The finite bounded surgery obstruction of h
and the projective surgery obstruction of (f,b) are both zero

ox(h) = oL(f,0) = 0€ Lup1(Ci(Z[r])) = L7(Z[x]) .
The finite surgery obstruction of (f,b) is determined by the bounded
torsion

r(h) € Wh(Cy(Z[x])) ,
which is the Siebenmann end obstruction of W™
Brih) = W]s = (W*] € Ro(Zlr) .
Both W and X xR are simple R-bounded geometric Poincaré complexes
(W) = 7(X xR) = 0€ Wh(Cy(Z[n])) ,

and
T(X xR) —7(W) = 7(h) + (—)"+1T(h)* € Wh(Cy(Z[r])) ,
Br(h) = —[W]; € Ko(Z[r]) ,

so that

B(r(W) —7(X xR)) = W] + (=)"""(W]4)" = 0€ Ko(Z[x)) .
The finite surgery obstruction of (f,b) is
0.(f.0) = Wy € im(H"" (Zy; Ko (Z[r]))— Ln(Z[x))
= ker(Ly (Z[x])— L} (Z[x])) -
If this vanishes then (£, b) is normal bordant to a homotopy equivalence;
let

(Ls M, M') — X x ([0, 1]: {0}, {1})
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be such a normal bordism, restricting to a homotopy equivalence M’ ~
X. The open n-dimensional manifold
W = W~ Uy LUpp —L Upg wt
is equipped with a split bounded homotopy equivalence b’ : W/'— X,
related to i by a normal bordism
(g,¢) = (ViW.W') — X x ([0,1]; {0}, {1})
such that the finite bounded rel @ surgery obstruction
04(9,¢) € Lny2(C1(Z[r])) = L7 (Z[x])
has image
[0(g,0)] = 7(h) = [W]4
€ H"(Zo; Wh(Cy(Zln)))) = H"*(Za; Ko(Zln))) -
For n > 5 it is possible to make a choice of (L, M, M") with (V; W, W)
a bounded h-cobordism if and only if
0.(g,¢) € im(L3, 5 (Cy(Z[n])) —Ln+2(C1(Z[7])))
— i (L (Zl]))—LE ., (Z[]) |
giving the secondary obstruction. (This is just the appropriate version of
the trick used by Browder [10] for dealing with an embedding problem

by first solving it up to cobordism). In the bounded version of the
terminology of Wall [84, §12B] the bounded splitting obstruction is

7(h) = [W]4 € LSu(®) = H"*(Zz; Wh(C1(Z[n])))

= H"tY(Zy; Ko(Z[n))) .

REMARK 15.5 By the realization theorem of Ferry and Pedersen [28] for
a finitely presented group 7 and n > 6 every element = € L, (Cq(Z[r]))
is the bounded surgery obstruction x = o.(e,a) of an n-dimensional
bounded normal map
(e,a) : (W, 0W) — (X,0X) xR

with (W,0W) an R-bounded n-dimensional manifold, (X,0X) a com-
pact (n — 1)-dimensional manifold with boundary such that 71 (0X) =
m(X)=mand h =¢| : OW—9X x R an R-bounded homotopy equiv-
alence. Making (e, a) transverse regular at (X,9X) x {0} C (X,0X) xR
there is obtained an (n — 1)-dimensional normal map of pairs

(f,b) = e| : (M,0M) = e *((X,0X) x {0}) — (X,0X) .
As in 15.4 it is possible to extend 0f : 9M —0X to a normal map of
finitely dominated (n — 1)-dimensional geometric Poincaré bordisms
(g:0) : (OWF;0M,0X) —> 9X x ([0, 1]; {0}, {1})
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with g| = id. : 0X——0X, and OWT = e71(0X x RT) Cc W. The
K-theory isomorphism
B« Wh(C(2lr])) — Ro(Zln)
sends the bounded torsion 7(h) € Wh(C;(Z[n])) to the end obstruction
Br(h) = [0W™] € Ko(Z[n]) .
The L-theory isomorphism
B i La(Ci(2lr]) — L}, (ZIx)
sends the bounded surgery obstruction x = o.(e,a) € L, (C1(Z[n])) to

the projective surgery obstruction of the normal map of finitely domi-
nated (n — 1)-dimensional geometric Poincaré pairs

(f,0) = (£,b)U(g,c) =+ (MUIWT,0X) — (X,0X),
with the identity on the boundary, that is
Bo.(e,a) = o?(f, V') e LY _|(Z[r]) .

n—1

§16. L-theory of A[z,z71]
The splitting of K1 (A[z, 27!]) obtained in §10 will now be generalized
to L-theory, and it will be proved that up to natural isomorphism
LH(A[szil]) = Ln(A) ® Lyn—1(Po(A))
for any additive category with involution A.

The duality involutions act on the split exact sequence of §10

al B@N+EBN_
00— Kl(A) a— Kl(A[Z,Z_l]) _—

Ko(Py(A)) & Nily(A) & Nilp(A) — 0
by
ik = *i) , B¥ = —xB |, Nix = xNg,
so there is induced a split exact sequence of the Tate Zs-cohomology
groups
~ I~
0 — H™(Zo; K1(A)) — H"™(Zs; K1(Alz,271]))

B

— Hnil(Zg;Ko(Po(A))) — 0.
Similarly for the Whitehead group Wh(A[z, 2~1), with Ky replaced by
Ky. In particular, for any group 7 there is defined a split exact sequence

~ | ~
0 — H"(Zo; Whin)) —= H"(Zo; Whin x 7))

B -
— H" " Y(Zy; Ko(Z[r])) — 0 .
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The geometric model for the L-theory splitting is the Kiinneth theo-

rem for manifold bordism
Qu(X x SY) = Q. (X) D Q,1(X)

and its analogues for geometric Poincaré bordism. Here, X is any rea-
sonable space (such as a finite CW complex) and €,,(X) is the bordism
group of pairs (M, f) with M a compact n-dimensional manifold and
f : M—X a reference map. The manifolds can be in any category
with transversality, such as smooth, PL or topological, and can be taken
to be oriented if required. The splitting of the manifold bordism groups
is given by a direct sum system

i B
Q(X) QX xS T Q, 1 (X)
J C

with
it (X)) — (X x SN 5 (M, f) — (M, qf)
(q: X—X x S'; 2——(x,*) for a base point * € S*) ,
Bt Q,(X x 8" — Qu_1(X) 5 (N,g) — (g7 X x {x}),9])
(assuming g : N——X x S! transverse at X x {*} C X x S'),
J QX xS — (X)) 5 (N,g) — (N,pyg)
(p = projection : X x S* — X)),
C: QX)) — QX xS (M, f) — (M xS, fx1).
Let Q7 (X) (resp. Q2(X)) be the bordism group of pairs (M, f) with
M a finite (resp. finitely dominated) n-dimensional geometric Poincaré
complex and f : M——X a reference map. For n > 5 the finite and
finitely dominated geometric Poincaré bordism groups are related by
the exact sequence of Pedersen and Ranicki [52]
L — QUX) — B(X) — H™(Zz; Ko(2Z[r]))
— Qz_l(X) — ... (m=m(X)).
The map
O (X) — H"(Zo; Ko(Z[n))) 3 (M, f) — [M]
sends a finitely dominated Poincaré bordism class to the Tate Zs-cohomo-
logy of its projective class, and the map

H"™(Zy; Ko(Z[x])) — Q"

n1(X) 5 2 — (N,9)
sends the Tate Zg-cohomology of a self (—)"-dual projective class
r = (=)"2* € Ko(Z[r])
to the bordism class (V, g) of any finite (n — 1)-dimensional Poincaré
complex N with a map g : N——X for which there exists a finitely
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dominated Poincaré null-bordism (N, §g) with projective class [{N] =
x. Geometric Poincaré complexes do not have transversality: if N is a
finite n-dimensional geometric Poincaré complex and g : N—X x S!
is a map it is not in general possible to make g Poincaré transverse
at X x {x} C X x S, with g71(X x {x}) C N a finite codimension
1 Poincaré subcomplex. For n > 6 the obstruction to the existence of
such a subcomplex up to bordism is the image of the Tate Z,-cohomology
class of the torsion 7(N) € ﬁ”(Zg; Wh(m x Z)) under the projection

B : H"(Zy;Wh(n x Z)) — H" Y(Zy; Ko(Z[r))) .
The obstruction vanishes for
(N,g)x S* = (NxShgx1) el (X xS xS,
and there exists a finite codimension 1 Poincaré subcomplex
Q= (gx DM X x{x}xSHYcNxS!
such that Q ~ P x S' with P = @ the infinite cyclic cover of Q classified
by
r0j.
Q — N x sl & 1
Now P is a finitely dominated (n — 1)-dimensional geometric Poincaré

complex with a codimension 1 Poincaré embedding P C N, and the
projective class is such that

[P] = Br(N) € H" Y(Zs; Ko(Z[r))) .
The construction defines a map
B : QX xS — QF

n—1

(X); (N.g) — (P.h) (h = g)

which fits into a split exact sequence

h v oon B
0— (X)) — QX xS) — O (X)—0
with
i 0 QX)) — QX x 8 5 (M, f) — (M, qf)
as in the manifold case. In accordance with the distinction established
in Ranicki [66] there are two natural choices for splitting this sequence,
given by the ‘algebraically significant’ direct sum system
i B
ohMx)y ———— al(x xShH —____—QF

— — "'n-—1

J B
and the ‘geometrically significant’ direct sum system
i B

QLX) ——— (X x S8 o,

— n—1
-/

J B

(X)

(X)
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with

Jo (X xS — QX)) 5 (N,9) — (N,pg)

B QP (X)) — QX x SN (M, f) — (M xS, fx1)
using the mapping torus trick of Mather [46] to replace M x S! by a
homotopy equivalent finite n-dimensional geometric Poincaré complex

in the definition of B’. The difference between the algebraically and
geometrically significant split injections B, B’ is given by

B —B : OF_(X) — H" YZy; Ko(Z[r])) = H""(Zy; Ko(Z[x)))

n—1

L OMX) — Q' (X x SY)
n n N
The bordism groups Q2 (X) of pairs (M, f : M—X) with M a simple

n-dimensional geometric Poincaré complex fit into an exact sequence

(X)) — QX)) — H™(Zo; Wh(x)) — Q5 (X)) — ...
and a split exact sequence
7 B
0— Q5(X) — B (X xS — Q" (X)) —0.

Again, B has both an algebraically significant splitting B and a geomet-
rically significant splitting B’, with

B —B: Q! (X)— H" Y (Zy;Wh(x)) = H"t (Zy; Wh(r))
i
— (X)) — (X x SY).
The chain complex proof in Milgram and Ranicki [47] of the L-theory
splitting theorem for the Laurent polynomial extension A[z,271] of a
ring with involution A

Ly(Alz,z71) = Ly(A) @ L}, (A4)

n—1
depended on an algebraic transversality result: every free quadratic
Poincaré complex over A[z, 271] has a ‘fundamental domain’ projective
quadratic Poincaré pair over A, by an algebraic mimicry of the geometric
transversality by which every infinite cyclic cover of a compact manifold
has a compact fundamental domain. The same method works for

Lo(Alz,27Y) = Ln(A) @ Ly—1(Po(A))

for any additive category with involution A, using the locally finite Z-
graded category with involution

Fi(A) = Fa(a) .

DEFINITION 16.1 (i) An n-dimensional quadratic cobordism in A
X = ((f9):Cal'—D, (v, v & —¢))
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is fundamental if

(C9) = (C) .
(ii) The union of a fundamental n-dimensional quadratic cobordism X
in A is the n-dimensional quadratic complex in A[z, 27!

UX) = (£,0)
with

" - (déa (_)T}f_gz)):

E, = Dz, 271 ®C_1[z,27Y]

— E,_1 = D,_1[z,27 Y@ Cralz,271],
= (0 o )
NS ()T T

EVr = D[ @ 0n T s, 2
— E. = Dz, 27 @ Crq[z,27Y] .

(iii) A fundamental cobordism X in Fyi(A) is finitely balanced if C' and
D are (G1(A),Co(A))-finitely dominated and

[C] = [D] € Ko(Po(A)) ,
in which case
V(X)) = [Dlz,z" ") = [Clz,z7 1] = 0€ Ko(Po(Alz,271])
and the union U(X) is homotopy A[z, z~!]-finite.

The union of a fundamental cobordism X can be viewed as the ‘infinite

cyclic cover’
oo

Ux) = J #x

obtained by glueing together a countable number of copies of X.

271D 21D 231D

21710 ZiC 210 ZIT2C

If X is a fundamental quadratic Poincaré cobordism in A (resp. Fi(A))
then the union U(X) is a quadratic Poincaré complex in A[z, 2] (resp.

F1(A)[z,271).
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THEOREM 16.2 The quadratic L-groups L.(Alz,27Y]) of a Laurent poly-
nomial extension category Alz, z71] fit into a split exact sequence

2 B
0 — Lp(A) — L,(Alz,27'])) — L, 1(Po(A)) — 0,
with B the composite of the map Lyn(Alz,271])——L,(C1(A)) induced
by the inclusion Alz,271] C C1(A) and the isomorphism of 15.2
B: L,(Ci(A) 2L, 1(Py(A)) .

PROOF Let L, (V) be the cobordism group of fundamental n-dimensional
quadratic Poincaré cobordisms in Py(A)

X = ((fg9): C®C—D, (51,9 & —1p))

which are finitely balanced. The groups L.(V) fit into split exact se-
quences

0 — Lp(A) — Lp(V) — Lp_1(Pe(A)) — 0,
with

Ly(A) — Ln(V) 5 (D,0¢) — (0—D, (0,0)) ,

L,(V) — L,—1(Po(A)) ; X — (C,7) .

It is now possible to work exactly as for the case A = Bf(A) in §§1-
4 of Milgram and Ranicki [47], using the L-theory of the locally finite
additive category with involution Fq(A). Specifically, it is claimed that
the union defines an isomorphism

U : L,(V) — Ly(Alz,271]) ; X — U(X) .
For any finite n-dimensional quadratic Poincaré complex (E,6) in
Alz, z71] and any Mayer-Vietoris presentation of E in C;(A)
i J

E:0—FE'NE- — E"@E — E—0
there exists a finitely balanced fundamental n-dimensional quadratic
Poincaré cobordism X in Fy(A) with

(C.¢) = O((E,0)/ET) ,

such that (E,#) is homotopy equivalent to U(X). The inverse of U is
defined by

U™ Ly(Alz,27Y) — La(V) 5 (B, 0) — X
O

For a ring with involution A and A = Bf(A) 16.2 recovers the split

exact sequence of Ranicki [57]
21 B
0 — Ly(4) — Ly(Alz,z7Y) — Ly _4(4) — 0.

As for Ki(A[z,271]) and (X x S') there are two distinct natural
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choices of splitting L, (A[z,27]), given by the algebraically significant
direct sum system

1) B
Lo(A) T Lu(Alz,271) Lyn—1(Po(A))
il B
and the geometrically significant direct sum system
% B
Ln(A) — Ln(A[zv'zil]) — Lnfl(]P)O(A))
Ji B
with 7 induced by j : A[z, 27| —A; L[z, 27 !]—L and
B = —@R : L, 1(Po(A)) — Ln(Alz,271) ;

(Cvp7w) — (CaPﬂ/)) ®R.
See Ranicki [66] for further details concerning the two types of splitting.

REMARK 16.3 Assume now that A has a a stable canonical struc-
ture which is compatible with the involution, so that an n-dimensional
quadratic Poincaré complex (E,6) in Az, 27!] has a torsion

7(E,0) = 7(6p: E" *——FE) € Wh(A[z,27']) .
The proof of 16.2 gives a finitely balanced fundamental quadratic Poinc-
aré cobordism in Fq(A)
X = ((f9):CoC—D,(5¢,0 & —1))

such that (E,0) ~ U(X) and

Br(E.6) = [C] = [D] € Ro(Fo(A)) .
The Tate Zy-cohomology class 7(E, 0) € H™(Zy; Wh(A[z, z71])) is such
that

Br(E,0) = 0€ H" Y (Zy; Ko(Bo(A)))
if and only if there exists a fundamental quadratic Poincaré cobordism
X in A such that (E,0) ~ U(X).

As usual, there are also versions of the splittings
Lo(Alz,27Y]) = Ln(A) ® Lu-1(Po(A))
for the intermediate and round L-groups, such as
L2 (Alz,z71) = LiP(A) ® Ly, (4)
Ly (Alz,27Y) = Ly(A) © Ly-1(4)
with L3 = Lio}gWh the simple L-groups and L}° = Lio}g{l the round
simple L-groups.
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§17. Lower L-theory

The lower quadratic L-groups L™ (A) (m > 0) are defined for any
additive category with involution A, and the connections with Laurent
polynomial extensions and the Rothenberg exact sequences are obtained.

By convention, write

L(8) = La(A) (neZ).

DEFINITION 17.1 The lower quadratic L-groups of A are defined for

m > 0 by
LE™(A) = coker(i : LfL;T+1>(A)—>Lf;TH>(A[Z,z_l])) (nez).
o
It is an immediate consequence of the 4-periodicity of the quadratic
L-groups L.(A) = L.y4(A) that the lower quadratic L-groups are also
4-periodic
LE™(A) = LY(A) (m>0,n€e).
The duality involutions act on the split exact sequence of §10

! Be& N, & N_
0 —s Ki(A) — Ki(Alz,27]) ————

Ko(Po(4)) @ Nily(A) @ Nilp(A) — 0
by
ik = *i) , B¥x = —xB |, Nix = xNg,
so there is induced a split exact sequence of the Tate Zs-cohomology
groups

0 — H"(Za; K1(A)) LR H™(Za; Ky (Alz,271)))

2 B @i Ko(Po(A)) — 0.
Define the duality involution on the lower K-groups
x @ K_p(A) — K_,,(A)
to agree with (—)™ the projective class duality
()™ Ko(Pan(A)) — Ko(Pm(A)) |
or equivalently with (—)™*! the torsion duality
(=)™ % 0 Ki(Cry1(A)) — K1(Crpa(A))

With this convention there are defined split exact sequences
1

0 — H"(Zo; Ki_m(A)) — H™(Zy: Ki_pm(Alz,271]))

B
— H" (Lo K- in(Po(A))) — 0
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for all m > 0.
Define the reduced lower K -groups of A by
K_,(Po(A)) = coker(K_p,(A)—K_,,(Po(A)))
(= K_pn(A) form>1).

THEOREM 17.2 The lower quadratic L-groups are such that for all m >
—landneZ

L™ (A=) = LE™ @) @ LTV (A)

LiT™(Ci(A) = L7V (A)
LT™(A) = Lintn(Pm(A))

- Lm+n+1(cm+1(A)) = Lfn+n+2(cm+2(A)) )

and there are defined Rothenberg exact sequences

L — LEmD(A) — LE™(A) — H™(Zo; K (Po(A)))

— L< m+1>(A) —

PRrOOF By induction on m, with the initial case m = 0 already obtained

in §16. As usual, there are two preferred ways of splitting the exact
sequence

i B
0 — LI (A) — L™V (Alz 7)) — LTy (Bo(A) — 0,
an algebraically significant one compatible with the functor j : A[z, 271]
—A and a geometrically significant one involving the split injection
B = —@R : LSM(Py(A) — LE™ D (Alz,27Y) .
i

PROPOSITION 17.3 For any m > 1 the quadratic L-groups L, = L§<1> of
the m-fold Laurent polynomial extension A[Z™] of A are such that up to
natural isomorphism

m

_ m\ ,(1—i)
L) = 3 () B @) men.

1=
PROOF Iterate the case m = 1 obtained in §16. Again, the natural
isomorphism can be chosen to be either algebraically or geometrically
significant. The sum of the algebraically significant summands for i > 1
is the subgroup

ker(ji : Ln(A[Z™])—Ln(A)) € Ln(A[Z™))
with
j o AZ" — A L[Z™] — L

the augmentation functor.
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The geometrically significant summand

im(B,B}...B, = —@R™: L™V (A)— L, (A[Z™])) C L (A[Z™)

m n—m

will be identified in §18 below with the subgroup of the T"*-transfer
invariant elements.
The lower quadratic L-groups of a ring with involution A
LK== (4) = L™ (4) (m20,n€Z)
were defined in Ranicki [57] inductively to fit into the algebraically sig-
nificant splittings
LT Az =) = LM (@) @ L7 (A) (m = 1)
Here, A[z, z71] is the Laurent polynomial extension ring Az, 2], with
the involution extended by

For m = 0,1 these are the projective and free L-groups of A

LO4) = 1x(4) , L) = LhA4) .

EXAMPLE 17.4 The lower quadratic L-groups of a ring with involution A
are the lower quadratic L-groups of the additive category with involution
B/ (A) of based f.g. free A-modules

L™ ) = LE™®B(A) (m>-1).
This is immediate from 17.2 and the identifications
Cn(4) = Ci(Crn-a(4)) ,

Cm(Alz,27Y) = Cn(A)]z,27Y .

REMARK 17.5 Given a ring with involution A let A[z], Alz~1], A[z,z~}]
be the polynomial extension rings with the involution extended by
T =ux.
The lower L-groups L™ (A) (m > —1) were shown in Ranicki [59,4.5]
to fit into split exact sequences
0 — Ly ™(A) — L™ (Alz]) ® Li7™ (A1)
— L™ (Ale,a7]) — LT (A) — 0,
by analogy with the lower K-theory split exact sequences
0 — K _,(A) — K_,(Alz]) & K_,(Alz™1])

— K_p(Alz,27Y]) — K_,1(A) — 0.
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DEFINITION 17.6 The intermediate lower quadratic L-groups L2 (A) are
defined for a *-invariant subgroup S C K_,,(A) (m > 1) by
Li(A) L§$+n(Pm(A)) = L7€7,1+n+1(cm+1 (A) (neiZ)
with Sy C Ko(Pp,(A)), S1 € K1(Cpry1(A)) the x-invariant subgroups
isomorphic to S.
o

The intermediate lower L-groups associated to x-invariant subgroups
S C S C K_py(A) are related by the usual Rothenberg exact sequence

. — L5(A) — LS (A) — H™(Z2;5'/S) — LS_,(A) — ...,
and

L) = L™y, L) = L)

DEFINITION 17.7 The ultimate lower quadratic L-groups of an additive
category with involution A are defined by the direct limits

LN (A) = im LE™(A) (nez),

with Lfl_m> (A) —>L§L_m_1>(A) the forgetful maps.

The ultimate lower L-groups are such that
L) = LE(@o(A) = LET(Ci4) .

The following identification of the functor X—>Li__ﬁo>((co(x)(A))
with a non-connective delooping of L-theory was obtained by Ferry and
Pedersen [28] using geometric bounded surgery methods. (A lower L-
theory delooping was previously obtained by Yamasaki [89] in the con-
text of controlled surgery). See Ranicki [69, Appendix C] for the con-
nection with the assembly map in algebraic L-theory.

PROPOSITION 17.8 For any filtered additive category with involution A
the functor

{compact polyhedra} — {Z-graded abelian groups} ;

X — L5 (Cowx)(A))
is a reduced generalized homology theory with a 4-periodic non-connective
coefficient spectrum 1L~ (A) such that

m<L<—°°><A>> = L),
7 (Cox(A) = H(XLE®)(A))

Proor For homotopy invariance it suffices to consider the ultimate lower
L-theory of Co(cx)(A), with O(CX) the open cone on an actual cone
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CX of a compact polyhedron X. The natural flasque structure defined
on Co(cx)(A) in 3.3 is compatible with the involution. For each m >0
the category C,,(Co(cx)(A)) has a natural flasque structure which is
compatible with the involution, so that

Lfm((Co(cx)(A)) = Lim4+1(Cn(Cocx)(A))) = 0,
and passing to the limit
Li7m>(co(cx)(A)) = hm L§n+*>+1((Cm((C0(cx)(A))) =0

For exactness let X = X+ U X ~. For each m > 0 define the *-invariant
subgroup

Yom = im(9: K_n(Cox+ux-)(A) —K_n-1(Pox+nx-)(4)))
< K—m—l(PO(XﬂwX*)(A)) )
which is naturally isomorphic to the x-invariant subgroup
Y!,, = im(9: Ki(Coix+ux—)(A)—Ko(Pox+nx—)(4)))
C Ko(Po(xr+nx—)(A))
with X’ = ¥m*1X, X'+ = ¥+ X+ the (m + 1)-fold reduced suspen-
sions. By 14.6 there is defined a Mayer-Vietoris exact sequence

L— Ly (Pox+nx-)(A))
— L™ (Corx+)(A)) @ L™ (Corx-)(A))

0
— Lé_m((co(xw)r)(A)) - L::T(PO(XWX’)(A)) R

Passing to the limit as m — oo and identifying

lim L2 (Po(x+nx—)(A) = L& (Po(x+nx-)(A))

= LI (Comxrnx—(4))
gives the ultimate lower L-theory exact sequence
L — L (Coxtnx—(A)) —
LT (Co(x+)(A)) ® L (Cox—(A) —

0
L5 (Corxrux () — LT (Corxrnx—H(A) — ... .

§18. Transfer in L-theory

In §12 the lower K-group Ki_n(Po(A)) (= Ki—m(A) for m > 2)
was identified with the subgroup Ki(A[Z™])!NV of the T™-transfer in-
variant elements in K;(A[Z™]). The same is now done for L-theory,
identifying the lower L-group L= (A) (m > 1) with the subgroup
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L n(A[Z™))INV of the T™-transfer invariant elements in L, ., (A[Z™]).
Again, start with the case m = 1.
As in §16 consider first the case of manifold bordism. The g-fold
covering map q : S'——S'; z——29 induces transfer maps
¢ ¢ QX xS — Qu(X xSY) 5 (W, f) — (W', f)
using the pullback diagram
f!

W —— X x St

T

f

W—< X xSt

If f:W—X x St is transverse regular at X x {*} C X x St with
inverse image the codimension 1 framed submanifold
M= fY{Xx{Hcw
then f': W'—X x S is also transverse regular at X x {*} C X x S!
with inverse image a copy of M
M= ()7 X x{=})cw',

so that

Bg(W.f) = BOW'.f') = (M.f]) = BW.f) € Qn1(X) .
Moreover, if f: W—X x {*}—X x S! then

q¢W,f) = WL = [I ) = aW, f) € Qu(X x ") .

q

Thus the bordism transfer map fits into a morphism of split exact se-
quences

0—— Qn(X) — =0, (X xS —B 0, (X)——0

T

0—— (X)) —— 0, (X xS —B — 0, ,(x)——0

and the image of the split injection
C: Qu1(X) — QX x SN 5 (M, f) — (M x S', fx1)
coincides with the subgroup of transfer-invariant bordism classes
Qn(X x SHINV =
{W.f) € (X x S [¢ (W, f) = (W, f) for all ¢ > 1} .
The identity
im(C: Qp_1(X)— 0, (X x 8)) = Q, (X x SHINVV
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allows the identification
Qu(X x SHINY = Q, (X) .

Similar considerations apply to geometric Poincaré bordism, with a mor-
phism of split exact sequences

0—— X)) —L soh(x x s —B qor

[

0—— X)) — s oh(x x s —B or (x)——0.

(X)——0

It follows that there is an identity
im(B: QP [(X)—QM(X x SY) = QX x §HINV

n—1
with B’ the geometrically significant split injection, allowing the identi-
fication

QX x SHINV = of

n—l(X) .
For an additive category with involution A and any integer ¢ > 1 the
g-fold transfer on the bounded Z-graded category
qg—1
¢ : Ci(A) — Ci(A); M — ¢'M , ¢!M(j) = ZM(qj-l—k)
k=0
is a functor of additive categories with involution. The g-fold transfer
functor on the Laurent polynomial extension category
|

q¢ : Alz, 27 — Alz,27Y];

Llz,z7" ] — ¢'(Llz271) = Q_L)[z27]
k=0

induces the ¢-fold transfer maps in the algebraic L-groups
¢ : Lo(Alz,27Y) — Ln(Alz,27Y) .
By analogy with 12.1 and 12.2:
DEFINITION 18.1 The S*-transfer invariant subgroup of L., (A[z,271])
is
Lo(Alz, 27 )NV = {2z € L,(Alz,27Y]) | ¢' (@) = = for every ¢ > 2} .

O

PROPOSITION 18.2 (i) The effect of ¢' on the geometrically significant
direct sum decomposition of L,(Alz,27]) is given by the commutative



152 LOWER K- AND L-THEORY

diagram _
(i B')
—_—

Ln(A) ® Ly—1(Po(A)) LH(A[szil])

@1 g

(i B')

L,(A) @ L,—1(Py(A)) Ln(Alz,27Y) .

(ii) The image of the geometrically significant split injection

B’ : L, 1(Py(A)) — Ln(Alz,271))
is the subgroup of the S'-transfer invariant elements

L, 1(Po(A)) = im(B') = L,(Alz,z7 1INV .

(iii) The effect of ¢* on L,(Cy(A)) is

q! = 1: Ly(Ci(A)) — La(Ci(A)) .
PROOF (i) By the proof of 16.2 it is possible to regard L, (A[z, z71]) as
the cobordism group of n-dimensional quadratic Poincaré cobordisms in
Po(A)

X = ((f- f+): CoC—D, (5, & —¢))
such that
[C] = [D] € Ko(Po(A)) -
The g-fold transfer of X is the union of ¢ copies of X
X = JX = (/1 1) CoC—D, (600 )
q

with D’ = C(g) the algebraic mapping cone of the chain map

fo 0 0 ... 0
. fe 0 ... 0
0 —f fr ... 0
9 = : : - :
o 0 0 .. f
o 0 0 .. —f
: ZC = CeCo®..eC — ZD = DeD®...®D .
g—1 q

The relations B'q' = B’, i1q¢' = i1q are now clear.
(ii)+(iii) Immediate from (i).
o
Let m > 1. For any m-tuple Q = (¢1, ¢2, ---, ¢m ) of integers g; > 1 the

Q-fold transfer functor of additive categories with involution
g1—1g2—1 gm—1

Q'+ AZ™ — AZ™); LEM — (3 Y . 3 D2

Jj1=0 j2=0 Jm=0
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induces transfer maps in the L-groups
Q' Lo(A[Z™)) — L.(A[Z™) .
By analogy with 12.3 and 12.4:

DEFINITION 18.3 The T -transfer invariant subgroup of L, (A[Z™]) is
Lo(A[Z™)INYV = {2 € L,(A[Z™)) | Q' (z) = z for every Q} .

O

PROPOSITION 18.4 For each m > 1 the geometrically significant split
injection
BiBy...B! : L' "™(A) — Lyin(A[Z™)

maps the lower quadratic L-group to the subgroup of the transfer invari-
ant elements in Ly4n(A[Z™))

LI=™(A) = im(B{BYy...B.)) = Lyin(A[ZT])™NV .
Proor This follows from the case m = 1 dealt with in 18.2 and the

factorization of the Q-fold transfer for @ = (q1, g2, .. ., ¢m) as the m-fold
composition of the single transfers

Q' = (@)(@) .. (an) = AZ™] — AZ]
with (g;)" acting on the jth coordinate (1 < j < m).

§19. Symmetric L-theory

The symmetric L-groups L*(A) of an additive category with involution
A are defined in Ranicki [68] to be the cobordism groups of symmetric
Poincaré complexes in A. The symmetric L-groups of A = Bf(A) for
a ring with involution A are the symmetric L-groups L*(A) of Ranicki
[61]. Except for 4-periodicity all the results on the quadratic L-groups
L.(A) of §13-§18 have symmetric L-theory analogues, with entirely anal-
ogous proofs. In particular, there are defined lower symmetric L-groups
LY ,y(A) (m =0, n € Z). The one noteworthy feature is that for
n < —3 the lower symmetric L-groups coincide with the lower quadratic
L-groups L™ (A).

Let € = 1. Given a finite chain complex C in A let Zs act on C®4 C
by the e-transposition involution

T : CR,C — C®,C; ¢ — €T .

-symmetric
The { sy . Q-groups of C are defined by
e-quadratic

{ Qn(cv E) = Hn (HomZ[Z2] (W, C QA C))
Qn(Cie) = H,(W Rz[24] (C®aC)) .



154 LOWER K- AND L-THEORY

- tri
See Ranicki [68] for the definition of the n-dimensional { crsymimenrie

I L™(Ae)
-group Ln(A, )
{ e-symmetric

e-quadratic
(n > 0) as the cobordism group of n-dimensional
(C,¢ € Q"(C,e))
(C. ¥ € Qn(C,e))
¢y : O — C
1+TH)py : C"* — C

Poincaré complexes { in A, with

e-quadratic

LO(A LY(A
a chain equivalence. { I EA: 3 (resp. { LlEA: 3) is the Witt group of

e-symmetric

nonsingular { forms (resp. formations) in A. The skew-

e-quadratic
suspension maps
{5 : LA €) — L"T2(A, —€) ; (C,¢) — (SC,S¢)
S Ln(A,€) — Lnta(A, —€) 5 (C,9) — (SC, gw)
are isomorphisms in the e-quadratic case, but not (in general) in the
e-symmetric case. For € = 1 write

L*(A1) = L*(A) , L.(A,1) = L.(A).

DEFINITION 19.1 An n-dimensional e-symmetric complex (C, ¢) in A is
even if there exists ¥y € Homy (C™, C),) such that
po = Yot+e; : C" — C, .
o

(Let L{vg)™ (A, €) be the cobordism group of n-dimensional even e-symm-
etric Poincaré complexes in A. The skew-suspension maps

S ¢ L"(A€) — L(vo)" (A, —€) 5 (C,9) — (SC,59)
are isomorphisms for all n > 0).
The unified L-theory of Ranicki [63,§1.8] (originally for A = P(A4))

allows n-dimensional e-symmetric complexes to be defined for alln < —1
in any additive category with involution A, namely

2i-dimensional e-symmetric complex

even (—e)-symmetric i=-—1
= O-dimensional{ (—)ie-éuazlrgtic complex for {z <_g
(2i 4+ 1) — dimensional e-symmetric complex
even (—e)-symmetric i=-—1
= 1-dimensional i E )5y . complex for ¢ | o
(—)*e-quadratic i< -2

The cobordism groups L™(A, €) of n-dimensional e-symmetric complexes
in A are defined for all n € Z to be the cobordism groups of n-dimensional
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e-symmetric Poincaré complexes in A, with
L"(Aye) = Lp(Aje) forn <-3.

Only the most important of the symmetric L-theory versions of the
results of §13-§18 are spelled out:

PROPOSITION 19.2 (i) For a compact polyhedron X = X+ U X~ C Sk
the e-symmetric L-groups of the bounded O(X+ U X ~)-graded category
Co(x+ux—)(A) of a filtered additive category with involution A fit into
a Mayer-Vietoris exact sequence

e —>L¥(Po(x+ﬂxf)(A),€) —>Ln(CO(X+)(A),€) (&) Ln((CO(X—)(A),G)

— L"(Cox+ux—)(A),e) — L;‘/_l(IPO(X+mX7)(A),e) — ...
(nez),
with
Y

ker(Ko(Po(x+nx—)(A) —Ko(Po(x+)(A)) & Ko(Po(x-)(A)))
im(é : Whtco(x) (A))—>I~(0(Po(x+nx—)(A)))
- EO(PO(me—)(A)) :

(ii) The e-symmetric L-groups of C1(A) and Alz, 27| are such that for
alln € Z

L™(Ci(A),€) = L' (Po(A),e) ,
L"(Alz,27'],€) = L™(A,e) @ L" *(Po(A), ) .

By convention, write
fy(h,e) = L(h,e) (ne).

DEFINITION 19.3 The lower e-symmetric L-groups of A are defined by
L (A,e) = coker(s : L?j;H)(A, e)—>L?j;+1>(A[z,z*1],e))

(m>0,nez).

Note that for n < —3
L (86 = LE™ (B0 (m2 1),

with the lower (—)*e-quadratic L-group Li;:g,z (A, (—)F¢) defined for any
k such that n + 2k > 0.
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PROPOSITION 19.4 The lower e-symmetric L-groups are such that for
allm>0,n€eZ

BOZEEED 3 (4 ATy
=0
Fy (Bl 270 = Dy (4,0 © L7 4y (816

(=m—1)
? )((C (A)7€) = L?—_wlm—1>(A7€) )

Cmy(Aye) = L™ (P (A),€) = L™ (Crpa(A),€)
= LI (Crga(A) )
2L17m> (A, 6) — L7n+"(A[Zm],6)INV ,

and there are defined Rothenberg exact sequences
= Ly (Ase) — L (A €) — H"(Zo; Kn(Po(A)))

Lnl

(- m+1>(A,e) -

O

DEFINITION 19.5 The wltimate lower e-symmetric L-groups are defined
by the direct limits

L7 y(Aje) = lim L . (Ae) (neZ),

m— 00

with L7 (A €)= L7 (A, €) the forgetful maps.

PROPOSITION 19.6 For any A, € the functor
{compact polyhedra} — {Z-graded abelian groups} ;

X — L*+1 (Co(x)(A),G)

(—o0)
is a reduced generalized homology theory with a non-connective coeffi-
cient spectrum L%_O@(A, €) such that

’/T*(L(—oo)(A7€)) = L?—oo)(A7€)7
LiH (Coxy(A)e) = H(X;Li ) (Ae) .

§20. The algebraic fibering obstruction

The chain complex approach to the K- and L-theory of the Laurent
polynomial extension category A[z, 271] developed in §10 and §16 will
now be used to give an abstract algebraic treatment of the obstruction
theory for fibering n-dimensional manifolds over S* for n > 6. Fol-
lowing the positive results of Stallings [79] for n = 3 and Browder and
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Levine [11] for n > 6 and m = Z a general fibering obstruction theory
for n > 6 was developed by Farrell [21],[22] and Siebenmann [74], [76],
with obstructions in the Whitehead group of an extension by an infi-
nite cyclic group. See Kearton [38] and Weinberger [85] for examples of
non-fibering manifolds in dimensions n = 4,5 with vanishing Whitehead
torsion fibering obstruction.

The mapping torus of a self-map h : F——F is defined by

T(h) = Fx[0,1]/{(x,0) = (h(z),1)|z € F},

as usual. If F' is a compact (n— 1)-dimensional manifold and h : F—F
is a self homeomorphism then T'(h) is a compact n-dimensional manifold
such that

T(h)y — I/(0=1) = S'; (z,t) — [{]
is the projection of a fibre bundle over S! with fibre F' and monodromy
h.
A CW complex band is a finite CW complex X with a finitely domi-
nated infinite cyclic cover X. Let ¢ : X——X be a generating covering

translation. For the sake of simplicity we shall only consider CW com-
plex bands with

Go=1: m(X) — m(X),
so that
m(X) = 71'1()_() xXZ , Zm(X)] = Z[m()_()][z,z_l].

However, there is also a version of the theory which allows a non-trivial
monodromy (, : 71 (X)——1(X) in the fundamental group, correspond-
ing to the exact sequences of Farrell and Hsiang [23] and Ranicki [58] for
the K- and L-groups of a-twisted Laurent polynomial rings A, [z, 27!
with az = za(a) for an automorphism o : A— A

11—«

Ki(A) — K1 (A) — Ki(Aalz,271Y)

(1—)®0®0

— Ko(A) & Nilg(4, o) @& Nilg(4, a™ ) Ko(A) ,

o LI(A) S8 La(A) — La(Aalz 2 ) —— L (A)— .
with J = ker(1 — o : Ko(A)—Ko(A)) and z = 2~ L.
A finite structure on a topological space X is an equivalence class of
pairs
(finite CW complex K , homotopy equivalence f : K—X)
subject to the equivalence relation

(K, f) ~ (K" f) i 7(f 7 K——K') = 0 € Wh(m(X)) .
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The mapping torus T'(¢) of a generating covering translation ¢ :
X——X for a CW band X has a preferred finite structure (Mather
[46], Ferry [27] and Ranicki [67]), represented by (T'(fCg),h) for any
finite domination of X

(K, f:K—X,9g: X—K,gf ~1: K—K),

with h : T(f¢g) ~ T(g9f¢) ~ T(¢) defined as in [67,§6]. Let p: X —X
be the covering projection, and define homotopy equivalences

¢ T(Q) — X (z,t) — pla) ,

¢ T — X (1) — pla) .
The intrinsic finite structure on X is not in general compatible with
either of the extrinsic finite structures X inherits via ¢, ¢~ from the
preferred finite structures on T'(¢), T(¢™1).

The geometric fibering obstructions of a CW band X with respect to
a choice of generating covering translation ¢ : X ——X are the torsions

H(X) = 7(¢" : T(Q)—X) .

O7(X) = (¢ :T(¢H)——X) € Wh(m (X))
measuring the difference between the intrinsic and the two extrinsic finite
structures on X. The effect on the fibering obstructions of the opposite
choice of generating covering translation ( is given by

T (XP) = & (X), & (XP) = dT(X).
Further below, the fibering obstruction of a manifold X with finitely
dominated infinite cyclic cover X will be identified with the geometric
fibering obstructions of the underlying CW band — in the manifold
case there is a Poincaré duality @~ (X) = £®*(X)*, so the two fibering
obstructions determine each other.

Let (B,A C B) be a pair of additive categories. Given a self chain
equivalence h : C——C of an A-finitely dominated chain complex C in
B define the mized torsion-class invariant

[C.h] = 7(—zh:Clz,27]—Cl[z,27']) € Wh(Alz,27Y]) .
The mixed invariant has components

[th] = (T(h)v[C]vOaO)

€ Wh(Alz,z7']) = Wh(A) & Ko(Po(A)) & Nilg(A) & Nilg(A)
with respect to the geometrically significant direct sum decomposition
of Wh(A[z,271]). The mixed invariant of a self-homotopy equivalence
h : X—>X of a finitely dominated CW complex X with h, = 1 :
m1(X) = m—m is defined by

[X,h] = [C(X),h] € Wh(r x Z) ,
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with i : C(X)—C/(X) the induced self chain equivalence of the finitely

dominated cellular Z[r]-module chain complex of the universal cover X.

In Ranicki [67] the mixed invariant was identified with the torsion
[X,h] = 7(hx —1: X x S'—X x S') € Wh(n x Z) .

Assume now that A has a stable canonical structure. An A-finite
structure on a chain complex C in B is an equivalence class of pairs
(D, f) with D a finite chain complex in A and f : D——C a chain
equivalence, subject to the equivalence relation

(C.f)~(C', f) if 7(f'f:D—D') = 0€ Wh(A).

Given a self chain equivalence h : C——C' of an A-finitely dominated
chain complex C'in B (as before) define a preferred A[z, z~!]-finite struc-
ture (E, k) on the algebraic mapping torus

TH(h) = T(h) = C(1—zh:Clz, 27 |—Clz,27Y])
as in Ranicki [67,§6], using any A-finite domination (D, f : C—D, g :
D—C,gf ~ 1) of C, with E = T(fhg : D—D). Define similarly
a preferred Az, 2~ 1]-finite structure on the opposite algebraic mapping
torus

T (h) = C(1—2"'h:Clz,27]—C[z,27"]) .
For any chain homotopy inverse h=! : C——C of h let
r: T (h™Y) — TH(h)
be the chain equivalence defined by

r = (_gh i) : T_(h_l)n = C,®Ch1 —>T+(h)n = C,®Ch

for the appropriate e : C,,_1——C),. The torsion of r with respect to the
preferred A[z, z~!]-finite structures is the mixed invariant of h

7(r) = [C,h] € Wh(A[z,27Y]) .
For any CW band X there is defined a homotopy commutative dia-

gram
T ———T()
X
with

re T — T (@t) — (z,1-1).

With the conventions of 8.15 the cellular Z[r x Z]-module chain complex
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of the universal cover T(C) of T'({) is the algebraic mapping torus of
(T O(X)—C(X)
C(T(©) = T
= O(1— 201 C(X)[z, 27 ]—C(X)[2,27Y]) .
Now 7 induces the isomorphism of fundamental groups
re : m(T(CY) = axZ — m(T(Q) = 7xZ; (g,n) — (g9,—n),
and the induced Z[r x Z]-module chain equivalence
P C(T(¢Ch) — C(T(Q)
is given algebraically by
T C(R)—O(R) — THE T C(R)—C(X))
with torsion the mixed invariant
() = [C(X),E7Y] = [X,¢71] € Whix x Z)
Applying the sum formula for Whitehead torsion gives
P (X)-dMN(X) = 7(r) = [X,(eWh(x xZ) .
Let now E be a chain complex band in A[z,z7!], that is a finite

chain complex such that i'E is Co(A)-finitely dominated in G1(A). The
positive and negative end invariants [E]4 are such that

[E]ly + [E]- = [i'E] € Ko(Po(A)) -
The universal Mayer-Vietoris presentation
1—2¢!

E(x0) : 0 — iyi' B ———— 01i'E LB

determines chain equivalences in G1(A)[[z, z71]]

¢t = 0): TN = CA-2¢") — B,

= 0) T = CU-2) —E.
Working as in Ranicki [67,§6] use a Co(A)-finite domination of i'E in
G1(A)

(D, f:i'E—D,g: D—i'E, gf ~ 1)
to define a preferred A[z, 2~ !]-finite structure (C, k) on T*(¢™1) with
C = T(f¢'g: D—D),
and similarly for 77 (¢). The chain equivalence
re () — T

is defined by

-2t 0
= (%)

T (On = i'Bn®i'Epy — T = i'En®i'Eyy
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with torsion the mixed invariant
T(r: T (()—T* () = ['E, (' € Wh(Alz,271]) .
The algebraic fibering obstructions of a chain complex band E in
Alz, 271 are defined by
oHE) = 7(¢":TH(CH—E),
O (E) = g~ i T~ (()—FE) € Whih[z,z"1) ,
and are such that
O7(E) —@H(B) = 7(r: T~ (()—T7(C")
= ['E,¢"Y € Wh(A[z,27Y) .
The geometric fibering obstructions of a CW band X with m (X) =

7 X Z are just the algebraicjibering obstructions of t}ie cellular Z[r x Z]-
module chain complex C(X) of the universal cover X

d*(X) = H(CO(X)) € Whin x Z) .
The algebraic mapping torus of a self chain equivalence h : F——F of
a finite chain complex F' in A
T(h) = C(1—zh: Flz,27 ' |—F|z,27Y))
has T(h) ~ F, ¢ =~ h™!, so that the algebraic fibering obstructions are
given by
o*(T(h))
®~(T'(h))

7(1: T(h)—T(h)) = 0€ Wh(A[z,2z7']),
(r: T (h"Y)—T7"(h)) = [F,h] = irr(h)
€ im(iy : Wh(A)—Wh(Alz,27'])) .
A chain complex band E in A[z,z7!] is simple chain equivalent to

T(h) for a simple self chain equivalence h : F——F of a finite chain
complex F'in A if and only if

PT(E) = @ (E) = 0€ Wh(A[z,271]) .
®t(FE) has image
(B&Ni @& N_)®"(E)

= (-[B)-, ["'B/¢N BV, QL B/ BT CTY)
€ Ko(Po(A)) ® Nilg(A) & Nilo(A) ,
for any N = (N*,N~) € N/(E). Similarly, ®~(E) has image
(B& Ny & N_)®(B) = ([Ely, [i'B/CY B¢ EE/CY ET,Q)
€ Ko(Po(A)) @ Nilg(A) @ Nilo(A) .

The algebraic fibering obstructions are absolute invariants of chain
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complexes which determine the Whitehead torsion, by analogy with Rei-
demeister torsion. (In the geometric context this was already observed
by Siebenmann [74], [76]). Specifically, the Whitehead torsion of a chain
equivalence f : E'—F of chain complex bands in A[z, z71] is given by
7(f) = @7 (B) - @7 (F)
= ®(E) - & (E') € Wh(Alz,="Y)

since there are defined commutative squares of chain equivalences

T*((¢)F) ———T%(™)

((J’)il lqi

E / E

with
T(TH()TH—T* (™) = 0€ Wh(A[z,271) .
In particular, if E is a contractible finite chain complex in A[z, 27 !] the
fibering obstructions are given by the torsion
OT(E) = & (E) = 7(E) € Wh(A[z,271]) .
If A has an involution then the n-dual of a chain complex band E in

Alz,2z71] is a chain complex band E"~* with algebraic fibering obstruc-
tions given by

EE"™) = ()" 10T (E) € Wh(A[z,271]) .
For a pair (B, A C B) of additive categories with involution the dual of

the mixed invariant [C,h] € Wh(A[z,271]) of a self chain equivalence
h : C——C of an A-finitely dominated chain complex C in B is given by

[C,h]* = 7(—zh:C[z,27]—Clz, 27 '])*
= 7(—2z7 W Oz, 27— C*[z, 27 1))
= —[C*,(h") '] € Wh(Az, 27 1) .
If (E,0) is an n-dimensional symmetric Poincaré complex in A[z, 271]
with E a chain complex band then (i'E,'6) is an A-finitely dominated

(n—1)-dimensional symmetric Poincaré complex in F1(A). The ‘covering
translation’

¢ :VE—i'E; 2z — 2z
defines a self chain equivalence

¢ : ('E,i'0) — (i'E,i'0)
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such that
(B, = —[('E)", ¢ = (2B, e Wh(A[z,271)

Q)" = (9)"1(¢) e Wh(A), [I'E]" = ()" '[i'E] € Ko(Po(A)) .
The torsion
7(E,0) = 7(0y: E"*——E) € Wh(A[z,27Y))
is such that
7(E,0) = ®7(E) - dT(E"™") = o7(E) + (-)"®™(E)*
= OH(E)+ ()"t (E) +[I'E, ¢ € Wh(A[z,271])
Br(E,0) = [E]; + (-)"([E]-)" € Ko(Po(A)) ,
Ni7(E,0) = Ni®F(E)+ (—)"(Nz®*(E))*
= —(['B/¢FNTEE (T + (-) [ B/ BE (T

€ Nily (A) .
The algebraic mapping torus 7'(¢) is an n-dimensional symmetric Poinc-
aré complex in F1(A)[z, 271] with a preferred A[z, z7!|-finite structure,
with respect to which
T(T() = ['E.¢7'] = (-)"['E.¢T']" € Wh(A[z,271)) .

Any chain equivalence E ~ T'(h) to the algebraic mapping torus of
a self chain equivalence h : FF——F of an A-finitely dominated chain
complex F can be lifted to a chain equivalence i'E ~ F, and F supports
an (n — 1)-dimensional symmetric Poincaré structure ¢ preserved by h,
such that there is defined a homotopy equivalence of homotopy A-finite
n-dimensional symmetric Poincaré complexes

(E,0) ~ T(h:(F,¢)—(F,9)) .

Thus &+ (E) = & (F) = 0 € Wh(Alz, 27 1]) if and only if (E, 6) is simple
homotopy equivalent to the algebraic mapping torus T'(h) of a simple
self homotopy equivalence h : (F, ¢)—(F, ¢) of an (n — 1)-dimensional
symmetric Poincaré complex (F, ¢) in A, in which case (F,0) (but not
necessarily (F, ¢)) is simple.

For a simple n-dimensional symmetric Poincaré complex (E,#) in
Alz, 271

7(E,0) = ®H(E)+ (-)"® (E)* = 0€ Wh(A[z,2z7']),
and
N 7(E,0) = Ny®H(E)+ (=)"(N_®"(E))* = 0 € Nily(A) ,
so the two Nil-components of &1 (E) are related by
Ny@H(E) = (—)""{(N_@*(E))" € Nilp(A) .
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Since

OT(E) = (—)" 'O (E)* € Wh(A[z, 27 1))
there is redundancy in the two algebraic fibering conditions

dT(E) = & (E) = 0€ Wh(A[z,27Y]),
and ®*(E) = 0 € Wh(A[z,271]) if and only if (E,#) is simple homo-
topy equivalent to the algebraic mapping torus 7'(h) of a simple self
homotopy equivalence h : (F,¢)—(F,¢) of an (n — 1)-dimensional

symmetric Poincaré complex (F,¢) in A. For any such (F, ¢) the Tate
Zo-cohomology class of the torsion

T(F,¢) = (=)""'7(F,¢)" € Wh(&)
is the image of the W ho-invariant
(B, 0) € H™(Zy; Wha(Alz,271]))
under the split surjection induced by the W hs-analogue
By : Wha(Alz, 27 1) — Wh(A)
of B: Wh(A[z, 2~ 1)) — Ko (Po(A))
T(F,¢) = Byra(E,0) € H" *(Zy; Wh(A)) .
There exists a simple homotopy equivalence
(B,0) =~ T(h:(F,¢)—(F,9))
with
T(h: F—F) = 7(F,¢) = 0€ Wh(A)
if and only if
®T(E) = 0€ Wh(Alz,27Y),
By (E,0) = 0€ H" '(Zy; Wh(A)) .

The W ho-invariant is implicit in the way Wall [84,§12B] used fibering
obstruction theory to identify the codimension 1 splitting obstruction
groups LS, in the two-sided non-separating case with H*H1 (Zo; Wh(m)).
Indeed, the groups M, of [84, Thm. 12.6] are the higher L-groups deco-
rated by im(é : Wha(m)—Wha(m x Z)). The fibering W he-invariant
is closely related to the pseudo-isotopy W he-invariant of Hatcher and
Wagoner [33], and appears explicitly in the work of Kinsey [41] on the
uniqueness of fibre bundle structures over S*.

If X is an n-dimensional geometric Poincaré complex which is a CW
band then the torsion of T'(¢) with respect to the preferred finite struc-
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ture is such that
T(T(Q) = 7(r:T(¢")—T() = [X,¢7'] = (-)"[X.¢7,
T(X) = 7(T(Q)) + @7 (X)+ (=) e (X)"
= T(X)+(—)"®7(X)" € Wh(m (X)) .

A ‘candidate for fibering’ in the sense of Siebenmann [76] is a compact
n-dimensional manifold X with a finitely dominated infinite cyclic cover
X. Again, only the case (. = 1 : 7 = m(X)——m1(X) is considered
here, so that m(X) = m# x Z. For n # 4 X is a CW band, since it
is a CW complex via the handlebody decomposition, but in any case
X has a preferred intrinsic finite structure. Any finite CW complex
Y in the preferred simple homotopy type of X is a CW band which
is a simple n-dimensional geometric Poincaré complex. The algebraic
fibering obstruction of X is defined by

dH(X) = &H(C(X)) € Wh(r x Z) ,
interpreting C(X) as C(Y) if n. = 4. ®*(X) is the total fibering obstruc-
tion of [76] and Farrell [22], such that ®*(X) = 0 if (and for n > 6 only
if) X fibers over S!, i.e. is homeomorphic to the mapping torus T'(h) of a
self-homeomorphism h : F—F of a compact (n — 1)-dimensional mani-
fold F, with the infinite cyclic cover X Z-homeomorphic to T'(h) = FxR.
The total fibering obstruction ®*(X) is related to the original two-stage
fibering obstruction theory of Farrell [21] by the geometrically significant

split exact sequence

i B&N{GON_
0 — Wh(n) — Whinr X Z) ————

Ko(Z[r)) & Nily(Z[r]) & Nily(Z[r]) — 0 .
The images
+ — -1 — o eNToX\H e K

BeT(X) = —[X7] = —-[iC(X)/¢"" C(X)"] € Ko(Z[r]) ,

N®H(X) = [ O(X)/¢NC(X)*, ] € Nilo(Zlx))
are the primary obstructions of [21], being the components of the split-
ting obstruction of Farrell and Hsiang [23] (cf. 10.9) ; if these vanish and
n > 6 there exists a fundamental domain (V;U,(U) for X which is

an h-cobordism, with the torsion 7(V;U,(U) € Wh(n) the secondary
obstruction, such that

oH(X) = ir(V;U,¢U)
cker(B® Ny @ N_: Wh(m x Z)
— Ko (Z[n]) ® Nilo(Z[r]) @ Nilo(Z[r]))
= im(4 : Wh(m)—Wh(r x Z)) .



166 LOWER K- AND L-THEORY

Thus ®*(X) = 0if and only if (V; U, ¢U) is an s-cobordism, which by the
s-cobordism theorem is homeomorphic to a product U x ([0, 1]; {0}, {1}).
Since X is simple

7(X) = F(X) + (0)"eH(X) +[X, ("] = 0e Wh(r x Z)

Br(X) = [XT]+(-)"[X7]" = 0€ Ko(Z[n]) .

The identity
[X*] = (-)"'X7)" € Ko(Z[n])

is a generalization of the end obstruction duality theorem of Sieben-
mann [73,§11]. Since X is a manifold 7(X) = 0 € Wha(r x Z), so
&1 (X) € Wh(n x Z) is the only algebraic obstruction to X being simple
homotopy equivalent to the mapping torus T'(h) of a simple self homo-
topy equivalence h : F——F' of a simple (n — 1)-dimensional geometric
Poincaré complex F'.

Siebenmann, Guillou and Hahl [77,5.13] developed a version of the
fibering obstruction theory for Hilbert cube manifolds. In the corrected
version of this theory (Chapman and Siebenmann [19,p.208]) there are
two independent obstructions, which are precisely the two algebraic
fibering obstructions ®T(FE), ®~(E) of the associated chain complex
band E.

It is possible to extend the algebraic fibering obstruction theory to fi-
brations over manifolds other than S, which in the non-simply-connected
case necessarily involves both lower K- and lower L-theory. For the ge-
ometric fibering obstruction theory see Casson [17], Quinn [55], Burghe-
lea, Lashof and Rothenberg [14] and Levitt [43]. For fibrations over
T™ part of the obstruction concerns the expression of a non-compact
manifold as a product M x R™ - see Bryant and Pacheco [13] for the
corresponding obstruction theory. There is also a connection with the
geometric theory developed by Hughes, Taylor and Williams [37] for
relating manifold approximation fibrations and bundles.
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