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Chapter 1
Introduction

In the first part of this chapter we introduce some motivation examples and show that
these possesses a common structure. Finally, we indicate what we do in more detail in
the chapters to follow.

1.1. Motivating examples

In this section we shall by using simple examples introduce our class and indicate what
are natural (control) questions for these systems. We begin with the example of the
transmission line. This model describes the charge density and magnetic flux in a cable,
as is depictured below.

¢ =)
I @T ""a . 1(b)

Figure 1.1.: Transmission line

Example 1.1.1 (Transmission line) Consider the transmission line on the spatial
interval [a, b]

9Q _99(G1)
9¢ _9QG1)

Here Q((,t) is the charge at position ¢ € [a,b] and time ¢ > 0, and ¢((,t) is the flux
at position ¢ and time ¢. C is the (distributed) capacity and L is the (distributed)
inductance.
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The voltage and current are given by V' = @Q/C and I = ¢/L, respectively. The energy

of this system is given by
o( C7 Q(¢,1)?
dcC. 1.2
/ o 2

If ¢ and @ satisfy the differential equation (1.1), then we find the following

¢ )+ Lo .
:/b <w Kﬂ_@@)g_@w%
a () o C(Q)  CQ) ¥ LQ)
¢,

/ac[&Qqu“

0a,1) Qat)  $(b1) Q(b.t)
L(a) Cla) L(b) C®)

(1.3)

We see that the change of energy can only occur via the boundary. We can also write
the expression of (1.3) using voltage and current, and we find that

d
dt

Since voltage times current equals power and the change of energy is also power, this
equation represents a power balance. We interpret this equality by saying that the
power of the systems equals the power flow at its boundary. Hence by choosing proper
boundary conditions we may ensure that the energy stays within the system.

A natural control question would be how to stabilize this system. The power balance
(1.4) is very useful for solving this question. Suppose that the voltage at ( = a is set
to zero, and at the other end we put a resistor, i.e., V(b,t) = RI(b,t). We see from the
power balance (1.4) that

ZB(t) =V(a,t)I(a,t) — V(b t)I(b1t). (1.4)

d 2
&E(t) = —RI(b,t)".
This implies that the energy decays. However, will the energy converge to zero, and if
so how fast? These are stability /stabilizability question which we study in Chapter 6.

Since the power flows via the boundary, it is natural to control via the boundary. In
fact we did this already in the previous paragraph when we put V'(b,t) = RI(b,t). Hence
we come up with the question which and how many of the four variables, voltage and
current at the boundary, we may choose as an input. It seems from (1.4) that we may
take all four of them as (independent) inputs. As we shall see in Chapter 3, we may
only choose at most two as inputs. A similar question can be asked for outputs. Since
an output is dictated by the system, one may wonder if all four boundary conditions are
dictated by the system, see Chapter 5 for the answer.

If the system dictates the output, there should be a unique solution for a given initial
condition. In our partial differential equation (1.1), we have not given an initial con-
dition, i.e., ¢({,0) and Q(¢,0). As one may expect, we choose these initial conditions
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in the energy space, meaning that the initial energy, F(0), is finite. Giving only an
initial condition is not sufficient for a partial differential equation (p.d.e.) to have a
(unique) solution, one also has to impose boundary conditions. In Chapter 2 we answer
the technical question for which boundary conditions the p.d.e. possesses a (unique)
solution. O

The previous example is standard for the class of systems we are studying. There
is an energy function (Hamiltonian), a power balance giving that the change of energy
(power) goes via the boundary of the spatial domain. The example of the (undamped)
vibrating string is very similar.

Example 1.1.2 (Wave equation) Consider a wvibrating string of length L = b — a,

held stationary at both ends and free to vibrate transversely subject to the restoring

forces due to tension in the string. The vibrations on the system can be modeled by
0w 0w

W(C’t)zca—@(

where ¢ € [a,b] is the spatial variable, w(({,t) is the vertical position of the string, T
is the Young’s modulus of the string, and p is the mass density, which are assumed
to be constant along the string. This model is a simplified version of other systems
where vibrations occur, as in the case of large structures, and it is also used in acoustics.
Although the wave equation is normally presented in the form (1.5), it is not the form
we will be using. However, more importantly, it is not the right model when Young’s
modulus or the mass density are depending on the spatial coordinate. When the later
happens, the correct model is given by

0w 1 0 ow
W(CJ) VGES [T(OO_Q“

It is easy to see that this equals (1.5) when the physical parameter are not spatially
dependent. This system has the energy/Hamiltonian

p0 =1 [ o0 (2icn) +10 (Len) @ (1)

As we did in the previous example we can calculate the change of energy, i.e., power.
This gives (see also Exercise 1.1)

d > ow ow ow ow

7 (t) = E(b’t)T(b)é)—((b’t) - E(a,t)T(a)a—(a,t). (1.8)

Again we see that the change of energy goes via the boundary of the spatial domain.
One may notice that the position is not the (actual) variable used in the energy and the
power expression. The variables are velocity (%—1:) and strain (%—2").

For this model one can pose similar questions as for the model from Example 1.1.1.
In particular, a control problem could be to damp out the vibrations on the string.
One approach to do this is to add damping along the spatial domain. This can also be
done by interacting with the forces and velocities at the end of the string, i.e., at the

boundary. O

T
¢, t), c:;, t>0, (1.5)

(Qt)] : (1.6)
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Example 1.1.3 (Beam equations) In recent years the boundary control of flexible
structures has attracted much attention with the increase of high technology applications
such as space science and robotics. In these applications the control of vibrations is
crucial. These vibrations can be modeled by beam equations. For instance, the Fuler-
Bernoulli beam equation models the transversal vibration of an elastic beam if the cross-
section dimension of the beam is negligible in comparison with its length. If the cross-
section dimension is not negligible, then it is necessary to consider the effect of the rotary
inertia. In that case, the transversal vibration is better described by the Rayleigh beam
equation. An improvement over these models is given by the Timoshenko beam, since it
incorporates shear and rotational inertia effects, which makes it a more precise model.
These equations are given, respectively, by
e Euler-Bernoulli beam:
0w 0? 0w
PO G 60+ 5 (BIOG56.0) =0, ¢efab) 120,

where w((,t) is the transverse displacement of the beam, p(() is the mass per unit

length, F(() is the Young’s modulus of the beam, and I(¢) is the area moment of

inertia of the beam’s cross section.

e Rayleigh beam:
d*w 9 (0w 02 9w
PO 5 (1) = L(C) <8—C2(C,t)> e <EI(C)W(§,15)> —0

where ¢ € (a,b), t > 0, w((,t) is the transverse displacement of the beam, p(()
is the mass per unit length, I, is the rotary moment of inertia of a cross section,
E(¢) is the Young’s modulus of the beam, and I(({) is the area moment of inertia.
e Timoshenko beam:
w0580 = 2[5 (Sec - on)]. ce@by e
o2 >’ ac ¢ ’ ’ = (1.9)

2
OG0 = 5 (B 50 ) + KO (Geic.0 - oc.0).

where w((,t) is the transverse displacement of the beam and ¢((, t) is the rotation
angle of a filament of the beam. The coefficients p(¢), 1,(¢), E(¢), 1(¢), and K(()
are the mass per unit length, the rotary moment of inertia of a cross section,
Young’s modulus of elasticity, the moment of inertia of a cross section, and the
shear modulus respectively.

For the last model we show that it has similar properties as found in the previous
examples. The energy/Hamiltonian for this system is given by

B0 -3 | b [K(O ( e - ¢<<,t>>2 Q) @_f(g,t))Z

B (5206 t)) w1, (Gren) ] . (1.10)
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Next we want to calculate the power. For this it is better to introduce some (physical)
notation first.

2(Ct) = z—?(g,t)—qﬁ((,t) shear displacement
G = Q%G momentum

23(Ct) = a?(g 0 angular displacement
w(Gt) = L(0) ¢(g,) angular momentum

Using this notation and the model (1.9), we find that the power equals (Exercise 1.2)

dE o x2(<7t) x4(€7t) ’
T = [KOnEn=mE e BOICwmCH i - e
Again we see that the power goes via the boundary of the spatial domain. O

In the previous three examples we see that by imposing the right-boundary conditions
no energy will be lost. In other words, these system cannot loose energy internally.
However, there are many systems in which there is (internal) loss of energy. This may
be caused by internal friction by internal friction, as is the case in the following example.

Example 1.1.4 (Damped wave equation) Consider the one-dimensional wave equa-
tion of Example 1.1.2. One cause of damping is known as structural damping. Struc-
tural damping arises from internal friction in a material converting vibrational energy
into heat. In this case the vibrating string is modeled by

0w 1 0
a7 0 = s "%

where k; is a positive constant.
dE

To see that the energy decays, we calculate the power, i.e., %7, where the energy is
given by (1.7).

0%

(. )} ks 02 [&w

p(Q) 9¢ (¢ )] , C€lab], t20, (1.12)

d ow ow ow ow
PO = GreOTOFE00) ~ Gl 0T(0) G (ah) + (1.13)
w

9w dw 0%w 9w ?
0 0.0k e (0.0)~ Ptk o ) ks [ [ 22 0] ac

From this equality, we see that if there is no energy flow through the boundary, the
energy will still decay.

Although this system looses energy internally, questions like is the system decaying to
zero, when no force is applied at the boundary are still valid for this model as well. [

The most standard example of a model with diffusion, is the model of heat distribution.
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Example 1.1.5 (Heat conduction) The model of heat conduction consists of only
one conservation law, that is the conservation of energy. It is given by the following
conservation law:

ou 0

i

o oY
where u((, t) is the energy density and Jg((,t) is the heat flux. This conservation law is
completed by two closure equations. The first one expresses the calorimetric properties
of the material:

(1.14)

g—; = ey (), (1.15)

where T'((,t) is the temperature distribution and ¢y is the heat capacity. The second
closure equation defines heat conduction property of the material (Fourier’s conduction
law):

oT
aCc’
where A(T, () denotes the heat conduction coefficient. Assuming that the variations of
the temperature are not too large, one may assume that the heat capacity and the heat
conduction coefficient are independent of the temperature, one obtains the following
partial differential equation:

Jo = —MT.(¢) (1.16)

or 1 0 or

If we look at the (positive) quantity E(t) = 1 f; ey T(¢,t)%d¢, then it is not hard to see

that

dE oT bt oT ?
0= reonogen] - [xo(Gen)

a

Hence even when there is no heat flow through the boundary of the spatial domain, the
quantity E(t) will decrease. It will decrease as long as the heat flux is non-zero. O

This later two examples are in nature completely different to the first examples. In the
next section we show that the first three examples have a common format. We return
to the example of the structural damped wave and the heat conduction only in Chapter
7 of these notes.

1.2. Class of PDE'’s

In this section we revisit the first examples of the previous section and show that they
all lie in the same class of systems.

If we introduce the variable 1 = @) and z9 = ¢ in the first example, see equation
(1.1), then the p.d.e. can be written as

s (D) -0 ) l(F 4 ) (e e
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The Hamiltonian is written as, see (1.2)

1 Pa(Gt)? | wa(¢ )
B0 =5 [ o
b _1 0 z
s meon () (e ) oo

For the wave equation we can write down a similar form. We define z; = p%—lf (momen-
tum) and xg = %—2" (strain). The p.d.e. (1.6) can equivalently be written as

w(micn )= (V0 )ael(0 no ) (2E5))- o

The energy /Hamiltonian becomes in the new variables, see (1.7),

b T 2
B =5 [ L s r(Qaatc oac

A e e (B2 ) (260 e o

For the model of Timoshenko beam, we have already introduced our variables in Example
1.1.3. We write the model and the energy using these new variables. Calculating the

O’f\j"—‘
<

time derivative of the variables x1, ..., x4, we find by using (1.9)
L[ it (xi“ ”) 1
O w(Gt) | _ | 7z (K(Qzu(C, 1))
ot | ws(Ct) |~ Zg (m; o) (1.22)
wle) 2 (BOIQs(c. ) + K(Qi(C.0)

We can write this in a form similar to those presented in (1.18) and (1.20). However, as
we shall see, we also need a “constant” term. Since this is a long expression, we will not
write down the coordinates ¢ and t.

x1 0100 K 0 0 0 1
dfa | 1000 |[0 5 0 0 v ||,
ot :E3_0001 8C 0 0 EI O T3
o 0010 000% x4
000 —1 K?OO )
000 O 0 , 0 0 Ty
000 0 0 0 EI 0 o (1.23)
100 0 oooi T4
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Formulating the energy /Hamiltonian in the variables x1, ..., x4 is easier, see (1.10)
b
B) =y [ K@+ (G 4 BONQ (G + g e
n(C) \' (KO 000 ()
2 a x3(<7t) 0 0 E(C)I(C) 0 ‘T3(C7t)
x4(C,t) 0 0 0 ﬁ x4(C,t)

We see that in the new formulation these examples have a common structure. There is
only one spatial and one time derivative, and the relation between these two derivatives

is of the form 5 5
x

(¢, t) =P —

Furthermore, we have that P; is symmetric, i.e., PlT = P, Py is anti-symmetric, i.e.,

POT = —Fy. Furthermore, they are both independent of ¢. Finally, H is a (strictly)

positive symmetric multiplication operator, independent of £. The energy or Hamiltonian
can be expressed by using x and H. That is

[H(¢)z (¢, 1)] + Po [H(C)z(¢, t)] - (1.25)

1

b
B(t) = 3 / 2 )T H(C)(C, ). (1.26)

As we have seen in the examples, the change of energy (power) of these systems was only
possible via the boundary of its spatial domain. In the following theorem we show that
this is a general property for any system which is of the form (1.25) with Hamiltonian
(1.26).

Theorem 1.2.1. Consider the partial differential equation (1.25) in which Py, P, are
constant matrices satisfying P = P, and P(;f = —PFy. Furthermore, H is independent
on t and is symmetric, i.e. for all (’s we have that H({)T = H(¢). For the Hamil-
tonian/energy given by (1.26) the following balance equation holds for all solutions of

(1.25)

dE 1 b
=) =5 |(H0)" (C.HP (M) (G.1)] (1.27)
PRrROOF: By using the partial differential equation, we find that

dE o) b o
0 =5 [ GHCOTHONC O + 5 [ alC. MO B¢ 0

a

b T
- [P g (M) (1) + Py () <<7t>} H(Q)a(C HdC+

s [ e [md

L () () + Po (L) . t)] .
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Using now the fact that P, H(() are symmetric, and Py is anti-symmetric, we write the
last expression as

1 /'8 r [ 8
3| |50 (0 0] PHQac.0) + PO [P () (€] e

b
1/ [H(Q)a(¢, D] PyH(Qx(C. ) + [H(QOz (¢ )] [PoH(Q)a(¢, )] dS

b
5 | 3¢ [0 (.o o) ¢ 0] e
L [ (C.oP () ()]

Hence we have proved the theorem. [

The balance equation will turn out to be very important, and will guide us in many
problems. An overview of the (control) problems which we study in the coming chapters
is given in Section 1.4. First we concentrate a little bit more on the class of systems
given by (1.25). We show that we have to see it as a combination of two structure.
One given by P; and Py, and the other given by H. This is the subject of the following
section, in which we also explain the name Port-Hamiltonian.

1.3. Dirac structures and port-Hamiltonian systems

In this section we show that we can identify a deeper underlying structure to the p.d.e.
(1.25) and the balance equation (1.27). Therefore we look once more at the first displayed

equation in the proof of Theorem 1.2.1. For a = —co and b = co this equation becomes
TO=3 | FHCTHOCHIC+ g [ alc)THOZC K (123)

In the expression on the right-hand side we have gf and Hz. These are the same variables

used to describe the p.d.e. (1.25). Let us rename these variables f = % and e = Hz.
Furthermore, we “forget” the time, i.e., we see e and f only as functions of the spatial

variable. By doing so the p.d.e. becomes

Oe

f(Q) = Pla_C(C) + Poe(C) (1.29)

and the right-hand side of (1.28) becomes

/ FOTe(¢)dc + / T O FQ)C. (1.30)

—00
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Using the equation (1.29), we can rewrite the integrals in (1.30).

3 1T [ om0

— 00

T
:% I [pl o+ Poe(C)} e()dC+
1 [ Oe
5/_00 OF [Plag(g“)—l-Po@(C)} dg
1 [®d 9
=5 | 5T Pe(Q) + e P50
:% /_ —e(O)T Poe(C) + e(¢) Poe(C)dC
1 (> 0
=5 w [e(C)TPw(C)] dg,
where we have used that PlT = P; and POT = —Py. We remark that the above derivation

is exactly the same as the one in the proof of Theorem 1.2.1. Now under the mild
assumption that e(¢) is zero in plus and minus infinity, we conclude that

oo

3| 1@Teic g [ oo =o. (131)
—0oQ

for all e and f satisfying (1.29).

Based on (1.28) we call the expressions [ fTedc, i el fd¢, the power. Remember that
the change of energy is by definition the power. Hence we see from (1.31) that the power
is zero. This was already clear from the proof of Theorem 1.2.1, but we received it now
for any pair of variables which satisfies (1.29).

To illustrate this observation we consider three systems which have the same P; and
Py, but are totally different in their time behavior.

Example 1.3.1 We consider the following simple p.d.e.

ox ox
—(¢,t) = —=((,t R. 1.32
=50, e (132
We regard this equation as the equation (1. 29) Wlth P =1land Py=0and f = at’
e = z. Hence if we define the energy E(t) = 3 f 2(¢,t)%d¢ and we assume that
x(£00,t) = 0, then we know that E(t) is zero along solutions. O
Example 1.3.2 Consider the following p.d.e.
TG =G DeG ), CeR (139
5 (& ac . .
This equation is known as the inviscid Burgers’s equation. If we define f = % and

e= %:172, then we see that this equation equals (1.29) for the same P; and P, as in the

10
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previous example. Furthermore, we know that

oo

o Ox
0=2 [ f¢oe¢ i = [ S (¢
provided z(oo, t) x(—00 ) = 0 for all t. The later integral can see as the time
derivative of H(t) = % [° > x(¢,t)3d¢. Hence we find that this H is a conserved quantity,

ie.,
0= [ Grenecera = [ fenecnd =0 @30

The above holds for every z satisfying (1.33) with x(co,t) = x(—00,t) = 0. Since
the p.d.e. (1.33) is non-linear, proving existence of solutions is much harder than in
the previous example. However, as in the linear example we have found a conserved
quantity. U

In the previous example we have chosen a different e, but the same f. We can also
choose a different f.

Example 1.3.3 Consider the discrete-time implicit equation

0
Gt D ra(Cm) (eRneZ (139
In this equation, we choose f((,n) = z({,n+1)—z({,n) and e({,n) = z(¢,n+1)+z({, n).
For this choice, we see that (1.35) is the same as (1.29) with P, =1 and Py = 0.

If we choose the energy to be same as in Example 1.3.1, i.e., E(n) = ffooo z(¢,n)?dc,
then we find that

B(n+1) - E(n) = [ T a(Cn 4 1)? — 2(Con)de = / T HCm)e(¢om)de =0, (1.36)

— 00

l‘(C,TL + 1) - $(<,’I’L) =

provided x(£oo,n) = 0 for all n € Z. So for the implicit difference equation (1.35) we
have once more a conserved quantity without knowing the solutions, or even knowing
existence. (]

As is become clear in the previous examples we may distinguish between an underlying
structure and the actual system. This underlying structure is named a Dirac structure
and is defined next.

Definition 1.3.4. Let £ and F be two Hilbert spaces with inner product (-,-)¢ and
(-,-)F, respectively. Assume moreover that they are isometrically isomorphic, that is
there exists a linear mapping 77 ¢ : F +— & such that

(rrefi,rrefo)e = (fi, fo)F (1.37)
for all f1, fo € F. The bond space B is defined as F x £. On B we define the following

symmetric pairing

<< 2 > ’ ( Z >>+ = {fireFea)r + (e rrefa)e, (1.38)

11



1. Introduction

where r¢ 7 = 7‘]__-15.
Let V be a linear subspace of B, then the orthogonal subspace with respect to the
symmetric pairing (1.38) is defined as

Vi={beB|(bv); =0 foral veV} (1.39)
A Dirac structure is a linear subspace of the bond space D satisfying

Dt =D. (1.40)
&

The variables e and f are called the effort and flow, respectively, and their spaces &£
and F are called the effort and flow space. The bilinear product (f, re re)r is called the
power or power product. Note that (f,re re)r = (rref,e)e.

Dirac structures are depictured in Figure 1.2. Finally, we mention that by (1.39), we

Figure 1.2.: Dirac structure

have that for any element of the Dirac structure

2<f, 7"5‘7]-'6>]-‘ = <b, b>+ =0. (1.41)

This we interpret by saying that for any element of a Dirac structure the power is zero.

A Dirac structure can been seen as the largest subspace which this holds i.e., if V is a

subspace of B satisfying (1.41), then V is a Dirac structure if there does not exists a

subspace W such that YV C W, V # W, and the power of every element in W is zero.
Next we identify the Dirac structure associated to Examples 1.3.1-1.3.3.

Example 1.3.5 Choose the effort and flow space as L?(—oc0,00), and let rre = 1.
Define the following subspace of B=F x &

D= {( J; > € B | e is absolutely continuous and ;Z_Z € L*(—o0, 00), (1.42)
(~o0) = e(o0) = 0, and f = ¢
e(—o0) = e(c0) =0, an ik

We claim that this subspace is a Dirac structure. Let b = (1) € B and let (b,d)4y =0
for all d = (53) € D. Using our power product this implies that

deg

0=(f,eq) + (fa,e) = (f,ea) +<d—C’e>'

12



1.3. Dirac structures and port-Hamiltonian systems

In other words
ded

<E’e> = —(ea, f)- (1.43)

This is equivalent to saying that e lies in the domain of the dual of the differential
operator, di(' Similar to Example A.3.64 and A.3.66 we conclude from this equation
that e is absolutely continuous and e(—o0) = e(c0) = 0. Furthermore, by integration by
parts we see that

deg * deg ° de de
(o) = /_ Qe = - / O () = ~(ea 500

Combining this with (1.43), we conclude that

de

—(ed; d_§> = —(ea, [)-
Since this holds for a dense set of ¢4, we conclude that f = Z—Z. Concluding, we see that
(1) € D, and so D is a Dirac structure. (]

Now we have formally defined what is a Dirac structure, we can define our class of
systems.

Let H be a real-valued function of z, and let D be a Dirac structure. We furthermore
assume that we have a mapping H from F to R which is Fréchet differentiable for any
x, i.e., see Definition A.5.25.

H(x + Az) — H(z) = (dH (x)) (Az) + R(z, Az), (1.44)
with W converges to zero when Ax — 0. Since H takes values in R, we can by

Riesz representation theorem write the term (dH (z)) (Az) as (Az, f)# for some f. Note
that f still depends on z. Since F is isomorphically isomorf to &, we can find an é such
that (Az, f)r = (Ax,r¢ 7E)7. We denote this & by g—?(x). Combining this notation
with equation (1.44), we find

H(z+eAz) — H(x) = e(Ax, rg,fg—?(x»f +¢eo(e). (1.45)

The system associated with H and D is defined as
% ('7 t)
{z(-,t) | 09(. 1) € D for all t}. (1.46)
dz \"

Before we write our examples in this format, we show that the system defined above has
H as a conserved quantity along its trajectory.

H(z(t+¢)) — H(z(t)) = H (x(t) + ex(t) + er(z(t),e)) — H(z(t)),

13



1. Introduction

where ||r(z(t),e)|| — 0 when ¢ — 0. Since ¢ is small, we may ignore this term. Doing
so, and using (1.45) we find

H(x(t +¢)) — H(x(t))
9

= (#(1), rer o (0(1))) 5 + ofc).

By the definition of our system, we have that the power product is zero, see (1.41) and
so, we find that

dH (x(t))

dt
Note that we normally write H(t) instead of H(x(t)). Thus along trajectories, H is a
conserved quantity. This conserved quantity is called the Hamiltonian. Equation (1.46)
clearly indicates that the system is defined by two objects. Namely, the Dirac structure
and the Hamiltonian.
We illustrate the above by looking once more to the Examples 1.3.1 and 1.3.2.

= 0.

Example 1.3.6 From Example 1.3.5 we know which Dirac structure lies under the
p.d.e.’s of Examples 1.3.1 and 1.3.2. Hence it remains to identify the Hamiltonians.
For Example 1.3.1 we easily see that H = %ffooo z2d¢. If we define § = %:172, then it
by combining (1.46) with (1.42) gives the p.d.e. (1.32).
For Example 1.3.2 we find H = %ffooo 23d¢ and § = %x?’. O

In contrast to our examples in Section 1.1, the examples 1.3.1-1.3.3 do not have a
boundary. However, as seen in e.g. Example 1.1.1 the boundary is very useful for control
purposes. So we have to re-think and adjust the theory as developed until now. To
illustrate this, we consider Example 1.3.3 on a compact spatial interval.

Example 1.3.7 Consider the p.d.e.

Ox

ac (€1,  ¢€(ab). (1.47)

Ox

_— t =

(¢
As in Theorem 1.2.1,we take the energy equal to E(t) = 3 f;x(g, t)2d¢. We find that

dE b o

1
7 W= G0 0de =5 [2(b,0) —x(a,1)7]. (1.48)
Or equivalently,
dE b O 1

a

As before, we want to see the middle expression as a power product. Hence if we
introduce f = % and e = z, then the integral induces a power product between f and
e. However, we still have the boundary terms. We introduce the boundary port variables

fo = % [2(b) — z(a)], and ey = % [2(b) + x(a)]. With these variables, we see that we

may write (1.49) as
b
b= | 1©e(0c ~ faco =0, (1.50)

14



1.3. Dirac structures and port-Hamiltonian systems

We can see this as a system like (1.46) by defining
E=F=1IL%ab)oR

(T 0
FE7 o -1 )

and

The Dirac structure is given by

f
D= { ‘};6 € B | e is absolutely continuous and ;Z_Z € L*(a,b), (1.51)
eo
= oo = J5le®) = @) and o = —=[e(b) + ela)]).

Again we have a Dirac structure, but now it contains boundary variables. We can
formulate our system on this Dirac structure as

oz
ot

{a( 1) | ga“_g e D). (1.52)
eo

where D is given by (1.51) and § = a2 O

From (1.52) we see that our system is defined via a Dirac structure, an Hamiltonian
and port variables. This motivated the name “Port-Hamiltonian Systems”.

One of the advantages of considering a system as a Dirac structure with a Hamiltonian
is that coupling of systems is now very easy. Suppose we have two Dirac structures, D;
and Dy as depictured in Figure 1.3. We couple the structures by fo = — f2 (the flow out

(OCR

Figure 1.3.: Composition of Dirac structures

of the first system equals the incoming flow of the other system) and ey = €. Then the
structure defined by

f1 fi A

_ fi : f2 —fa
D= | there exist fo, €9 s.t. € Dy and R €Dy p. (1.53)

€1 €1 €1

él €9 €2
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1. Introduction

has zero power. To see this, we assume that for both systems (f,€) + (e, f) denotes the
power. We take as power for D

(fi.e1) + {er, A1) + (f1.é1) + (&1, fr)

We find for this power product

(f1,e1) + (ex, f1)+{f1, é1) + (€1, f1)
= (f1,e1) + (e1, f1) + (f2, €2) + (e2, fa)
— (fa,e2) — (e2, fo) + (f1,é1) + (é1, f1)

(a ) (e ) ((a) (%))
)8 ))+058)- ()

f1 f1
The last expressions are zero since <£§> € D; and <—éf2) € Dy, respectively. Thus
1

€2

€2
we see that the total power of the interconnected Dirac structure is zero. Although this

is not sufficient to show that D defined by (1.53) is a Dirac structure, it indicates the
promising direction. It only remains to show that D is maximal. For many coupled
Dirac structures this holds. If the systems has the Hamiltonian H; and Hs respectively,
then the Hamiltonian of the coupled system is Hi + Hy. Of course we can extend this
to the coupling of more than two systems. We show a physical example next.

Example 1.3.8 (Suspension system) Consider a simplified version of a suspension
system described by two strings connected in parallel through a distributed spring. This
system can be modeled by

0*u  , 0%u

o2 ~C a2 + a(v —u) (1.54)
9? 9?
a_;:ga_c’;’Jra(u_v) ¢ € (=00, x), t >0,

where ¢ and « are positive constants and u((,t) and v((,t) describe the displacement,
respectively, of both strings. The use of this model has potential applications in isola-
tion of objects from outside disturbances. As an example in engineering, rubber and
rubber-like materials are used to absorb vibration or shield structures from vibration.
As an approximation, these materials can be modeled as a distributed spring. We show
that this system can be described as the interconnection of three subsystems, i.e., two
vibrating strings and one distributed spring. Seeing the system as an interconnection of
subsystems allows us to have some modularity in the modeling process, and because of
this modularity, the modeling process can be performed in an iterative manner, gradually
refining the model by adding other subsystems. O
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1.4. Overview

1.4. Overview

Now we know the class of systems we will be working with we can give more details on
the content of the coming chapters.

In Chapter 2 we study for which homogenous boundary conditions the p.d.e. (1.25)
possesses a unique solution which has non-increasing energy. This we do by applying
the general theory of infinite-dimensional systems. If these boundary conditions are non-
zero, then in Chapter 3 we show that this p.d.e. still has well-defined solutions. Hence
this enable us to apply a control (input) at the boundary to the system described by
(1.25). Under this same conditions, we show that boundary output is also possible. The
mapping between the input and the output can be described by the transfer function.
This is the subject of Chapter 4. Till Chapter 5 we have only considered systems which
are non-increasing in energy if no control is applied. Furthermore, the control has been
restricted to smooth functions. In Chapter 5, we extend our class of systems in both
directions. We show that many more boundary conditions are possible, and furthermore,
we show that if the homogenous system is well-posed, then the same hold for the system
when L?-input are applied. Chapter 6 we can solve our first control problem. We can
identify a large class of boundary feedback which stabilize the system. The stability is
exponential, meaning that the energy decays exponentially fast to zero. In 7 we can
treat a larger class of system. There we return to the examples 1.1.4 and 1.1.5. In this
section, we really need the underlying Dirac structure. Hence till Chapter 7, the Dirac
structure is underlying our system, and apart for using to define boundary port, we shall
not use it very prominently. This changes in Chapter 7.

1.5. Exercises

1.1. In this exercise we check some integrals which appeared in our examples.

a) Check equation (1.8).
b) Check the equality (1.13).

1.2. Prove equation (1.11).

1.3. Show that equation (1.51) in Example 1.3.7 defines a Dirac structure.

17
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Chapter 2
Homogeneous differential equation

2.1. Introduction

In this chapter we study the partial differential equation (1.25). In particular, we char-
acterize boundary conditions such that this p.d.e. has a unique solution, and such that
the energy decays along the solutions. In order to clarify the approach we take, let us
consider the most simplified version of (1.25)

Ox

ox
—((,t) =« 1), €[0,1], t>0, 2.1
(N =aZiCo.  Cel) (21)
where « is a positive constant. As initial condition we take xo(().

If zy is continuously differentiable, then it is easy to see that a solution is given by,

see Exercise 2.1.

t 1 t<1
z(C,t) = 7o(¢ Faf) ¢€l01], ¢Hat < (2.2)
o(1) ¢el01], (+at>1
However, this is not the only solution of (2.1). Another solution is given by
t 1 t<1
w(Gy = T an) Cel0 ) cat < (2.3)
g(C+at) Ce0,1], (+at>1

where ¢ is an arbitrary continuous differentiable function on (1,00) satisfying g(1) =
:L'(](l).

Hence we have that the p.d.e. does not possess a unique solution. The reason for this
is that we did not impose a boundary condition. If we impose the boundary condition
x(1,t) = 0 for all ¢, then the unique solution is given by, see also (2.2),

(¢ ) = {wo((—i—at) Cel01], C+at<1 o

0 Cel0,1], (+at>1

Note that we assume that x((1) satisfies the boundary condition as well. The rule of
thumb is that for a first order p.d.e. one need one boundary condition. However, this is

19



2. Homogeneous differential equation

only a rule of thumb. If we impose to the p.d.e. (2.1) the boundary condition x(0,t) = 0,
then this p.d.e. does not possess any solution if xg # 0, see Exercise 2.2.

We return to the p.d.e. (2.1) with boundary condition z(1,t) = 0. The solution is
given by (2.4). We see that for any initial condition, even the ones which are only
integrable, the function x((,t) of (2.4) is well-defined. This function depends on zy. In
particular, we can define mappings

xo — (-, t), t>0. (2.5)
This mapping has the following properties

e It is linear, i.e., if g is written as c; fo + c2gg, then x can be written as c1 f + cag,
where fy, go are mapped to f and g, respectively.

e If we take z1 equal to z(-,7), then the (composed) mapping
Io = :E('vT) =1 = j('vt)

equals the mapping
xo — x(~,t—|—7').

The reason for these properties lies in the linearity and time-invariance of the p.d.e.

Next we choose a (particular) class of initial conditions. It is easy to see that (2.1) is of
the form (1.25), and so the energy associated to it equals fol |2(¢)[?d¢, or & fol alz(¢)|?d¢.
We take the class of functions with finite energy to be our class of initial conditions.

Thus we have defined for our simple example the space of initial conditions, and
we have seen some nice properties of the solution. In the sequel we omit the spatial
argument, when we write down an initial condition, or a solution, and we see (2.5) as a
mapping in the energy space.

In the following section we first have to consider some abstract theory. The general
result obtained there enables us to show that for certain boundary conditions the p.d.e.
(1.25) possesses a unique solution.

2.2. Semigroup and infinitesimal generator

In this section, we recap some abstract differential theory. We denote by X an abstract
Hilbert space, with inner product (-,-)x and norm || - ||x = /(:,)x. For the simple
p-d.e. considered in the previous section, we saw some nice properties of the mapping
from the initial condition to the solution at time ¢t. These properties are formalized in
the following definition.

Definition 2.2.1. Let X be a Hilbert space. The operator valued function ¢ — T'(¢),
t > 0 is a strongly continuous semigroup if the following holds

1. For all t > 0, T'(t) is a bounded linear operator on X i.e., T'(t) € L(X);
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2.2. Semigroup and infinitesimal generator

3. T(t+7)=T(t)T(r) for all t,7 > 0.
4. For all xy € X, we have that | T(¢t)xo — xo||x converges to zero, when t | 0.

We sometimes abbreviate strongly continuous semigroup to Cp-semigroup and most
times it will be denoted by (T'(t));>- &

We call X the state space, and its elements states. To obtain a feeling for these defining
properties assume that T'(t) denotes the mapping of initial condition to solution at time
t of some linear, time-invariant, differential equation. We remark that this will always
hold for any semigroup, see Lemma 2.2.6. Under this assumption, we can understand
these defining properties of a strongly continuous semigroup much better.

1. That 7T'(t) is a bounded operator means that the solution at time ¢ has not left
the space of initial conditions, i.e., the state space. The linearity implies that the
solution corresponding to the initial condition z¢ + Zo equals z(t) + Z(t), where
x(t) and Z(t) are the solution corresponding to xy and &g, respectively. This is
logical, because we assumed that the underlying differential equation is linear.

2. This is trivial; the solution at time zero must be equal to the initial condition.

3. Let x(7) be the state at time 7. If we take this as our new initial condition and
proceed for ¢ seconds, then by the time-invariance this must equal x(t+7). Since we
assume that 7'(s) is the mapping from z( to z(s), we see that the time-invariance
of the underlying differential equation implies property 3. of Definition 2.2.1.

Property 3. is known as a group property, and since it only holds for positive time,

it motivates the name “semigroup”.

4. This property tells you that if you go backward in time to zero, then x(t) ap-
proaches the initial condition. This sounds very logical, but need not to hold for
all operators satisfying 1.-3.

Property 4. is known as strong continuity.

The easiest example of a strongly continuous semigroup is the exponential of a matrix.
That is, let A be an n x n matrix, the matrix-valued function T'(t) = e4* satisfies the
properties of Definition 2.2.1 on the Hilbert space R", see Exercise 2.3. Clearly the
exponential of a matrix is also defined for ¢ < 0. If the semigroup can be extended to
all ¢t € R, then we say that T'(¢) is a group. We present the formal definition next.

Definition 2.2.2. Let X be a Hilbert space. The operator valued function t — T'(t),
t € R is a strongly continuous group, or Cy-group, if the following holds

1. For all t € R, T'(t) is a bounded linear operator on X;
2. T(0) = I;

3. T(t+71)=T@)T(r) for all t,7 € R.
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2. Homogeneous differential equation

4. For all g € X, we have that ||T'(t)zo — xo||x converges to zero, when t — 0. &

It is easy to see that the exponential of a matrix is a group. However, only a few
semigroups are actually a group. In the study of p.d.e.’s you encounter semigroups more
often than groups. The reason for that is that if you have a group, you may go from
the initial condition backward in time. For our simple p.d.e. of Section 2.1 this is not
possible, as it is shown at the end of the following example.

Example 2.2.3 In this example we show that the mapping defined by (2.5) defines a
strongly continuous semigroup. As state space we choose L?(0,1). We see that its norm
corresponds with the energy associated to this system.

Based on (2.4) and (2.5) we define the following (candidate) semigroup on L?(0,1)

zo(C+at) (€01, (+at<1

(2.6)
0 Cel0,1], (+at>1

(T(t)wo) (¢) = {
This is clearly a linear mapping. It is also bounded since
1
Tl = [ 1T 0m) P
max{1l—at,0}
-/ 20l + )2
0

max{1,at} )
= [ atmPan

t

1
< /0 [zo(n) 2 = [|o]|2. (27)

From this we conclude that T'(t) is bounded with bound less or equal to one.

Using (2.6), we see that for all zy there holds T'(0)zy = z¢. Thus Property 2. of
Definition 2.2.1 holds.

We take an arbitrary function xg € L?(0,1) and call T(7)xo = x1, then for ¢ € [0,1],
we have

r1((+at) (+at<l1

(T(t)21) () = { ’ OV

ro(C+at+ar) z+at+ar<l1
=10 (+at+ar>1
0 C+at>1

Since the third case is already covered by the second one, we have that

ro((+at+ar) (+at+ar<l
0 (+at+ar>1

(T(t)z1) (¢) = {
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By (2.6) this equals (T'(t 4+ 7)z¢) (¢), and so we have proved the third property of Defi-
nition 2.2.1. It remains to show the fourth property, that is the strong continuity. Since
we have to take the limit for ¢ | 0, we may assume that at < 1. Then

1—at 1
7@z~ a0l = [ leo(+at) = so(OPdc+ [ (0.
0 1—at

Since z¢ € L?(0,1), the last term converges to zero when ¢ | 0. For the first term some
more work is required.

First we assume that z( is a continuous function. Then for every ¢ € (0,1), the
function z(¢ + at) converges to zo(¢) if ¢ | 0. Furthermore, we have that |z(¢ + at)| <
max¢eo1] |7o(¢)|. Using Lebesgue dominated convergence theorem, we conclude that

1—at

lim lz0(C + at) — z0(¢)[2d¢ = 0.

t10 Jo
Hence for continuous functions we have proved that property 4. of Definition 2.2.1 holds.
This property remains to be shown for an arbitrary function in L?(0,1).

Let 7o € L?(0,1), and let £ > 0. We can find a continuous function x. € L?(0,1) such

that ||zg — z<|| < e. Next we choose t. > 0 such that ||T'(t)x. — x.|| < e for all ¢ € [0, t.].
By the previous paragraph this is possible. Combining this we find for that ¢ € [0, ¢.]

T (t)xg — zol| = |T(t)zo —T(t)xe +T(t)x: — 22 + T — T0||
< T (o — x| + [[T(t)ze — 2| + [lze — 20|
< lwe — ol + T (@) ze — x|l + [z — ol
< 3,

where we used (2.7). Since this holds for all € > 0, we have that Property 4. holds.
Having checked all defining properties for a Cy-semigroup, we conclude that (7°(t)),~,
given by (2.6) is a strongly continuous semigroup. -
It is now easy to see that (7'(t)),~, cannot be extended to a group. If there would be a
possibility to define T'(t) for negative ¢, then we must have that T'(—t)T'(t) = T(—t+t) =
T(0) = I for all ¢ > 0. However, from (2.6) it is clear that T'(2/a) = 0, and so there
exists no operator @ such that QT'(2/«)) = I, and thus (T'(t)),~, cannot be extended to
a group. B U

So we have seen some examples of strongly continuous semigroups. It is easily shown
that the semigroup defined by (2.6) is strongly continuous for every ¢. This holds for any
semigroup, as is shown in Theorem 2.5.1. In that theorem more properties of strongly
continuous semigroups are listed.

Given the semigroup (eAt) with A being a square matrix, one may wonder how

>0
to obtain A. The easiest way to do this is by differentiating e’ and evaluating this at
t = 0. We could try to do this with any semigroup. However, we only have that an
arbitrary semigroup is continuous, see property 4, and so it may be hard (impossible)
to differentiate at zero. The trivial solution is that we only differentiate T'(¢t)xy when it

is possible, as is shown next.
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2. Homogeneous differential equation

Definition 2.2.4. Let (T(t)),~, be a Cp-semigroup on the Hilbert space X. If the
following limit exists N
. T(t):E(] — X
lim ——

2.
t10 t ’ (2:8)

then we say that x( is an element of the domain of A, shortly zo € D(A), and we define

Azxg as
T(t)ajo — X

Axg =1 2.9
T = lim ——— (2.9)
We call A infinitesimal generator of the strongly continuous semigroup (7'(t));5o- &

We may wonder what is the operator A for the semigroup of Example 2.2.3. We derive
this next.

Example 2.2.5 Consider the Cy-semigroup defined by (2.6). For this semigroup, we
would like to obtain A, and see how it is related to the original p.d.e. which we started
with (2.1).

For the semigroup of Example 2.2.3, we want to calculate (2.8). We consider first the
limit for a fixed ¢ € [0,1). Since ¢ < 1, there exists a small time interval [0,¢() such that
¢+ at <1 for all ¢ in this interval. Evaluating (2.8) at ¢ and assuming that ¢ is in the
prescribed interval, we have

i (L020) (©) —20(Q) _ . wo(¢ +at) — zo(¢)
t]0 t 10 t

The later limit exists, when xq is differentiable, and for these functions the limit equals
a%((). So we find an answer for ( < 1. For ¢ = 1, the limit (2.8) becomes

lim 0= 2{1) Zo(1) .
t10 t

We see that this limit will never exist, except if z(1) = 0.

Hence we find that the domain of A will consists of all functions which are differentiable
and which are zero at ( = 1. Furthermore,

dl‘o
Axg = a——. 2.10
To = g (2.10)

Since A has to map into L?(0, 1), we see that the domain consists of functions in L?(0, 1)
which are differentiable and whose derivative lies in L?(0,1). This space is known as the
Sobolev space H'(0,1). With this notation, we can write down the domain of A

D(A) = {x¢ € L*(0,1) | 9 € H'(0,1) and (1) = 0}. (2.11)
O
As in our example of Section 2.1, it turns out that every semigroup is related to a

differential equation. This we state next. The proof of this lemma can be found in
Theorem 2.5.2.
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Lemma 2.2.6. Let A be the infinitesimal generator of the strongly continuous semi-
group (T'(t));>o- Then for every zo € D(A), we have that T'(t)xo € D(A) and
d
ET(t)xO = AT(t)x(). (2.12)
So combining this with property 2. of Definition 2.2.1, we see that for o € D(A),
x(t) := T (t)xo is a solution of the (abstract) differential equation

z(t) = Ax(t), x(0) = x. (2.13)

Although T'(t)zo only satisfies (2.13) if o € D(A), we call T'(t)zo the solution for any
xZQ.

It remains to formulate the abstract differential equation for our semigroup of Exam-
ples 2.2.3 and 2.2.5.

Example 2.2.7 We have calculated A in (2.10), and so we can now easily write down
the abstract differential equation (2.13). Since we have time and spatial dependence, we
use the partial derivatives. Doing so (2.13) becomes

o0 _ o
ot o’

which is our p.d.e. of Section 2.1. Note that the boundary condition at ¢ = 1 is not

explicitly visible. It is hidden in the domain of A. O

We know now how to get an infinitesimal generator for a semigroup, but normally, we
want to go into the other direction. Given a differential equation, we want to find the
solution, i.e., the semigroup. There exists a general theorem for showing this, but since
we shall not use it in the sequel, we don’t include it here. We concentrate on a special
class of semigroups and groups, and hence generators.

Definition 2.2.8. A strongly continuous semigroup (7'(t)),, is called a contraction
semigroup if ||T(t)zo||x < ||zo|lx for all xg € X and all ¢ > 0.

A strongly continuous group is called a unitary group if ||T(t)xo||x = ||zol|x for all
zo € X and all t € R. &
If (T'(t));>( is a contraction semigroup, then the function f(t) := |1 T(t)zol/3 must

have a non-positive derivative at t = 0, provided this derivative exists. Using the fact
that f(t) = (T'(t)zo, T (t)zo)x, and that (2.13) holds for zy € D(A), it is easy to show
that the derivative of f equals for g € D(A)

f(t) = (AT (t)zo, T(t)wo) x + (T'(t)x0, AT (t)70) x -

Hence if A is the infinitesimal generator of a contraction semigroup, then

(Ao, x0) x + (w0, Azo)x = f(0) <O.

It is not hard to show that if (T'(t)),5 is a contraction semigroup, then the same holds
for (T'(t)*),~o- Hence a similar inequality as derived above holds for A* as well. Both
conditions are sufficient as well.
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2. Homogeneous differential equation

Theorem 2.2.9. An operator A defined on the Hilbert space X is the infinitesimal
generator of a contraction semigroup on X if and only if the following conditions hold

1. for all z9 € D(A) we have that (Axg,xo) + (xg, Azg) < 0;
2. for all xg € D(A*) we have that (A*xg, xo) + (xg, A*x0) < 0.
For unitary groups there is a similar theorem.

Theorem 2.2.10. An operator A defined on the Hilbert space X is the infinitesimal
generator of a unitary group on X if and only if A = —A*.

2.3. Homogeneous solutions to the port-Hamiltonian system

In this section, we apply the general result presented in the previous section to our p.d.e.,
i.e., we consider

ox 0

15 [H(¢)z (¢, 1)] + Po [H(C)z(¢, t)] - (2.14)

with the boundary condition

Wi < H(B)z(b,?) ) = 0. (2.15)

In order to apply the theory of the previous section, we do not regard z(-, -) as a function
of place and time, but as a function of time, which takes values in a function space, i.e.,
we see ((, t) as the function z(t, -) evaluated at (. With a little bit of misuse of notation,
we write z(t,-) = (x(t)) (-). Hence we “forget” the spatial dependence, and we write the
p.d.e. as the (abstract) ordinary differential equation

dx 0

E(t) = Pla_C [HZE(t)] + Py [H:E(t)] . (2.16)
Hence we consider the operator
Az = Pld% (Ha)] + Py [Ha] (2.17)

on a domain which includes the boundary conditions. The domain should be a part of the
state space X, which we identify next. For our class of p.d.e.’s we have a natural energy
function, see (1.26). Hence it is quite natural to consider only states which have a finite

energy. That is we take as our state space all functions for which | ; z(O)TH(C)x(¢)d¢
is finite. We assume that for every ¢ € [a,b], H({) a symmetric matrix and there exist
m, M, independent of ¢, with 0 < m < M < oo and mI < H({) < MI. Under these
assumptions it is easy to see that the integral f: (O)TH(C)x(¢)dC is finite if only if  is
square integrable over [a,b]. We take as our state space

X = L*((a,b); R™) (2.18)
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2.3. Homogeneous solutions to the port-Hamiltonian system

with inner product ,
(alx =3 | FQTHOg(OC (219)

This implies that the squared norm of a state x equals the energy of this state.

So we have found our operator A and our state space. As mentioned above, the domain
of A will include the boundary conditions.

It turns out that formulating the boundary conditions directly in z at ( =a and { = b
is not the best choice. It is better to formulate them in the boundary effort and boundary
flow, which are defined as

1 1
eg = —[H(b)x(b) + H(a)z(a and fg=—
=75 [H(b)x(b) + H(a)x(a)] f NG
respectively.
We show some properties of this transformation.

[PH®)2() — PH(a)a(a)], (2.20)

Lemma 2.3.1. Let P, be symmetric and invertible, then the matrix Ry defined as
1 (P -P
Ro_ﬁ@ ; > (2.21)
is invertible, and satisfies

P 0 T
< 0 _p ) — RISR,, (2.22)

2:(? é) (2.23)

All possible matrices R which satisfies (2.22) are given by the formula

where

R =UR,y,
with U satisfying UTSU = .
PrOOF: We have that
A ) ) () E- (0 )
V2 \ P I I 0 1 1 V2 0o -h~ )

1 (P —P

Thus using the fact that P; is symmetric, we have that Ry := 7 ( ;T ) satisfies

(2.22). Since P is invertible, the invertibility of Ry follows from equation (2.22).
Let R be another solution of (2.22). Hence

P 0

T —
R ER—< 0 _p,

> = RISR,.

This can be written in the equivalent form
RyTRTSRR;' =%,
Calling RRy L' — U, we have that UTSU = ¥ and R = UR,, which proves the assertion.m
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2. Homogeneous differential equation

Combining (2.20) and (2.21) we see that

fa ) ( (Hz) (b) >
=R . 2.24
< co ) =0\ (1) (a) (224)
Since the matrix Ry is invertible, we can write any condition which is formulated in

(Hz)(b) and (Hz)(a) into an equivalent condition which is formulated in fy and ey.
Furthermore, we see from (2.20) that the following holds

(Hz) (b)" P1 (Hz) (b) — (Hz) ()" P1 (Hz) (a) = f eo + € fo. (2.25)

Using (2.24), we write the boundary condition (2.15) (equivalently) as

Wp ( icg ) =0, (2.26)

where Wg = WgRy .
Thus we have formulated our state space X, see (2.18) and (2.19), and our operator,
A, see (2.17). The domain of this operator is given by, see (2.15) and (2.26),

D(A) = {x € L*((a,b);R") | Hz € H'((a,b);R™), W5 ([2) = 0}. (2.27)

Here H'((a,b); R™) are all functions from (a,b) to R” which are square integrable and
have a derivative which is again square integrable.

The following theorem shows that this operator generates a contraction semigroup
precisely when the power (2.25) is negative, see (1.27).

Theorem 2.3.2. Consider the operator A defined in (2.17) and (2.27), where we assume
the following

e Py is an invertible, symmetric real n X n matrix;
e Py is an anti-symmetric real n X n matrix;

e For all ¢ € [a,b] the n x n matrix H(() is real, symmetric, and mI < H(¢) < M1,
for some M, m > 0 independent of (;

o Wy is a full rank real matrix of size n X 2n.

Then A is the infinitesimal generator of a contraction semigroup on X if and only if
WpEWE > 0.

Furthermore, A is the infinitesimal generator of a unitary group on X if and only if
W satisfies WBEW§ =0.

PRrROOF: The proof is divided in several steps. In the first step we simplify the expression
(Azx,x) + (z, Az) x. We shall give the proof for the contraction semigroup in full detail.
The proof for the unitary group follows easily from it, see also Exercise 2.4. We write
Wp=S(I+V,I—-V), see Lemma 2.4.1.
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2.3. Homogeneous solutions to the port-Hamiltonian system

Step 1. For the differential operator (2.17) we have

b T
(o) + (o An)x =3 [ [Pz () @+ R (20) (O] Qa()ic

b
5 | #0mH©) [Pa% (M) (O) + Py (Hx) <<>] d.

2
Using now the fact that P, H(({) are symmetric, and Py is anti-symmetric, we write the
last expression as

L ey )] Brt00a(0) + 0@ [B - () 0]
2),

dg

b

5 |~ OO BH(O(c) + P (C. 0T [RH(C)(0)) dd
b

—3 | %[0 ©n o) ©] ac

=3 [ )Py () () — (H)" (@) Py () (a)]

Combining this with (2.25), we see that

(Az,2)x + {z, Az) x = % [fTeo + D fo] . (2.28)

By assumption, the vector [g‘g} lies in the kernel of Wg. Hence by using Lemma 2.4.2

we know that [gg] equals [ II_ | ¢ for some ¢ € R™. Substituting this in the above, we

find
(Az,z)x + (x, Ar)x :% [f5ea+ebfo]
=% I = VI = V) + LT (=1 = VT)(I = V)]
=(M(~I+VTV)L. (2.29)

By the assumption and Lemma 2.4.1, we have that this is less or equal to zero. Hence
we have proved the first condition in Theorem 2.2.9.

Step 2. Let g € L*((a,b),R™) be given. If for every f € H'((a,b); R™) which is zero at
¢ = a and ¢ = b, the following equality hold for some § € L?((a,b); R™)

/:<Tdf Q)¢ = / Q)dc,

then g € H'((a,b); R™) and d—g =—g.
Step 3. In this step we determine the adjoint operator of A. By definition, y € X lies in
the domain of A* if there exists a g € X, such that

(y, Ar)x = (g, 2)x (2.30)
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2. Homogeneous differential equation

for all z € D(A).
Let x € D(A), then (2.30) becomes

1 1

b b
3 | VOTHQ) [P0 + Rita©) | ac = 5 [T RO, (23)

Since the half is on both sides, we neglect it and write the the left-hand side of this
equation as

b

IRGIS: [Pld%mx]@) T POH!E(C)} ac
b b

- y<<>TH<<>P1d¥‘é[Hx]<c>d<+ / y(Q)TH(C) PoyHa(C)dC

a

b b
- / [P1H<<>y<<>1Td%[H:c1<<>d<— / PH(CO)y(Q)]T Ha(O)dC, (2.32)

where we have used that H and P, are symmetric, and that Py is anti-symmetric. The
last integral is already of the form (y2,z)x. Hence it remains to write the second last
integral in a similar form. Since we are assuming that y € D(A*) this is possible. In
particular, there exists a y; € X such that

b T d b
/[PlH(C)y(C)] d—C[Hl’](C)dCZ/ y1(O)TH(Q)x(¢)dC (2.33)

for all z € D(A). The set of functions z € H'((a,b); R") which are zero at ¢ = a and
¢ = b forms a subset of D(A), and so by step 2, and (2.33) we conclude that

Py(Hy)() € H'((a,b); R)" and y; = —d% PiHy) .

Since Py is constant and invertible, we have that Hy € H'((a,b);R)". Integrating by
part we find that for z € D(A),

: v d b d .
/ [Py (Q) Ml 1 = / D PHOYO) Ha)(Q)de

+ [P Q) () (©)] (231)

The boundary term can be written as

PO (a)(@)], = (

a

T
> R{E(fi , (2.35)
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2.3. Homogeneous solutions to the port-Hamiltonian system

where we used (2.22) and (2.24).
Combining (2.32), (2.34), and (2.35) we find that

b d b d T
/ y(Q)TH(C) |:P1d_C[H$](C)+POHx(C)]d<:_ / d—C[PlH(C)y(C)] (Hz)(¢)d¢

b
- / Ry (O]T (Ha) ()

(Hy)®) \" prys ( Fo

(00 Y s (B,
The right-hand side of this equation must equal the inner product of 2 with some function
7. The first two terms on the right-hand side are already in this form, and hence it
remains to write the last term in the requested form. However, since this last term
only depends on the boundary variables, this is not possible. Hence this term has to
disappear, i.e., has to be zero for all x € D(A). Combining (2.27) and Lemma 2.4.2 we
see that ({g) can be written as (ﬁ“;) [, 1 € R". We define

(B)-m( o) 23

Using this notation, the last term of (2.36) equals

T = \T
(Hy)(a) °7\ e € -1-V )"
The first expression is zero for all z € D(A), i.e., all (gg) in the kernel of Wp if and
only if the second expression is zero for all [ € R™. By taking the transpose of this last

expression, we see that this holds if and only if (£g> cker(—I—-VT, 1-VT).
Combining this with equation (2.36) we see that

d d
Aty = ~a [PiHy] — PyHy = —Pld—C [Hy] — PyHy (2.38)

and its domain equals
D(A") = {y € L*((a,b);R") | Hy € H'((a,b); R"),
(—I-VvT, 1-vT) ({g) =0}, (2.39)

é

where (gg) is given by (2.37).

Step 4. In this step we show that (A*y,y)x + (y, A*y) <0 for all y € D(A*). Since the
expression of A*, see Step 3, is minus the expression for A, we can proceed as in Step 1.
By doing so, we find

Ay ) x + (y A%) = =3 [(0) O)P: (1) () — () (@P1 () (@)] . (200
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2. Homogeneous differential equation

Using (2.37), we can rewrite this as
* * L ~T F
(A, y)x +{y, A'y) = —5 {fgea - eépfa} - (2.41)

Since (gg) € ker(—I — VT, I —VT), or equivalently, (;{;3) Cker(I+ VT, I-VT), we
conclude by Lemma 2.4.2 that

—fa 1-vr
~ - T @
€9 —I1-V
for some ¢ € R™. Substituting this in (2.41) gives

(A", y)x + (y, Ay) =% [T = V) (=T =V + T (T = V)T - V)]
=T[-1+VvVvTe

From our condition on V, see the beginning of this proof, we see that the above expression
is negative. Hence using Theorem 2.2.9 we conclude that A generates a contraction
semigroup.

Step 5. It remains to show that A generates a unitary group when WpXWpg = 0. By
Lemma 2.4.1 we see that this condition on Wpg is equivalent to V being unitary. Now
we show that the domain of A* equals the domain of A. Comparing (2.27) and (2.39)

we have that the domain are equal if and only if the kernel of W equals the kernel of
(—=I - VT 1 -VT). Since V is unitary, we have

ker (—I—VT I-VT )=ker(-V" (I+V I-V))=ker(—V'S 'Wg) = ker W,

where in the last equality we used that S is invertible. Comparing (2.17), (2.27) with
(2.38), (2.39), and using the above equality, we conclude that A = —A*. Applying
Theorem 2.2.10 we see that A generates a unitary group. [

We apply this Theorem to our standard example from the introduction, see also Ex-
ample 2.2.5 and 2.2.7.

Example 2.3.3 Consider the homogeneous p.d.e. on the spatial interval [0, 1].

ox Ox
E(C7t):a_<(gat)a CE [071]7 t>0
$(<70) = 33‘0({), < € [07 1]
0= (1,4, t>0.

We see that the first equation can be written in the from (2.14) by choosing P; = 1,
H =1 and Py = 0. Using this and equation (2.20) the boundary variables are given by

[2(1) + z(0)]. (2.42)

Sl

fo= ) 2O, e=
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The boundary condition becomes in these variables
1

0==z(1,t) = 7

Folt) + ot =W | 220 . (243
ea(t)
with Wg = (% %)
Since WBZ‘,Wg = 1, we conclude from Theorem 2.3.2 that the operator associated
to the p.d.e. generates a contraction semigroup on L?(0,1). The expression for this
contraction semigroup is given in Example 2.2.3. O

2.4. Technical lemma’s

This section contains two technical lemma’s on representation of matrices. They are
important for the proof, but not for the understanding of the examples.

Lemma 2.4.1. Let W be a n x 2n matrix and let ¥ = ((I] 6) Then W has rank n
and WEXWT > 0 if and only if there exist a matrix V € R™*™ and an invertible matrix
S € R™™™ such that
W=S(I+V I-V) (2.44)
with VVT < I, or equivalently VIV < I.
Furthermore, WEWT > 0 if and only if VVT < I and WEWT = 0 if and only if
VVT =1, ie., V is unitary.

ProOF: If W is of the form (2.44), then we find

I+VvT

WEWT =5 (I1+V I—V)E<[_VT

) ST = §[21 —2vvT]sT,

which is non-negative, since VV7T < I.

Now we prove that if W is of full rank and is such that WEXW? > 0, then relation
(2.44) holds. Writing W as W = ( Wi W5 ), we see that WXW7 > 0 is equivalent to
WiWsd + WoW > 0. Hence

(W1 + Wo) (W1 4+ W)L > (W, — W) (W, — Wa)T > 0. (2.45)

If # € ker((Wy + Wo)T), then the above inequality implies that = € ker((W; — Wa)T).
Thus x € ker(W{) Nker(WJ). Since W has full rank, this implies that = 0. Hence
Wy + Wy is invertible.

Using (2.45) once more, we see that

(W1 + Wa) "1 (W — Wa) (W — Wa) T (W + Wo) T < 1
and thus V := (W; + W)~ (W — Wa) satisfies VVT < I. Summarizing, we have
1

(W W) = §(W1+W2+W1—W2 Wi+ Wy —Wi+Ws )
= %(Wl—l-Wg)(I—i-V I—V).
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2. Homogeneous differential equation

Defining S := 3(W; + W5), we have shown the representation (2.44).
If instead of inequality, we have equality for W, then it is easy to show that we have
equality in the equation for V' as well. Thus V is unitary. ]

Lemma 2.4.2. Suppose that the n X 2n matrix W can be written in the format of
equation (2.44), i.e, W = S(I +V, I — V) with S and V square matrices, and S
invertible. Then the kernel of W equals the range of ( K I_—VV)'

If V is unitary, then the kernel of W equals the range of YW

PROOF: Let (71) be in the range of ( /;Y,). By the equality (2.44), we have that

W<2> = S(I+V I—V)(ii)

= S(I+V I—V)(_II__VV>l:0.

Hence we see that the range of ( I I_—Vv) lies in the kernel of W. It is easy to show that
W has rank n, and so the kernel of W has dimension n. Thus if we can show that the
2n X n matrix ( I I__VV) has full rank, then we have proved the first assertion. If this
matrix would not have full rank, then there should be a non-trivial element in its kernel.
It is easy to see that the kernel consists of zero only, and so we have proved the the first
part of the lemma.

Suppose now that V is unitary, then

— _ T
( 1 > - < o >vz—2WTS—TV.

Since the range of XW7 equals the range of —XW7TS~TV | we have proved the second
assertion. -

2.5. Properties of semigroups and their generators

This section contains some nice properties of semigroup and generators. Since the proofs
are rather long, we decided to put them separately. However, form time to time we shall
refer to one of these properties.

Theorem 2.5.1. A strongly continuous semigroup (T'(t)),~, on the Hilbert space X
has the following properties:

s}

. |T(¢)|| is bounded on every finite subinterval of [0, c0);
b. T(t) is strongly continuous for all t € [0, 00);
c. For all x € X we have that %fot T(s)xds — z ast — 0F;

d. Ifwy = inf(7 log | T(t)])), then wy = lim (3 log T (#)]]) < oo;
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2.5. Properties of semigroups and their generators

e. Yw > wy, there exists a constant M,, such that Vt > 0, | T(t)| < M,e*".
This constant wy is called the growth bound of the semigroup.

PROOF: a. First we show that ||T'(¢)| is bounded on some neighborhood of the origin,
that is, there exist 6 > 0 and M > 1 depending on § such that

1T <M for t € [0, 4].

If this does not hold, then there exists a sequence {t,}, t, — 07 such that |T(¢,)| >
n. Hence, by the Uniform Boundedness Theorem A.3.19, there exists one x such that
{I|IT(tn)z||} is unbounded; but this contradicts the strong continuity at the origin. If we
set t =md + 7 with 0 < 7 < J, then

ITON < | TGO T < M < MMY® = Me*,

where w = 61 log M.
b. For fixed t > 0, s > 0 we have

IT(t + s)z = T(t)zl| < [TOIT(s)x - @l| < Me|T(s)z — x].
Hence we may conclude that
S1_1)1%1+ |T(t+ s)x —T(t)z|| = 0.
Moreover, for ¢t > 0 and s > 0 sufficiently small, we have
[Tt = s)z = T()z|| < |T(t —s)l[l|lz —T(s)z|.
Thus sl_i)%{HT(t +8)z — T(t)z|| = 0, and T'(t)z is continuous.

c. Let x € X and € > 0. By the strong continuity of (7'(t)),», we can choose a 7 > 0
such that || T(s)x — z|| < e for all s € [0,7]. For ¢t € [0, 7] we have that

15 [ Teds—al = 17 [ Ts)—ajis)

1 1 [
< —/ |T(s)x — x|ds < —/ eds =e¢.
t Jo tJo

d. Let tg > 0 be a fixed number and M = sup ||T(¢)||; then for every t > ty there exists
te(0,to]
n € N such that ntg <t < (n+ 1)tp. Consequently,

log [T(t)| _ log||T"(to)T'(t — nto)|
t t
nlog ||T(to)|| | log M
< +
t t
_ log|T(to)ll  nto , log M
to t t
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2. Homogeneous differential equation

The latter is smaller than or equal to log”;‘g(to)” + logtM if log || T'(to)|| is positive, and it

is smaller than or equal to W% + @ if log ||T'(to)|| is negative. Thus

log ||T(t log ||T(t
g PEITOL _ oz IT0)] _
t—o00 t t(]

and since tg is arbitrary, we have that

log |T(®)]| _ . Jog 7@ _ . log|[T(®)]
t >0 t ~ Tt5o0 )

lim sup
t—o0

Thus

1 T(t 1 T(t
wo:infwz lim M<oo_
t>0 t t—o00 t
e. If w > wy, there exists a ¢y such that
log | T°(¢
w <w for t > to;
that is,
IT@)] < e for t > t.
But

IT@) < My for 0<¢t<t,

and so with

M, = My, for the case that w > 0,
and
M, = e “ M, for the case that w < 0,
we obtain the stated result. [

Theorem 2.5.2. Let (T(t))t20 be a strongly continuous semigroup on a Hilbert space
X with infinitesimal generator A. Then the following results hold:

a. For xg € D(A), T(t)zo € D(A) Vt > 0;

b, %(T(t)xo) — AT(t)ag = T(t) Ay for mo € D(A), ¢ > 0;
c. %(T(t):no) = A"T(t)xg =T (t)A"xo for zg € D(A™), t > 0;

d. T(t)xo — x9 = fg T(s)Axgds for zo € D(A);

e. [ T(s)xds € D(A) and A [} T(s)ads = T(t)x —x for all v € X, and D(A) is
dense in X;

f. A is a closed linear operator;
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2.5. Properties of semigroups and their generators

g. () D(A™) is dense in Z.

n=1
PROOF: a,b,c. First we prove a and b. Let s > 0 and consider

T(t+ s)mo —T(Hao _ T(t) T(e) = Do _ The) = IT(t)SCO-

S S S

If zo € D(A), the middle limit exists as s — 07, and hence the other limits also
exist. In particular, T'(t)xo € D(A) and the strong right derivative of T'(t)z¢ equals

AT(t)l‘o = T(t)Aﬂj‘o
For ¢t > 0 and s sufficiently small, we have
T(t B s)$0 - T(t)xo — T(t o S) (T(S) B 1)330 )
-5 S

Hence the strong left derivative exists and equals T'(t) Azg. Part ¢ follows by induction
on this result.

d. Take any z* € X and xg € D(A). Then

t
(2%, T(t)xo — wo) /di xo)du,
0

and hence

(z",T(t)xg — x9) = /0 (z*,T(u)Azo)du  for zog € D(A)

= <x*,/0 T(u)Azodu).

x* was arbitrary and so this proves d.
e. We first show that D(A) is dense in Z. Consider the following for any = € X

M /Ot T (u)zdu = 1/OtT(s + u)wdu — 1/Ot T (u)zxdu.

S S S

These integrals are well defined, since T'(¢) is strongly continuous (Lemma A.5.5 and
Example A.5.15). Letting p = s + u in the second integral, we have

o)~ 1 /OtT(u)xdu _ ! /HS <>xdp—§ /OtT<u>:cdu
[ T (o)edp + /:T(,o)xdp—

P (w)rdu — / T(u )xdu]

\ ®w | =

[ T(t+u) — T(u )):ndu}

/08 T(u)(T(t) — Ixdu.

® = »]|
=)
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2. Homogeneous differential equation
Now, as s — 0T, the right-hand side tends to (T'(¢t) — I)z (see Theorem 2.5.1.c). Hence
t t
/ T(u)xdu € D(A) and A/ T(u)xdu = (T(t) — I)x.
0 0

Furthermore, %fg T(u)xdu — x as t — 07, and hence for any # € X, there exists a

sequence in D(A) that tends to x. This shows that D(A) = X.

f. To prove that A is closed, we let {n,},en be a sequence in D(A) converging to z
such that Az, converges to y. Then ||T(s)Ax, — T(s)y|| < Me*s||Ax,, — y|| and so
T(s)Azy, — T'(s)y uniformly on [0,¢]. Now, since z,, € D(A), we have that

t
T(t)xy —xn = / T(s)Ax,ds.
0

Using the Lebesgue dominated convergence Theorem A.5.21, we see that

Tt)r —x = /0 T(s)yds,

and so

T(t)w — L[
lim Ttz -z =lim- [ T(s)yds =y.
t|0 t tl0 t 0

Hence x € D(A) and Az =y, which proves that A is closed.

g. Let C§°([0,00)) be the class of all real-valued functions on [0, 00) having continuous
derivatives of all orders and having compact support contained in the open right half-line
(0,00). If 1 € C§°([0,00)), then so does 1), the rth derivative of 4, and (u)T (u)x is
a continuous vector-valued function from [0, 00) to X. Let X be the set of all elements
of the form

g= /Oow(u)T(u)xdu z e X, ¢ e C5°([0,0)).
0

These are well defined by Lemma A.5.5. We shall show that Xy C D(A") for r > 1 and
that X is dense in X. For sufficiently small s, we have

%g _ % /OOO YW)[T(u+ 8)z — T(w)z]du
1 o

- 2 / o — 5) — ()] T (w)zdu — % /0 ()T ().

But M — —T,Z)(’LL) as s — 07, uniformly with respect to u, and the last expression
is zero for sufficiently small s, since the support ¢ is contained in (0, 00). Thus g € D(A)
and Ag = — [7° ¢(u)T(u)zdu. Repeating this argument, we see that g € D(A") for all
r >0, and

Arg = (1) /0 40 ()T (u)rdu
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2.6. Exercises

o

which shows that Xo C (| D(A"). Suppose now that the closure of Xj is not X. Then
r=1

there must exist a g € X such that

(x0,9) =0 Vg€ Xy and |zg]] = 1.
Thus

(o, / YT (wadu) = [ Pu)izo, T(u)r)du = 0
0

Vi € C3°(]0,00)) and x € X. But (zg, T(u)zo) is continuous with ||zo|| = 1. Hence there
exists a 1 € C§°([0,00)) such that [ ¢(u){zo, T (u)zo)du # 0. This is a contradiction,
and so Xg = X. m

2.6. Exercises

2.1. Check equation (2.2).
2.2. In this exercise you will prove that the partial differential equation

Oz

ac (¢,t), ¢elo,1], t>0,

=
with non-zero initial condition z({,0) = z¢(¢) and boundary condition
x(0,t) =0
does not possess a solution.

a) Assume that the p.d.e. possesses a solution, show that for any continuously
differentiable f satisfying f(n) = 0 for n > 1 the function ¢(t) = fol f(¢+
t)z(¢,t)d¢ has derivative zero for ¢t > 0.

b) For the function defined in the previous item, show that ¢(1) = 0, indepen-
dently of the value of f in the interval [0,1).

c) Conclude from the previous two items that fol f(Q)zo(¢)d( is zero for all
continuously differentiable functions f.

d) Prove that for any non-zero initial condition the p.d.e. with the chosen bound-
ary condition doe not possess a solution in positive time.

2.3. Let A be a real n x n matrix, and define T'(t) as e*.

a) Show that (T'(t)),s, is a strongly continuous semigroup on R™.

b) Show that (T'(t)),cp is a strongly continuous group on R™.

2.4. In this exercise we show that A generates a unitary group if and only if A and —A
generate a contraction semigroup.
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2. Homogeneous differential equation

2.5.

2.6.

2.7.

2.8.

40

a) Prove that if (T'(t)),cg is a strongly continuous group satisfying ||7(¢)[| < 1
for all ¢t € R, then (T'(t)),cR is a unitary group.

b) Prove Theorem 2.2.10.

Consider differential operator associated to the p.d.e.

Oz
¢

with a > 0 generates a strongly continuous semigroup on L?(0,1) for any of the
following boundary conditions.

X =at2cn, el t0 (2.46)

a) The state at the right-hand side is set to zero, i.e., z(1,t) = 0.
b) The states at both ends are equal, i.e., z(1,t) = x(0,1).
c¢) Determine for a = 1, the boundary conditions for the semigroup associated

to the p.d.e. (2.46) is a unitary group.

Consider differential operator associated to the p.d.e.

_ O

ox T
SEn=-50¢n.  cepal t=o, (247

generates a strongly continuous semigroup on L2(0,1) for any of the following
boundary conditions.

a) The state at the left-hand side is set to zero, i.e., z(0,t) = 0.

b) The states at both ends are equal, i.e., z(1,t) = x(0,1).

¢) Determine the boundary conditions for the semigroup associated to the p.d.e.

(2.47) is a unitary group.

Consider the transmission line of Example 1.1.1. To this transmission line we put
a resistor at the right-end, i.e., V(b,t) = RI(b,t), and at the left-end we put the
voltage equal to zero. Show that the operator associated to this p.d.e. generates a
contraction semigroup on the energy space.

Consider the vibrating string of Example 1.1.2.

a) Formulate this in our general form (2.14). Determine P;, Py and H.

b) Reformulate the condition on H, see Theorem 2.3.2 in conditions on 7" and
p. Are these conditions restrictive from a physical point of view?

c) Show that by imposing the no-force boundary conditions, i.e., g—zg(b,t) =
%(a, t) = 0 the system generates a unitary group on the energy space.

d) If the endpoints of string are hold at a constant position, i.e., w(a,t) =
w(b,t) = p, p € R independent of time, does the operator associated to
the p.d.e. generate a strongly continuous semigroup on the energy space?



2.6. Exercises

2.9. Consider the Timoshenko beam from Example 1.1.3. Show that the operator
associated to this p.d.e. generates a Cp-semigroup on the energy space, when

a) %(a,t) = 22 (b,t) = 0, and 22 (a,t) = 22(b,t) = 0.
b) 92(a,t) = 0, $(at) = 0, Z2(b,t) = —32(b,t) + (b, 1), and G2(b,t) =
—QF(b,1), Q = 0.
2.10. In the theory developed in this chapter, we considered the p.d.e.’s of the spatial
interval [0,1]. However, the theory is independent of this spatial interval. In this

exercise, we show that if we have proved a theorem for the spatial interval [0, 1],
then one can easily formulate the result for the general interval [a, b].

a) Assume that the spatial coordinate ¢ lies in the interval [a,b]. Introduce the
new spatial coordinate 7 as

¢—a

b—a

Reformulate the p.d.e. (2.14) in the new spatial coordinate.

”[’,:

b) What are the new H, Py, when P; remains the same?
c¢) Determine the boundary effort and flow in the new coordinate.

d) How do the boundary conditions (2.15) and (2.26) change when using the
new spatial variable?

2.11. Consider coupled vibrating strings as given in the figure below. We assume that

II

111

Figure 2.1.: Coupled vibrating strings

all the length of the strings are equal. The model for every vibrating string is given
by (1.6) with physical parameters, pr, T1, p11, etc. Furthermore, we assume that the
three strings are connected via a (massless) bar, as shown in Figure 2.1. This bar
can only move in the vertical direction. This implies that the velocity of string I
at its right-hand side equals those of the other two strings at their left-hand side.
Furthermore, the force of string I at its right-end side equals the sum of the forces
of the other two at their left-hand side, i.e.,

1) 52 ) = Tin(o) 2 ) + T (o) 2 ).
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2. Homogeneous differential equation

As depictured, the strings are attached to a wall.

a) Identify the boundary conditions for the system given in Figure 2.1.

b) Formulate the coupled strings as depictured in Figure 2.1 as a Port-Hamiltonian
system (2.14) and (2.15). Furthermore, determine the energy space X.

c) Show that the differential operator associated to the above system generates
a contraction semigroup on the energy space X.

2.12. Consider transmission lines in a network as depictured in Figure 2.2. In the cou-

::( }TransA line II (

v
é( Trans. line I (g: K K ::( Trans. line IV (3:
I :( ::Trans. line I11 (;: d

Figure 2.2.: Coupled transmission lines

pling parts K, we have that Kirchhoff laws holds. Hence charge flowing out of the
transmission line I, enters II and III, etc. Thus for the coupling between I and II
and III, there holds

Vi(b) = Vii(a) = Viu(a)

and
Il(b) = [H(CL) + [H[(CL).

a) Identify the boundary conditions for the system induced by the second cou-
pling in Figure 2.2.

b) Formulate the coupled transmission lines as depictured in Figure 2.2 as a
Port-Hamiltonian system (2.14). Furthermore, identify the boundary effort
and flow, and the energy space X.

c) If the voltage at both ends is set to zero, i.e., Vi(a) = 0,Viy(b) = 0, then
show that the differential operator associated to the above system generates
a contraction semigroup on the energy space X.

d) If left end side is coupled to the right-hand side, i.e., the voltage and current
at both ends are equal, then show that the differential operator associated to
the above system generates a unitary group on the energy space X.

2.7. Notes and references

More on semigroups can be found in [5]. The result of Section 2.3 are taken from [9].
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Chapter 3
Boundary Control Systems

In this chapter we add a control function to the partial differential equation (1.25), see
also (2.14). In particular, we are interested in boundary controls and we will show that
these systems have well-defined solutions. We explain our ideas by means of an example,
the controlled transport equation, which is given by

ox ox
E(C»t):a_c(gat)a <€ [071]7 t>0
x(1,t) = u(t), t>0

for a control function w. In Chapter 2 we have solved the partial differential equation
for the specific choice u = 0. In this chapter we show that the solution of (3.1) is given
by

(1) = xo(C+ 1) (+t<1
U lulC+t—1) (+t>1

and that in a similar manner the partial differential equation (1.25) with a boundary
control can be treated.

In Section 3.1 we first have to study some abstract theory, which enables us to show
that for certain boundary controls the partial differential equation (1.25) possesses a
unique solution.

3.1. Inhomogeneous differential equations

In Chapter 2 we have studied homogeneous (abstract) ordinary differential equations of
the form

&(t) = Az(t), x(0) = zo. (3.2)

Under the assumption that A generates a strongly continuous semigroup (T'(t))i>0 we
showed that the solution of (3.2) is given by
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3. Boundary Control Systems

In order to be able to add control operators to equation (3.2) we have to study in-
homogeneous (abstract) ordinary differential equations first. Such an inhomogeneous
equation is given by

(t) = Az(t) + f(t), x(0)= zo. (3.3)

We assume that f is a continuous function with values in the Hilbert space X. Later,
when we deal with input and control functions f(¢) has usually the form Bu(t).

First we have to define what we mean by a solution of (3.3), and we begin with the
notion of a classical solution. The function x(t) is called a classical solution of (3.3)
on an interval [0, 7] if z(t) is a continuous function on [0, 7] whose derivative is again
continuous on [0, 7], z(t) € D(A) for all t € [0, 7] and z(t) satisfies (3.3) for all ¢t € [0, 7].

Assume that f € C(]0,7]; X) and that z is a classical solution of (3.3) on [0, 7]. Then
formally we have

%[T(t —s)x(s)] = T(t—s)i(s)— AT(t — s)x(s)
= T(t—s)[Ax(s) + f(s)] — AT(t — s)z(s)
= T(t—s)f(s),

which implies

/ T(t— ) f(s)ds — / D17t — $)a(s)] ds = Tt — Ha(t) — T(t — 0)2(0)
0 0

Equivalently,
t
x(t) =T (t)zo + / T(t—s)f(s)ds.
0

This equation is known as the variation of constant formula. The next lemma shows
that the formal argument which we used to derive this formula can be made precise. For
the proof we refer to Section 3.5.

Lemma 3.1.1. Assume that f € C([0,7]; X) and that x is a classical solution of (3.3)
on [0,7]. Then Az(-) is an element of C([0,7]; X), and

(t) = T(t)z0 + /0 T(t — 5)f(s)ds. (3.4)

This lemma tells us how a classical solution will look like, but does not tells us anything
about existence and uniqueness of solutions. This is the subject of the following theorem,
whose proof is given in Section 3.5

Theorem 3.1.2. If A is the infinitesimal generator of a Cy-semigroup (T'(t));>o on a
Hilbert space X, f € CY([0,7]; X) and z9 € D(A), then (3.4) is continuously differen-
tiable on [0, 7] and it is the unique classical solution of (3.3).
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3.1. Inhomogeneous differential equations

By taking f = 0 and z¢ & D(A), it is clear that (3.4) will not be the classical solution
of (3.3) in general. Although (3.4) is only a classical solution for special initial states
g and smooth functions f, we see that this equation is well-defined for every ¢ > 0
and every zop € X and f € L?([0,7]; X). Furthermore, for 1 € D(A*), one can show
that (x1,2(t)) is continuous differentiable, and satisfies (3.4) weakly. Therefore, for any
zo € X and every f € L2([0,7]; X) we call (3.4) the solution of (3.3). Since we sometimes
want to distinguish between this solution and the classical solution, we use the name
mild solution for the variation of constant formula (3.4).

Most times the inhomogeneous differential equation (3.3) is of the form

&(t) = Az(t) + Bu(t), x(0) = zo, (3.5)

where B is a linear bounded operator from the input space U to the state space X. The
spaces U and X are Hilbert spaces. u is considered as the (control) input and B is the
control operator. This is a special case of (3.3) via f(t) = Bu(t). Hence the (mild)
solution of (3.5) is given by

t
z(t) = T(t)xo + / T(t — s)Bu(s)ds (3.6)
0
for every xp € X and every u € L%([0,7]; X). We apply this to our simple example of

the transport equation.

Example 3.1.3 We study the following controlled partial differential equation

ox ox
E(C,t) T

z(1,t) = 0.

(€, 1) + u(t)

We can write this partial differential equation as
#(t) = Az(t) + Bu(t)

with, see also Examples 2.2.7 and 2.3.3,

dz
Ar = d—C,
D(4) = {z€L?*0,1)|ze H(0,1) and z(1) =0},
Bu = 1-u.

In Chapter 2 we have shown that A generates a Cyp-semigroup on L?(0,1). Using the
formula for the semigroup generated by A, see Examples 2.2.3 and 2.2.5 we get

t
#(Ct) = 20(C + ) gy (€ + 1) + /0 Loy (C + ¢ — Tu(r) dr,

where 1y 1)(¢) = 1 if ¢ € [0,1] and 1}y 7(¢) = 0 otherwise. O
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3. Boundary Control Systems

In this example we applied a control within the spatial domain. More logical for
this example is to apply a control at the boundary. However, when doing so, we cannot
rewrite this system in our standard form (3.5), see Example 3.2.3. This is general the case
when controlling a p.d.e. via its boundary. Thus systems with control at the boundary
form a new class of systems, and are introduced next.

3.2. Boundary control systems

We first explain the idea by means of the controlled transport equation (3.1). Consider
the following system

ox ox
E(C»t):a_g(gat)a <€ [071]7 t>0
x(1,t) = u(t), t>0.

for an input u € L2(0, 7).

Boundary control problems like the one above occur frequently in our applications,
but unfortunately they do not fit into our standard formulation (3.5). However, for
sufficiently smooth inputs it is possible to reformulate such problems so that they do
lead to an associated system in the standard form (3.5). In order to find the associated
system for the controlled transport equation we use the following trick. Assume that x is
a classical solution of the p.d.e. (3.7) and that u is continuously differentiable. Defining

U(Cat) = ﬂi‘(C,t) - ’LL(t),

we obtain the following partial differential equation for v

ov ov )
E((vt) = 8_C(<7t)_u(t)7 <€ [071]7 t>0
o(1,t) = 0, t>0.

This partial differential equation for v can be written in the standard form as
0(t) = Av(t) + Bu(t)

for @ = . Hence by applying a simple trick, we can reformulate a p.d.e. with boundary
control into a p.d.e. with internal control. The price we have to pay is that u has to be
smooth.

The trick applied to (3.7) can be extended to abstract boundary control systems:

a(t) = Ux(t),  x(0) =wo,
Ba(t) = ul),
where 2 : D) C X — X, u(t) € U, U is a Hilbert space, and the boundary operator
B: D(B) C X — U satisfies D(A) C D(*B).

In order to reformulate equation (3.8) into an abstract form (3.5), we need to impose
extra conditions on the system.

(3.8)
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3.2. Boundary control systems

Definition 3.2.1. The control system (3.8) is a boundary control system if the following
hold:

a. The operator A : D(A) — X with D(A) = D(A) Nker(B) and
Az = Ax for v € D(A) (3.9)

is the infinitesimal generator of a Cp-semigroup on X;

b. There exists a B € L(U, X) such that for all u € U, Bu € D(2l), the operator AB
is an element of £L(U, X) and

BBu = u, ueU. (3.10)
&

Part b. of the definition is equivalent to the fact that the range of the operator B
equals U. Note that Part a. of the definition guarantees that the system possesses a
unique solution for the choice u(t) = 0, i.e., the homogeneous equation is well-posed.
Part b. allows us to choose every value in U for u(t). In other words, the values of inputs
are not restricted, which is a logical condition for inputs.

We say that the function z(t) is a classical solution of the boundary control system
of Definition 3.2.1 if z(t) is a continuously differentiable function, z(¢t) € D(2) for all ¢,
and z(t) satisfies (3.8) for all ¢.

For a boundary control system, we can apply a similar trick as the one applied in the
beginning of this section. This is the subject of the following theorem. It turns out that
v(t) = z(t) — Bu(t) is a solution of the abstract differential equation

Be) = Av(t) - Ba(t) + ABu(o), (3.11)
v(0) = wp.

Since A is the infinitesimal generator of a Cpy-semigroup and B and 2B are bounded
linear operators, we have from Theorem 3.1.2 that equation (3.11) has a unique classical
solution for vy € D(A). Furthermore, we can prove the following relation between the
(classical) solutions of (3.8) and (3.11).

Theorem 3.2.2. Consider the boundary control system (3.8) and the abstract Cauchy
equation (3.11). Assume that u € C%([0,7];U) for all 7 > 0. Then, if vy = g — Bu(0) €
D(A), the classical solutions of (3.8) and (3.11) are related by

v(t) = x(t) — Bu(t). (3.12)
Furthermore, the classical solution of (3.8) is unique.

PROOF: Suppose that v(t) is a classical solution of (3.11). Then v(t) € D(A) C D) C
D(%8), Bu(t) € D(B), and so

Bx(t) = Bv(t) + Bu(t)] = Bu(t) + BBu(t) = u(t),
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3. Boundary Control Systems

where we have used that v(t) € D(A) C kerB and equation (3.10). Furthermore, from
(3.12) we have

z(t) = o(t) + Bu(t)
= Av(t) — Bu(t) + ABu(t) + Bu(t) by (3.11)
= Av(t) + ABu(t)
= A(v(t) + Bu(t)) by (3.9)
= Az(t) by (3.12).

Thus, if v(t) is a classical solution of (3.11), then x(t) defined by (3.12) is a classical
solution of (3.8).

The other implication is proved similarly. The uniqueness of the classical solutions of
(3.8) follows from the uniqueness of the classical solutions of (3.11). L]

The (mild) solution of (3.11) is given by
v(t) =T(t)v(0) + /Ot T(t — 7)[ABu(r) — Bu(r)] dr (3.13)
for every v(0) € X and every u € H'(0,00);U). Therefore, the function
x(t) = T(t)(xo — Bu(0)) + /Ot T(t — 7)[ABu(r) — Bu(r)] dr + Bu(t) (3.14)
is called the mild solution of the abstract boundary control system (3.8) for every xg € X
and every u € H'((0,00); U).

As an example we study again the controlled transport equation from the beginning
of this section.

Example 3.2.3 We consider the following system

Ox ox

E(C?t):a_g(gat)a CE [071]7 tEO
x(Ca 0) = xO(C)? C S [07 1]
x(1,t) = u(t), t>0.

for an input v € H'(0,7). In order to write this example in the form (3.8) we choose
X = L%*0,1) and

_dx
=3
Br=uz(1), D(B)=DX).

Az D) = {z € L*(0,1) |z € H'(0,1)},

These two operators satisfy the assumption of a boundary control system. More pre-
cisely: the operators 2 and B are linear, 2 restricted to the domain D(2) N kerB
generates a Cp-semigroup, see Example 2.2.7. Furthermore, the range of %6 is C = U
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3.2. Boundary control systems

and the choice B = 1 implies BBu = u. Using AB = 0, we conclude from equation
(3.14) that the solution is given by

z(t) = ov(t)+ Buf(t)

= T(t)v(0) + /0 T(t — 7)[ABu(r) — Bu(7)] dr + Bu(t)

::zwwmy—Aqw—TmumT+mm

Using the precise form of the shift-semigroup, see Example 2.2.3, we can write the
solution of the boundary controlled partial differential equation as

t
(6 1) = vo(C + )L (C+ ) — /0 Lo,y (C + £ — 7)i(r) dr + u(t).
If(+t>1, we have

2(¢,t) = —[u(m)lley 1 +ut) =u(C+t - 1),

and if ( +t <1, then

(¢, t) = vo(C +8) = [u(r)]lo +u(t) = vo(C +t) + u(0) = 20(C + ¢).
Or equivalently,

$@j):{xd<+w C+t<1 5.15)

wC+t—1) (+t>1

which proves our claim made on the first page of this chapter.
Now it is not hard to show that the controlled p.d.e. form this example cannot be
written as the abstract control system

&(t) = Az(t) + Bu(t), (3.16)

with B a bounded operator. Since for u = 0, we have that the p.d.e. becomes the
homogeneous equation of Examples 2.2.5 and 2.2.7, we have that A can only be 2
restricted to D(2A) N ker B. Hence the semigroup is the shift semigroup.

If our controlled p.d.e. would be of the form (3.16), then by Theorem 3.1.2; we would
have that z(t) € D(A), whenever zg € D(A) and f € C'((0,7; X). Choosing zg € D(A)
and u = 1, we see by (3.15), that x(1,t) = wu(t). Since this is unequal to zero, we
have that z(t) ¢ D(A). Concluding we find that the boundary controlled p.d e. of this
example cannot be written in the form (3.16). O

The controlled transport equation is a simple example of our general class of port-
Hamiltonian systems. This example could be written as a boundary control system. In
the following section, we show that this holds in general for a port-Hamiltonian system.
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3. Boundary Control Systems

3.3. Port-Hamiltonian systems as boundary control systems

In this section we add a boundary control to our Hamiltonian system and we show
that the assumptions of a boundary control system are satisfied. The port-Hamiltonian
system with control is given by

%(g,t) = Pla%[m(t)HPo[Hx(t)] (3.17)
ut) = Wpa (gggg) (3.18)
o ().

We first recall the defining operators of the port-Hamiltonian system. As in Section 2.3
we assume that

e Py is an invertible, symmetric real n X n-matrix;
e Py is an anti-symmetric real n X n-matrix;

e H(({) is a symmetric, invertible n x n-matrix for every ¢ € [a,b] and mI < H({) <
M for some m, M > 0 independent of (;

o Wy := WE1) is a full rank real matrix of size n x 2n.
Wg,2

We recall that the boundary effort and flow are given by, see (2.24)

T _ . (HO)(b.0)
ea(t) "\ H(a)z(a,t)
where Ry is the invertible n x n-matrix defined in (2.21).

We can write the Hamiltonian system as a boundary control system

z(t) = Ax(t), z(0) = o,

Br(t) = u(t),
by defining
Ar = Pl(%[Hx] + Py[Hz], (3.20)
DR = {w € L*((a,b);R™) | Hx € H*((a,b); R™), Wp.1 <£Z> = 0}, (3.21)
Br = Wp, <£Z> , (3.22)
D(B) = D). (3.23)
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3.3. Port-Hamiltonian systems as boundary control systems

As in Section 2.3 we have chosen the Hilbert space X = L?((a,b); R") equipped with
the inner product

b
(i =5 | 1O MQa(6) dC

as our state space. The input space U equals R¥, where k is the number of rows of Wh.1.
We are now in a position to show that the controlled port-Hamiltonian system is indeed
a boundary control system.

Theorem 3.3.1. If
W, 0 I
<W§;> (I 0) (Wh1 Wgp) >0, (3.24)

then the system (3.17)—(3.19) is a boundary control system on X. Furthermore, the
operator

Ar = PlagC[Ha:] + Py[Hx] (3.25)
with the domain
D(A) = {H:n e H'((a,b); R" | (fg) € ker <%;>} (3.26)

generates a contraction semigroup on X.

PRrROOF: We begin with the simple observation that

is equivalent to

fo\ _ (Wea\ (fa) _
v () = (i) () =0

From Theorem 2.3.2 follows that the operator A defined in (3.25) and (3.26) is the
infinitesimal generator of a contraction semigroup on X. Moreover, by (3.21) and (3.22)
we have that D(A) = D(2() Nker B. Hence part a. of Definition 3.2.1 is satisfied.

The n x 2n-matrix Wp is of full rank n and Ry is an invertible matrix. Thus there
exists a 2n x n-matrix S such that

_ (Wga (I O
wats = (405 ms - (1 9). o)

where I is the identity matrix on R¥. We write S = (‘;; gég) and we define the
operator B € L(U, X) by

(Bu)(©) = H(O) ™ (Sn3=2 + Snj— ) u.
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3. Boundary Control Systems

The definition of B implies that Bu is a square integrable function and that Hxz €
H*'((a,b); R™). Furthermore, from (3.27) it follows that Wg 2 Rg (g;) = 0. Combining

this with the definition of the boundary effort and flow, we obtain that Bu € D(2).
Furthermore, B and 2AB are linear bounded operators from U to X and using (3.27)
once more we see that

BBu = Wg 1R <Sl> u = u.
’ 5’2
Thus the Hamiltonian system is indeed a boundary control system. [

As an example we once more study the controlled transport equation.

Example 3.3.2 We consider the system

Ox ox
E(C?t) = a_C(CJt)a C € [07 1]7 t>0 (328)
:E((v 0) = $0(<)7 C€E [07 1]

This system can be written in form (3.17) by choosingn =1, Py =0, P, =1 and H = 1.
Therefore, we have

R _i 1 -1 and f@(t) _i x(Lt)_:E(Ovt)
NG R ea(t)) — V2 \x(1,t) +x(0,t) )
Since n = 1, we can either apply one control or no control at all. The control free case

has been treated in Chapter 2, and so we choose one control. By using the boundary
variables, the control is written as, see (3.18)

u(t) = (a b) % <i83 ;2282) - % (a+b)2(L,0) + (b—a)e(0,8)] . (3.29)

Note that W = (a,b) has full rank if and only if a® + b2 # 0.

By Theorem 3.3.1 gives that the p.d.e. (3.28) together with (3.29) is a boundary
control system if a® + b? # 0 and 2ab > 0, see (3.24). Thus possible boundary controls
are for example

) = 2(1,1), @=b="2)
u(t) = 3z(1,t) — x(0,1),  (a=V2,b=2V2).

For the control u(t) = —x(1,t) + 3x(0,t) we don’t know the answer. O

3.4. Outputs

In the previous sections we have added a control function to our systems. In this section
additionally an output is added. We follow the line laid out in the previous sections. We
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3.4. Outputs

start by assuming that the output equation can be represented via a bounded operator.
Since this is normally not the case for observations at the boundary, we have to consider
boundary observation separately. For this we directly formulate the result for our port-
Hamiltonian systems.

We start with the control system 3.5 to which we add a output equation.

(t) = Ax(t)+ Bu(t), xz(0)= xo, (3.30)
y(t) = Cux(t)+ Du(t), (3.31)

where B is a linear bounded operator from the input space U to the state space X, C

is a linear bounded operator from X to the output space Y, and D is a linear operator
from U to Y. All Spaces U, X and Y are Hilbert spaces.
In Section 3.1 we showed that the solution of (3.30) is given by

x(t) = T(t)xo + /0 T(t — s)Bu(s) ds.

This function is well-defined for every xo € X and every u € L?([0,7];U). The output
equation (3.31) only contains bounded operators. Hence there is no difficulty in “solving”
this equation. We summarize the answer in the following theorem

Theorem 3.4.1. Consider the abstract equation (3.30)—(3.31), with A the infinitesimal
generator of the Cy-semigroup (T'(t));~q, and B,C, and D bounded.
The solution of (3.30)—(3.31) is given by the variation of constant formula (3.6)

2(t) = T(H)zo+ /O T(t — 5)Bu(s) ds,
y#) = CT(t)zo+C /OtT(t—s)Bu(s)ds+Du(t)

for every xo € X and every u € L*([0,7];U).

As said in the beginning of this section, our main focus lies on boundary observa-
tion for port-Hamiltonian systems. We develop conditions on the boundary observation
guaranteeing that a certain balance equation is satisfied, which are important for Chap-
ter 4 and 5. The standard Hamiltonian system with boundary control and boundary
observation is given by

#(t) = Pi—[Ha(t)] + Py[Hx(t)] (3.32)
) (3.33)
). (3.34)

It is assumed that (3.32)—(3.33) satisfy the assumption of a port-Hamiltonian system, see
Section 3.3. Further we assume that WBEW§ > 0, where ¥ = (? é) This guarantees
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3. Boundary Control Systems

that (3.32)—(3.33) is a boundary control system, see Theorem 3.3.1. Note that we have
taken Wp = Wpg 1 or equivalently Wp o = 0. In other words, we are using the maximal
number of control.

The output equation is formulated very similar to the input equation. As for the input
we assume that we use full measurements, i.e., W be a full rank matrix of size n x 2n.
Since we do not want to measure quantities that we already have chosen as inputs, see
(3.33), we assume that (vaﬁ ) is of full rank, or equivalently this matrix is invertible.

Combining this assumption with the fact that 3 is invertible, we see that the product

(%g > Y (wk wl') is invertible as well. Its inverse is defined as

-1 -1
([ (WB T T _ (WEEWEL WpEWl
Py, we = <<W0> S (WE W) = \weswl weswi . (3.35)
Theorem 3.4.2. Consider the system (3.32)—(3.34) with Wg a full rank n X 2n matrix
satisfying WBEW§ > 0, and W¢ a full rank n x 2n matrix such that <%§ > is invertible.

For every u € C?(0,00;R"), Hx(0) € H'((a,b);R"), and u(0) = Wg <£ZE8;), the
system (3.32)—(3.34) has a unique (classical) solution, with Hx(t) € H'((a,b); R™). The

output y(-) is continuous, and the following balance equation is satisfied:

0B =3 (@) 57 0) P (147)). (3.6)
PROOF: See Exercise 3.1. (]

As an example we return to the controlled transport equation of Example 3.3.2.

Example 3.4.3 We consider the system

ox ox
E(Qt) = a_C(Cat)a C € [07 1]7 t=>0 (337)
‘T(Ca 0) = xO(C)? QS [07 1]
u(t) = z(1,1), t>0.

In Example 3.3.2 we have already seen that this system can be written in form (3.32)—
(3.33) by choosingn =1, Py =0, Py =1, H=1and Wp = (2 £).
Now we add the output equation

B 1 (z(1,t) —z(0,t)) 1
y(t) = (c d) ﬁ (m(l,t) N x(O,t)) = ﬁ(c+ d)x(1,t) + (¢ — d)z(0,t)). (3.38)

Since We = (c d) must have full rank, we find that ¢ + d? # 0. Furthermore, since
(%2 > must be invertible, we find that ¢ # d.
Hence all conditions of Theorem 3.4.2 are satisfying for this system whenever ¢ # d.
For the particular choice ¢ = —d = @, that is y(t) = z(0,t), we find Py, w, =
((1) 0 ), or equivalently

d

SNl = 5 (@ — ly@)P) O

N =
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3.5. Some proofs

3.5. Some proofs
This section contains the proofs of Lemma 3.1.1 and Theorem 3.1.2.

PROOF: (of Lemma 3.1.1) From (3.3), we have that Az(t) = &(t) — f(t) and & €
C([0,7]; X) shows that Ax(-) € C(]0,7]; X).

We now prove (3.4). Let t be an arbitrary, but fixed, element of (0,7] and consider
the function T'(t — s)z(s) for s € [0,t). We shall show that this function is differentiable
in s. Let h be sufficiently small and consider

T(t—s—h)x(s+h)—T(t—s)x(s)
h
_ T(t—s—h)x(s+h)—T(t—s—h)x(s) n
h
T(t—s—h)x(s)—T(t— s)x(s)'

If h converges to zero, then the last term converges to —AT (t—s)z(s), since z(s) € D(A).
Thus it remains to show that the first term converges. We have the following equality

T(t—s—h)x(s+h)—T(t—s—h)x(s)

I
- T(t—s—h)x(s+h})l_$(s) —T(t — s — h)i(s) +

T(t—s—h)x(s)—T(t—s)i(s).

—T(t—s)x(s)

The uniform boundedness of T'(t) on any compact interval and the strong continuity
allow us to conclude from the last equality that

251 =2) iy i) = o.

lim [|[T(t—s—h
lim |[7(t — s — )

h
So we have proved that
%[T(t —s)x(s)] = T(t—s)i(s) — AT(t — s)x(s)
= T(t—s)[Azx(s) + f(s)] — AT (t — s)z(s)
= T(t—s)f(s)

This implies

/ T(t—s)f(s)ds = / —[T(t — s)x(s)|ds =T (t — t)z(t) — T(t — 0)x(0)
0 0

Thus a classical solution to (3.3) necessarily has the form (3.4). (]
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3. Boundary Control Systems

PROOF: (of Theorem 3.1.2) Uniqueness: If z; and 2z are two different solutions, then
their difference A(t) = z1(t) — 2z2(t) satisfies the differential equation

dA
AN A0 =0

and so we need to show that its only solution is A(t) = 0. To do this, define y(s) =

T(t — s)A(s) for a fixed t and 0 < s < t. Clearly, % = 0 and so y(s) = constant
= T(t)A(0) = 0. However, y(t) = A(t) shows that A( )=

Ezistence: Clearly, all we need to show now is that v(t fo s)ds is an element
of C([0,7]; X) N D(A) and satisfies differential equatlon (3. 3) Now

v(t) = /Ot (t—s)[ /f )dald
= / T(t—s)f ds+// (t —s)f(a)dsda,

where we have used Fubini’s Theorem A.5.22. From Theorem 2.5.2.¢, it follows that
¢
T(t—a)z—z:A/T(t—s)zds for all z € Z.
(0%

Hence v(t) € D(A), and fo ]Af T(t—s)f(e)ds||da = fo IT(t—a)f(a)— f(a)|da < co.
Thus, since A is closed by Theorem A.5.23 we have that

Au(t) = [T() ~ T1£(0) + /0 T(t — ) - f(a)da
= TOSO+ [ T - @) feda 1)
0

Now, since the convolution product is commutative, i.e., fg g(t—s)h(s)ds = fg g(s)h(t—
s)ds, we have that

o(t) = /0 T($)(t — s)ds

and so
G0 = T+ [ T
= T()f(0) + /0 T(t - s)f(s)ds.

once again using commutativity of the convolution product. It follows that & S 1s contin-

uous and
dv

Zt) = Avlt) + £(2). .
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3.6. Exercises

3.1. Prove Theorem 3.4.2. Hint: Use the calculations of the proof of Theorem 2.3.2.

3.2. Consider the transmission line of Example 1.1.1 for any of the following boundary
condition:

a) At the left-end the voltage equal uq(t) and at the right-end the voltage equals
the input usg(t).

b) At the left-end we put the voltage equal to zero and at the right-end the
voltage equals the input wu(t).

c) At the left-end we put the voltage equal to u(t) and at the right-end the
voltage equals R times the current, for some R > 0.

Show that these systems can be written as a boundary control system.

3.3. Consider the vibrating string of Example 1.1.2 with the boundary conditions

ox ox
a—g(O,t)zo and a<(1 ) =u(t) t>0.

Reformulate this system as a boundary control system.

3.4. Consider the Timonshenko beam from Example 1.1.3 for any of the following
boundary condition:

a) G7(at) = u(t
b) Gt(a,t) = ut
Q 7(b0,1), Q >

Reformulate these systems as boundary control systems.

2 d
), 22 (b, 1) = us(t), and % (a,t) = 92
2 t

t
) _¢(a>t) =0, %_l:(bﬂt) = _i?(bv

3.5. We consider again the transmission line of Exercise 3.2 with boundary conditions
a). Define an output to the system such that

L lw(t) B = u(t)"y(e).

3.6. In the formulation of port-Hamiltonian systems as boundary control systems, we
have the possibility that some boundary conditions are set to zero, see (3.19).
However, when we add an output, this possibility was excluded, see (3.32)—(3.34).
Furthermore, we assumed that we had n outputs. In this exercise we show that
this did not pose a restriction to the theory.

a) Show that if Wpo =0, i.e., Wp = Wg 1, and WBEWg > 0, then (3.17) with
control (3.18) is a well-defined boundary control system. Given the expression
for the domain of the infinitesimal generator A.
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3. Boundary Control Systems

b) Let Wy be a nx2n matrix of full rank satisfying WBZWET; > 0. We decompose

u:WB(Jecg)as
- (3)-(8)(4)
U Wgo es )’

By using the previous item, show that putting uo = 0 is allowed. Furthermore,
show that it leads to the same boundary control system as in (3.17)—(3.19).

Consider the following system

) = PIC%[H:E(t)]JrPo[H!E(t)]
u(t) = Wgp (gzg;)
B fa(t)
0= Was <e§<t>>
o = v ()

where we assume that Wp = <%§ ;) is a full rank matrix of size n x 2n satisfying

WBZWET; > 0. Furthermore, W¢ is a full-rank matrix of size k x 2n satisfying

Wg '\ _
rank <WC ) =n+k.

c) Explain why the above rank conditions are logical.

d) Show that the above system is well-defined. In particular show that for
smooth inputs and initial conditions, we have a unique solution, with the
state and output trajectory continuous.

3.7. Consider the vibrating string of Exercise 3.3 with the boundary conditions

ox ox
O_Q(O’t) =0 and 8—C(1,t) =u(t) t>0.

and we measure the velocity at ¢ = 0.

a) Prove that this is a well-defined input-output system.
Hint: Use the previous exercise.
b) Does a balance equation like (3.36) hold?

c) Repeat the above two questions for the measurement y(t) = %—1:(1, t).

3.8. Consider the coupled strings of Exercise 2.11. Now we apply a force u(t), to the
bar in the middle, see Figure 3.1. This implies that the force balance in the middle

becomes
own

T (@) + Tin0) i (o) + ().

a¢

w
o

T1(b) - (b) = T (a)
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iu(t) 11

[HH

111

Figure 3.1.: Coupled vibrating strings with external force

a) Formulate the coupled vibrating strings with external force as a boundary
control system.

b) Additionally, we measure the velocity of the bar in the middle. Reformate
the system with this output as (3.32)—(3.34).

c¢) For the input and output defined above, determine the power balance in terms
of the input and output, see (3.36).
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Chapter 4
Transfer Functions

In this chapter we discuss the concept of transfer functions. Let us first recapitulate the
concept for finite-dimensional systems. Consider the ordinary differential equation

y(t) + 3y(t) — Ty(t) = —u(t) + 2u(t), (4.1)

where the dot denotes the derivative with respect to time. In many textbooks one derives
the transfer function by taking the Laplace transform of this differential equation under
the assumption that the initial conditions are zero. Since the following rules hold for the
Laplace transform

ft) = F(s) - £(0)
— s2F(s) — sf(0) — £(0),

we have that after Laplace transformation the differential equation becomes the algebraic
equation:

s2Y (s) + 3sY (s) — 7Y (s) = —sU(s) + 2U(s). (4.2)
This implies that
Y(s) = %U(s). (4.3)

The rational function in front of U(s) is called the transfer function associated with the
differential equation (4.1).

This is a standard technique, but there are some difficulties with it if we want to extend
it to partial differential equations. One of the difficulties is that one has to assume that u
and y are Laplace transformable. Since u is chosen, this is not a strong assumption, but
once u is chosen, y is dictated by the differential equation, and it is not known a priory
whether it is Laplace transformable. Furthermore, the Laplace transform only exists
in some right half-plane of the complex plane. This implies that we have the equality
(4.3) for those s in the right-half plane for which the Laplace transform of v and y both
exist. The right-half plane in which the Laplace transform exists is named the region of
convergence. Even for the simple differential equation (4.1) equality (4.3) does not hold
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4. Transfer Functions

everywhere. Taking into account the region of convergence of both v and y, we find that
(4.3) only holds for those s which lies right of the poles, i.e., the zeros of s% + 3s — 7.

To overcome all these difficulties we define the transfer function in a different way.
We shall look for solutions of the differential equation which are exponentials. Let us
illustrate this for the simple differential equation of (4.1). Given s € C, we look for a
solution pair of the form (u(t),y(t)) = (e, yse!). If for an s such a solution exists, and
it is unique, then we call y;s the transfer function of (4.1) in the point s. Substituting
this pair into our differential equation, we have

s2yse®t + 3sygest — y et = —sest + 2e%. (4.4)

We recognize the common term e*! which is never zero, and so we may divide by it.
After this division, we obtain

$2ys + 3sys — ys = —5 + 2. (4.5)

This is uniquely solvable for v, if and only if s? + 3s — 7 # 0.

We see that we have obtained, without running into mathematical difficulties, the
transfer function. Since for p.d.e.’s or for abstract differential equations the concept of
a solution is well-defined, we may define transfer function via exponential functions.

4.1. Basic definition and properties

In this section we start with a very general definition of a transfer function, which even
applies to systems not described by a p.d.e, but via e.g. a difference differential equation
or an integral equation. To formulate this definition, we first have to introduce a general
system. In a general system, we have a time axis, T, which is assumed to be a subset of
R. Furthermore, we distinguish three spaces, U, Y, and R. U and Y are the input- and
output space, respectively, whereas R contains the rest of the variables. In our examples,
R will become the state space. A system & is a subset of (U x R x Y)T, i.e., a subset
of all functions from T to U x R x Y.

Definition 4.1.1. Let © be a system, let s be an element of C, and let ug € U. We say
that (upet,r(t),y(t)) is an exponential solution in & if there exist 1o € R, yo € Y, such
that (ugest, roe’t, yoest) = (upest, r(t),y(t)), t € T.

If for every ug € U the output trajectory, ype®!, corresponding to an exponential
solution is unique, then we call the mapping ug — yo the transfer function at s. We
denote this mapping by G(s). Let Q C C be the set consisting of all s for which the
transfer function at s exists. The mapping s € Q — G(s) is defined as the transfer
function of the system &. &

Recall that a system is said to be linear if U, R, and Y are linear spaces, and if
(auy + Bug,ary + Pro,ayr + Py2) € & whenever (uq,7r1,y1) and (ug,72,y2) are in &.
The system is time-invariant, when T is an interval of the form (ty,00), tg > —o0, and
(u(-+7),7(-+7),y(- + 7)) is in & for all 7 > 0, whenever (u,r,y) € &.
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Lemma 4.1.2. Consider the abstract system & which is linear and time-invariant on
the time axis [0,00). If & is such that (0,0,y(t)) € & implies that y(t) is the zero
function, then exponential u and r implies exponential y, i.e., if (uget, roe’t, y(t)) € &,
then y(t) = yoe® for some yy € Y.

Additionally, assume that for a given s € C there exists an exponential solution for
all up € U, and assume that (0,r9e*t,y(t)) € & implies that 1o = 0. Then the transfer
function at s exists, and is a linear mapping.

PROOF: Let (uge'roest, y(t)) be an element of &, and let 7 > 0. Combining the linearity
and time-invariance, we see that

(0,0,y(t +7) = e Ty(t)) = (uoe* T, roe™ ) y(t 4 7)) — (upe*T e roe’ e, Ty 1))

is an element of &. By assumption, this implies that y(t+7) = e*"y(t) for all 7. Choosing
t = 0, gives the desired result.

Now assume that for a given s € C there exists an exponential solution for all ug € U.
First we show that the exponential solution is unique. When (uge®!,roet, yoest) and
(upest, foest, goest) are both in &, then by the linearity (0, (ro — 7o)e®t, (yo — go)e*!) € G.
By our assumption this implies that rg = 7y and yo = 9.

From this we see that we can define a mapping ug — yo. It remains to show that this
mapping is linear. Let (u10e®’, r10€%!, y10e5") and (ugoe, ra0est, yopest) be two exponen-
tial solutions. By the linearity, it is easy to see that

((quro + Bugo)e™, (arip + Brao)e™, (ayio + Byzo)e™) € &

Hence this implies that auig + Bugg is mapped to ayig + By20. In other words, the
mapping is linear. ]

In our applications r will be the state . It turns out that for the class of systems
we are considering, the conditions in the above lemma are very weak, see Exercise 4.1.
Thus the transfer function exists, and is a linear operator.

We begin by showing that the transfer function for the system

(t) = Axz(t) + Bu(t) (4.6)
y(t) = Cxz(t)+ Du(t), (4.7)
where B, C' and D are bounded operators and A generates a strongly continuous semi-

group, is given by the familiar formula G(s) = C(sI — A)~"'B + D, for s in the resolvent
set, p(A), of A.

Theorem 4.1.3. Consider the state linear system (4.6)—(4.7), with B, C', and D bounded
operators. As solutions of this system we take the mild solutions, see Theorem 3.4.1.

If (u(t),z(t),y(t)) is an exponential solution, then it is a classical solution as well.
Furthermore, for s € p(A), the transfer function exists and is given by

G(s)=C(sI — A)™'B+ D. (4.8)
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PRrROOF: The mild solution of (4.6) is given by

t
x(t) =T (t)zo + / T(t — 7)Bu(r)dr (4.9)
0
For an exponential solution this becomes
t
zoe®t = T(t)xo + / T(t — 7)Buge® dr. (4.10)
0
By taking Laplace transforms, this equality becomes
.Z'() o . -1 . -1 1
S (M —A) "z + (M- A) BUO)\—S (4.11)

for A € C with Re()\) > max{Re(s),wp}, where wy is the growth bound of (T'(¢)),-
Since for fixed ) the right-hand side of (4.11) is an element of D(A), the same holds
for the left-hand side. In other words, xy € D(A). By Theorem 3.1.2, we conclude that
x(t) is a classical solution.
Equation (4.11) can be rewritten as

zo— (A —s)(M — A)"Lag = (A — A)~! Buy,. (4.12)
Multiplying this by (A — A), we obtain (sI — A)zg = Bug. Thus for s € p(A),
xo = (sI — A)"! Bug. (4.13)
Using the output equation of our system, we have that
yoe®t = y(t) = Cx(t) + Du(t) = Czpe®t + Duge® = C(sI — A) ™! Buge®® + Duge®t.
Hence yo = C(sI — A)~!Bug + Dug which proves (4.8). ]

The above theorem shows that for state-space systems of the form (4.6)—(4.7) the
transfer function exists, and is given by the formula well-known from finite-dimensional
system theory. Our main class of systems, the port-Hamiltonian systems have their
control and observation at the boundary, and are not of the form (4.6)—(4.7). As proved
in Theorem 3.3.1, they form a subclass of the boundary control systems. In the follow-
ing theorem, we formulate transfer functions for boundary control systems. As in the
previous theorem, exponential solutions are always classical solutions.

Theorem 4.1.4. Consider the system
z(t) = Ax(t), z(0) = zo
u(t) = Bx(t) (4.14)
y(t) = Ca(t)

where (2,B) satisfies the conditions for boundary control system, see Definition 3.2.1
and € is a bounded linear operator from D(2l) to Y, with Y a Hilbert space.
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As the class of solutions we take the mild solutions, see equation (3.14).
If (u(t),z(t),y(t)) is an exponential solution, then it is a classical solution as well.
Furthermore, for s € p(A), the transfer function exists and is given by

G(s) =¢(sI — A)"'[AB — sB] + ¢B (4.15)
for s € p(A).
For s € p(A) and ug € U, G(s) can also be found as the (unique) solution of
srg = Axg
uy = %xo (4.16)
G(s)up = Cuxo,

with 29 € D(2).

PROOF: The proof is very similar to that of Theorem 4.1.3. By (3.14) we know that the
mild solution is given by

t
o(t) = T(0)n ~ Bu(0) + [ T(t~ 1) @Bu(r) - Ba(r)] dr + Bu().
0
Assuming that (u(t),z(t),y(t)) is an exponential solution, the above equation becomes
t
etz = T(t)(zo — Bug) + / T(t — 1) [ABe* ug — Bse*ug| dr + Beug.
0

Taking Laplace transforms, we find for A € C with Re(A) > max{Re(s),wp}, where wp
is the growth bound of the semigroup (7'(t));>s

Zo
A—S

= (M — A)"(wo — Bug) + (A — A)~* [Q‘B)\

Or equivalently,

“””0;7_38“0 = (M — A)Y(zo — Bug) + (M — A)~! [QlB)\uO — 2 } .

This implies that zg — Bug € D(A), and
(M — A)[zg — Bug] = [xg — Bug](\ — s) + ABug — Bsuy.
Subtracting the term A[xg — Bug] from both sides, this becomes
(sI — A)[zg — Bug] = 2ABuy — Bsuy. (4.17)
For s € p(A), this gives

xo = (sI — A)7 [AB — sB] ug + Buy. (4.18)
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4. Transfer Functions

Since z9 — Bug € D(A) and since u € C%(]0,0); U) we have by Theorem 3.2.2 that z(t)
is a classical solution of (4.14). In particular, for all ¢ > 0, z(t) € D(2). By assumption
the domain of € contains the domain of 2. Hence yoe*t = y(t) = €x(t), holds point-wise
in t. Taking t = 0, gives yp = €xg. Combining this equality with (4.18), we obtain
(4.15).

Since x(t) = zpe®* is a classical solution for u(t) = upe®
differential equation (4.14). By doing so we find

t t

, we can substitute this in the

sroe’t = Axge®
upe®t = Brye
yoett = Cxge!

Removing the exponential term, we find equation (4.16). The uniqueness of z( follows
by (4.18). L]

We close this section by calculating the transfer function for the simple Example 3.4.3.

Example 4.1.5 Consider the system

FEO=50CD. celo) 120 (1.19)
‘T(Ca 0) = xO(C)? ¢e [07 1]
u(t) = z(1,1), t>0.
y(t) = z(0,1), t>0.

If we define €z = z(0), then it is easy to see that all assumptions in Theorem 4.1.4 are
satisfied, see Theorem 3.3.1. Hence we can calculate the transfer function, we do this
via the equation (4.16). For the system (4.19) this becomes

swo(¢) = %’?(c)=%(<)
up = zo(1)

G(s)up = x0(0).
The above differential equation has the solution zq(¢) = ae®¢. Using the other two
equations, we see that G(s) = e™*. O
4.2. Transfer functions for port-Hamiltonian systems
In this section we apply the results found in the previous section to our class of port-

Hamiltonian systems. Since we have obtained Theorem 4.1.4 describing transfer func-
tions for general boundary control system, the application to port-Hamiltonian system is

66



4.2. Transfer functions for port-Hamiltonian systems

straightforward. We obtain the transfer function for the system defined in (3.32)—(3.34).
That is, the system is given by

z(t) = Pr—[Hz(t)] + Po[Hz(t)] (4.20)
> (4.21)
>‘ (4.22)

It is assumed that (4.20)—(4.21) satisfy the assumption of a port-Hamiltonian system, see
Section 3.3. Further we assume that WBEW§ > 0, where ¥ = ((I) é) This guarantees
that (4.20)—(4.21) is a boundary control system, see Theorem 3.3.1.

As for the input we assume that we use full measurements, i.e., W be a full rank

matrix of size n X 2n and (%ﬁ ) is of full rank, or equivalently this matrix is invertible.

Theorem 4.2.1. Consider the system (4.20)—(4.22). This system has the transfer func-
tion G(s), which is determined by

STty = P1%[H:E0] + Po [H:E(]] (4.23)
w = Wp <£ 28) (4.24)
G(s)ugy = We <£§’2> , (4.25)

where
fo o) ( (Hzo) (b) >
Yl =R . 4.26
<€a,o "\ (Hzo) (a) (4.26)
Furthermore, the transfer function satisfies the following equality

Re (s)|lo||* =

N =

(ud udG(s)" ) Pwywe ( G(Z())uo ) (4.27)

with Py, w, the inverse of <%§> N (wEwd).

PRrROOF: The proof is a direct combination of Theorems 3.4.2 and 4.1.4. By the first
theorem, we know that the system (4.20)—(4.22) is a well-defined boundary control sys-
tem and that the output equation is well-defined in the domain of the system operator
2. Hence all conditions of Theorem 4.1.4 are satisfied, and the defining relation for the
transfer function, equation (4.15), becomes (4.23)—(4.25).

The transfer function is by definition related to the exponential solution (uge!, zoe®,
G(s)uges’). Substituting this solution in (3.36) gives (4.27). ]
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4. Transfer Functions

Looking at (4.23)—(4.25) we see that the calculation of the transfer function is equiv-
alent to solving an ordinary differential equation. If H is constant, i.e., independent of
(¢, this is easy. However, in general it can be very hard to solve this ordinary differential
equation by hand, see Exercise 4.4.

In the above theorem we assumed that we had n controls and n measurements. How-
ever, this needs not to hold. If the system has some of its boundary conditions set to
zero, and /or less than n measurements, then one can take two approaches for obtaining
the transfer function. As is shown in Exercise 3.6 this system satisfies all the conditions
of Theorem 4.1.4, and hence one can use that theorem to obtain the differential equa-
tion determining the transfer function. Another approach is to regard the zero boundary
conditions as inputs set to zero, and to add extra measurements such that we have n
controls and n measurements. The transfer function one is looking for is now a sub-block
of the n x n transfer function. We explain this in more detail by means of an example.
However, before we do this we remark that (4.27) equals the balance equation (1.27)
which lies at the hart of our class of systems.

Example 4.2.2 Consider the transmission line of Example 1.1.1 for which we assume
that we control the voltages at both ends, and measure the currents at the same points.
Furthermore, we assume that the spatial interval equals [0, 1]. Hence the model becomes

oQ 9 ¢(¢,t)
¢ __0Q(GY)
Q(1,t)
uft) = ( Sod ) (4.29)
c(0)
P(1,t)
y(t) = ( S0 ) : (4.30)
L(0)
For the transfer function, this p.d.e. is replaced by the ordinary differential equation
d ¢o(¢)
d Qo(¢)
0 20 %O((OO)) .
Y10 df((f))
Yo = < >:<0 ) (4.33)
0 Y20 ¢>L((00))

Since we want to illustrate transfer functions, and their properties, we make the simpli-
fying assumption that C'(¢) = L(¢) = 1 for all { € [0,1]. With this assumption, it is
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4.2. Transfer functions for port-Hamiltonian systems

easy to see that the solution of (4.31) is given by

Qo(¢) = ae™ +5e™,  ¢o(¢) = —ae* + fe=*, (4.34)

where a, 3 are complex constants. Using (4.32) we can related these constant to ug,

<g>:#<_11 _:_>u0 (4.35)

Combining this with (4.33) gives

_ 1 —e¥ —e” " 2
= s s -2 s +es )0

Thus the transfer function is given by

—tanh(s) ——L
G<s>=< ) ) (436)

sinh(s)
Using now the balance equation (1.4), we find

Re (s)[|zoll* = Re(Vo(0)Io(0)) — Re (Vo(1)In(1))
= Re (u20G21(5)u10 + u20G22(s)u20) —
Re (uloGll(s)ulo + uloGlg(S)UQQ). (4.37)

By taking ujg = 0, we conclude that the real part of Gay is positive for Re(s) > 0.
Combined with the fact that Gao is analytic for s € C§ = {s € C | Re(s) > 0},
we have that Gao is positive real. This can also be checked by direct calculation on
Gaa(s) = tanh(s).

Consider next the system defined by the p.d.e. (4.28) with input u(t) = Q(1,t), output
I(1,t) and boundary condition Q(0,t) = 0. We can proceed like we did above, but we
see that we have already obtained the transfer function by putting usp = 0 in (4.32) and
only look at yj9 in (4.33). Hence the transfer function of this single input single output
system is — tanh(s).

The transfer functions (4.36) and — tanh(s) have their poles on the imaginary axis,
and so one cannot draw a Bode or Nyquist plot. In order to show these concept known
from classical control theory can also be used for system described by p.d.e.’s we add a
damping such that we obtain a system with no poles on the imaginary axis.

We consider the p.d.e. (4.28) with the following conditions

V(1,t) = RI(L¢) (4.38)
ut) = V(0,t) (4.39)
y(t) = 1(0,1). (4.40)
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4. Transfer Functions

Again we take the simplifying assumption that C'(¢) = L(¢) = 1, ¢ € [0, 1]. Calculation
the transfer function leads to the o.d.e. (4.31) with the boundary conditions

Vo(1) = RIo(1) (4.41)
up = V(0 (4.42)
Yo = Io(0). (4.43)

The o.d.e. has as solution (4.34). The equations (4.41)—(4.43) imply
ae®+0e™® = R (—aes + Be‘s)
uy = « + 5
Yo = —a+p.
Solving this equation gives the following transfer function,

_ cosh(s) + Rsinh(s)
Gls) = sinh(s) + Rcosh(s)’ (444)

The Nyquist plot of this is a perfect circle, see Figure 4.1 Again using the balance

) 10
Re G(iw)

Figure 4.1.: Nyquist plot of (4.44) for R = 10
equation (1.4), we find that for this system

Re (s)[lzol> = Re(Vo(0)1o(0)) — Re (Vo(1)Io(1))
= Re(uyG(s)ug) — Re (Ip(1)RIp(1)).

Hence for Re(s) > 0, we have
Re (G(s))u2 = Re (s) zoll? + RIo(1)?, (4.45)

and so G is positive real. O
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4.3. Exercises

4.3. Exercises

4.1.

4.2.

4.3.

4.4.

4.5.

4.6.

4.7.

4.8.

4.9.

Show that the assumption of Lemma 4.1.2 holds for the system (4.6)—(4.7), when-
ever s € p(A).

Show that the assumption of Lemma 4.1.2 holds for the system (4.14), whenever
s € p(A).

Determine the transfer function of the system

Feo=20n,  celabl 120 (4.46)
2(¢.0) = 20(Q), ¢ef0,1]
)

Zo
(75: A)x(b,t),  t=0.
AMa)z(a,t), =0,

where A is a (strictly) positive continuous function not depending on t.
Consider the system of the transmission line given by (4.28)—(4.30).
a) Show that even when the physical parameter C' and L are spatial dependent,

the equality (4.37) still holds.

b) Choose L(¢) = ¢, and C(¢) = 1, and determine the transfer function.
Hint: You may use a computer package like Maple or Mathematica.

Our standard port-Hamiltonian system is defined on the spatial interval [a,b].
In Exercise 2.10 we have shown that it can easily be transformed to a port-
Hamiltonian system on the spatial interval [0,1]. How does the transfer function
change?

Show that the boundary control system (4.14) defines a linear and time-invariant
system, see below Definition 4.1.1.

Show that the Nyquist plot of transfer function (4.44) is a circle. Furthermore,
show that G restricted to the imaginary axis is periodic, and determine the period.

Consider the vibrating string of Example 1.1.2. We assume that the mass density
and Young’s modulus are constant. We control this system by controlling the

Ow
velocity at ¢ = b and the strain at ( = a, i.e., u(t) = ( g b))> We observe the

same quantities, but at the opposite ends, i.e., y(t) = < o ((t b§>

Determine the transfer function of this system.
Since we have defined transfer functions via a different way, it may be good to
check some well-known property of it. Let &7 and &5 be two linear and time-

invariant systems, with input-output pair wy,y; and us, ys, respectively. Assume
that for a given s € C both systems have a transfer function.
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4. Transfer Functions

a) Show that the series connection, i.e., ug = yo has the transfer function G(s) =
GQ(S)Gl (8)

b) Show that the parallel connection, i.e., u; = ug = u, and y = y; + y2 has the
transfer function Gy(s) + Ga(s).

¢) Show that the feedback connection, i.e., u; = u — y2, y = y; has the transfer
function Gy (s) [I + Ga(s)] ™" provided I + Ga(s) is invertible.

4.10. Consider the coupled strings of Exercise 3.8. As input we apply a force to the bar
in the middle, and as output we measure the velocity of this bar. Assuming that
all physical parameters are not depending on (, determine the transfer function.

4.4. Notes and references

The ideas for defining the transfer function in the way we did is old, but has hardly
been investigated for distributed parameter system. [32] was the first paper where this
approach has been used for infinite-dimensional systems. In that paper the concept we
named transfer function was called a characteristic function.

One may find the exponential solution in Polderman and Willems [20], where all
solutions of this type are called the exponential behavior.
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Chapter 5
Well-posedness

5.1. Introduction

Consider the abstract linear differential equation

&(t) = Az(t) + Bu(t), z(0) = xo (5.1)
y(t) = Cz(t) + Du(t). (5.2)

where x is assumed to take values in the Hilbert space X, u in the Hilbert space U, and
y is the Hilbert space Y. The operator A is assumed to be the infinitesimal generator
of a Cy-semigroup, and B,C, and D are bounded linear operators. Under these as-
sumptions we know that the abstract differential equation (5.1)—(5.2) possesses for every
u € L*((0,t5);U) a unique (mild) solution, see Theorem 3.4.1. Existence of solutions
for an arbitrary initial condition z9 € X and input u € L*((0,ts);U), such that z is
continuous and y € L?((0,t7);Y) will be called well-posedness. Hence if B,C, and D
are bounded linear operators, then the system (5.1)—(5.2) is well-posed if and only if A
is the infinitesimal generator of a Cy-semigroup.

As we have seen in Chapter 3 our class of port-Hamiltonian systems cannot be written
in the format (5.1)-(5.2) with B,C and D bounded. However, we know that for every
initial condition and every smooth input function we have a mild solution of the state
differential equation, see (3.14). Furthermore, for smooth initial conditions and smooth
inputs, the output equation is well-defined, see Theorem 3.4.2. Note that this was only
obtained under the condition WBZ‘,Wg > 0. This inequality is equivalent to the fact
that we have a contraction semigroup, see Theorem 2.3.2. That a larger class of inputs
might be possible, can be seen in the following example.

Consider the controlled transport equation on the interval [0,1] with scalar control
and observation on the boundary

ox _8_

F OGN =560, (G0 =m(), (el (5:3)
u(t) = 2(1,t), (5.4)
y(t) = x(0,¢). (5.5)
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5. Well-posedness

From Example 3.2.3 we know that the mild solution of (5.3)-(5.4) is given by

u(C+t—1) ¢(+t>1. (5:6)

x(c7t):{xo(ﬁ+t) C+t<1
We see that for every ¢ > 0 the function z(-,t) € X = L?(0,1), whenever u € L*(0,ts).
Furthermore, z(-,t) is a continuous function in ¢, i.e., ||z(-,t) — z((-,t + h) converges to
zero when h converges to zero, see Exercise 5.1. Hence the mild solution (5.6) can be
extended from controls in H'(0,%¢) to L?(0,t). If zg and u are smooth, then we clearly
see that y(t) is well-defined for every ¢ > 0 and it is given by

zo(t)  0<t<1

ylt) = {u(t —1) t>1. 61)

However, when zg € L?(0,1) and u € L?(0,¢), the expression (5.7) still gives that y is
well-defined as an L2-function.

Summarizing, we see that we can define a (mild) solution for (5.3)—(5.5) for all zp € X
and all v € L?(0,t #)- This solution gives a state trajectory in the state space which is
continuous, and an output trajectory which is square integrable on every compact time
interval. Hence this system is well-posed.

Suppose next that we are applying a feedback of the form u(t) = 2y(¢), this leads to
the new p.d.e.

=60 960 =m(©,  Cel 6.9
2(1,1) = 22(0, 1). (5.9)

We would like to know whether the system has a unique (mild) solution, and so we try
to apply Theorem 2.3.2. From Example 2.3.3 we have that the boundary effort and flow
are given by
1 1
= —|z(1) +z(0)], eg = —|x(1) — z(0)].
fo \/5[() (0)] o \/5[() (0)]
Hence the boundary condition (5.9) can be written as fs — 3eg = 0, i.e., Wp = (1,—3).
Calculation WBEWg gives —6. Since this is negative, we know by Theorem 2.3.2)
that the operator associated to the p.d.e. (5.8)—(5.9) does not generate a contraction
semigroup. However, it does generate a Cp-semigroup. It is not hard to see that the

solution of (5.8)—(5.9) is given by
z(¢,t) = 2" (1), (5.10)

where (+t=n+7, 7 €[0,1], n € N, see Exercise 5.2.

Concluding, we see from this very simple port-Hamiltonian system that the class of
controls can be extended, and that it is possible to have a semigroup, even when the
condition WBZWET; > 0 is not satisfied. The aim of this chapter is to show that these
results hold for any port-Hamiltonian system in our class.
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5.2. Well-posedness for port-Hamiltonian systems

In this section we define formally what we mean by well-posedness. Although well-
posedness can be defined very generally, see the Notes and reference section, we do it
for our class of systems introduced in Sections 3.3 and 3.4.

%(g,t) = Pla%[Hx(t)]JrPo[Hx(t)] (5.11)
u(t) = Wpa <£Zg§> (5.12)
0 = s (1) o

y(t) = Wo (fa(t;) (5.14)

The precise assumptions on this system will be given in Theorem 5.2.6. However, as
before, we assume that H is a symmetric n x n matrix satisfying 0 < mI < H({) < M.

Furthermore, Wp := (%E ;) is a full rank matrix of size n x 2n. We assume that Wp ;

is a k x 2n matrix. Our state space is the Hilbert space X = L?((a,b); R") with the
inner product

L[, 7
(i =5 [ FQOTHQOu(OC (515)

The following lemma follows easily from Theorems 3.3.1 and 3.4.2. The proof is left
as an exercise, see Exercise 5.3.

Lemma 5.2.1. Let t; be a positive real number. Assume that the operator A defined
as P &H + PyH with domain,

€9,0

D(A) = {z0 € X | Hzo € H'((a,b);R™), W (fw) — 0}

is the infinitesimal generator of a Cy-semigroup on X. Then the system (5.11)—(5.13) is
a boundary control system.
In particular, for every Hxo € H'((a,b); R") and every u(-) € C?([0,t;); RF) with

u(0) = Wp (Zg’g), and 0 = Wpo <£g’8>, there exists a unique classical solution of

(5.11)—(5.13) on [0,tf]. Furthermore, the output (5.14) is well-defined and y(-) is con-
tinuous on [0,ty].

This lemma tells us that under the existence assumption of a semigroup, we have a
solution for smooth inputs and initial conditions. The concept of well-posedness implies
that we have solutions for every initial condition and every square integrable input.

Definition 5.2.2. Consider the system (5.11)—(5.14) and let k& be the dimension of w.
This system is well-posed if there exists a t; > 0 and my > 0 such that the following
holds:
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5. Well-posedness

1. The operator A defined as P; (%H + Py’H with domain,

D(A) = {0 € X | Hzo € H ((a,b); R"), W (ffw) — 0} (5.16)

€9,0

is the infinitesimal generator of a Cy-semigroup on X.

2. The following inequality holds for all Hzg € H'((a,b);R") and u € C2([0,¢;); R¥)
with u(0) = Wg, (53;3 >7 and 0 = Wpgo (gg:(?)

mmw%+£fM@Wﬁgm{Mﬂ§+Afmwwﬁ] o7

If the system is well-posed, then we can define a (mild) solution of (5.11)—(5.14) for
all 79 € X and u € L2((0,ts), R¥) such that x(¢) is a continuous function in X and y is
square integrable.

Theorem 5.2.3. If the system (5.11)—(5.14) is well-posed, then the mild solution (3.14)
can be extended to hold for all u € Lz((O,tf);Rk). Furthermore, the state trajectory
remains continuous, and the output is square integrable.

For the (extended) solution, the inequality (5.17) holds.

Furthermore, if the system is well-posed for some t; > 0, then it is well-posed for all
ty > 0.

PROOF: See Section 5.6. n

As we have seen in Chapter 4, the system (5.11)—(5.14) has a transfer function. From
Theorem 4.1.4 we conclude that this function exists in the resolvent set of A. Since A
generates a Cy-semigroup, this resolvent set contains a right half-plane. So the transfer
function exists on some right-half plane. Furthermore, the transfer function is bounded
for Re(s) — oo.

Lemma 5.2.4. Let G be the transfer function of a well-posed system, then

limsup [|G(s)| < /my, (5.18)
Re(s)—o0

where my is the constant from equation (5.17).

PRrROOF: If (5.18) does not hold, then we can find an s such that [e*'/| > my and
|G(s)|| > \/my. Next choose ug € U such that |Jup| = 1 and ||G(s)ug|| = ||G(s)||. The
exponential solution (upet, xpest, G(s)upe) satisfies

ly ly
wmm§+é|mmwt= WWM%+A\W@wﬁWﬁ
ty
=|ﬁﬂ@ﬂ%ﬂ@@wl|wwwﬁ

2 tf 2
>7whmm+A mwuﬂ.

This contradicts (5.17), and so (5.18) must hold. ]
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5.2. Well-posedness for port-Hamiltonian systems

Although the transfer function is bounded on some right half-plane, this does not
imply that it will converge along the real axis. If this happens, we call the transfer
function regular.

Definition 5.2.5. Let G(s) be the transfer function of (5.11)—(5.14). The system
(5.11)-(5.14) is regular when limgeg s—o0 G(s) exists. If the system (5.11)-(5.14) is
regular, then the feed-through term D is defined as D = limsepr s—o00 G(5). )

Now we have all the ingredients to formulate the main result of this chapter.

Theorem 5.2.6. Consider the partial differential equation (5.11)—(5.14) on the spatial
interval [a,b], with z((,t) taking values in R™. Let X be the Hilbert space L?((a,b); R™)
with inner product (5.15). Furthermore, assume that

e P is real-valued, invertible, and symmetric, i.e., PlT =P,
e H(Q) is a (real) symmetric matrix satisfying 0 < mI < H(¢) < M1, ¢ € [a,b].

e The multiplication operator Py’H can be written as

PIH(¢) = STHOA)S(©), (5.19)

with A(-) a diagonal multiplication operator, and both A(-) and S(-) are continu-
ously differentiable,

e Wp = 51) is an x 2n matrix with rank n
WBQ ’

Wg

rank | Wp» | = n+ rank (W¢).
We

If the homogeneous p.d.e., i.e., u = 0, generates a Cy-semigroup on X, then the sys-

tem (5.11)-(5.14) is well-posed, and the corresponding transfer function G is regular.

Furthermore, we have that limge(s)—oo G(s) = lims—00 scr G(5).

This theorem tells us that if A defined in Lemma 5.2.1 generates a Cp-semigroup, then
the system is well-posed. In particular, we have a mild solution for all square integrable
inputs. From Chapter 2 we know that if WBZ‘,Wg > 0, then A generates a (contraction)
semigroup, and so in this situation the system is well-posed.

In the coming sections we prove this result. Here we comment on the conditions.

e The first two conditions are very standard, and are assumed to be satisfied for all
our port-Hamiltonian systems until now.

e Note that we do not have a condition on Fy. In fact the term PyH may be replaced
by any bounded operator on X, see Lemma 5.4.1.

e The third condition is not very strong, and will almost always be satisfied if H(-) is
continuously differentiable. Note that A contains the eigenvalues of Py’H, whereas
S~1 contains the eigenvectors.
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5. Well-posedness

e The fourth condition tells us that we have n boundary conditions, when we put
the input to zero. This very logical, since we have an n’th order p.d.e.

e The last condition tells that we are not measuring quantities that are set to zero,
or set to be an input. This condition is not important for the proof, and will
normally follow from correct modeling.

As mentioned, the third condition is not very strong. We prove some properties of A
next.

Lemma 5.2.7. Let P; and 'H satisfy the conditions of Theorem 5.2.6. Then A can be
written as

_(A©) 0
A(C)—< 0 ®(<)>’ (5.20)

where A(+) is a diagonal (real) matrix, with (strictly) positive functions on the diagonal,
and ©(-) is a diagonal (real) matrix, with (strictly) negative functions on the diagonal.

PRrROOF: Let ¢ € [a,b] be fixed. Since H(¢) > ml, we can take the square root of it. By
the law of inertia, we know that the inertia of H(¢ )%PlH(C )% equals the inertia of P;.
This implies that the inertia of H(z)%PlH(g )% is independent of {. Furthermore, since
P, is invertible, we conclude that the number of negative eigenvalues of H(z)%PlH(C )%
equals the number of negative eigenvalues of P;. A similar statement holds for the
positive eigenvalues.

A simple calculation gives that the eigenvalues of H(¢ )%PlH(C)% are equal to the
eigenvalues of P;H((). Concluding, we see that for all ¢ € [a, b] zero is not an eigenvalue
of PyH(C), and that the number of negative and positive eigenvalues of P;H(() is inde-
pendent of (. We can regroup the eigenvalues such that first are positive. By doing so,
we obtain (5.20). ]

We illustrate the conditions in the theorem by proving that they are easily satisfied
for the example of the wave equation. From Example 1.1.2 together with (1.20) we know
that the model of the wave equation written in the port-Hamiltonian form is given by

a (o) = (0 o) [(F o) (2D oo
ow w

where x1 = p5p is the momentum and xg = %_C is the strain.
Hence we have that

HZ(?%)’ mo:(%FT%>-

Being physical constants, the Young’s modulus 7" and the mass density p are positive.
Hence it is clear that P; and H satisfy the first two conditions of Theorem 5.2.6. We
shall show that (5.19) holds.
0 T(¢
oo = (3T,
p(¢)

(5.22)
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5.3. The operator Pi'H is diagonal.

satisfies the third condition, i.e., relation (5.19). The eigenvalues of this matrix are £y

with v(¢) = %. The corresponding eigenvectors are

( ’Zi%) > and < _:%S) > (5.23)

PlH:S—lAS:<’%Y —%’Y><g _07><§ ) (5.24)

where we have omitted the dependence on (. The idea of the proof is the following.
Since S is invertible, well-posedness will not change if we perform a basis transformation,
T = Sx. After this basis transformation, the p.d.e. becomes

B dS—1(¢)

0z - -
3160 =52 (A8) (C.0) + SO 7 = MO )

_ 9 ( (OR(G 1) 4570 5 1a
S < —7(€)Z2(¢, 1) >+5(C) g A0, (5.25)

We see that we have a very nice set of simple p.d.e.’s, just two simple delay line, but
-1

they are corrupted by the term S(¢ )dsT(C)A(C )Z(C,t). We first assume that this term

is not present, and so we study the well-posedness of the collection of delay lines

2 j‘1(4775) _ 2 /7(C)j1(<>t)
ot ( #2(C,1) > ~aC < —(Q)F2(C, 1) ) (5:26)

Although it seems that these p.d.e.’s are uncoupled, they are coupled via the boundary
conditions. In Section 5.3 we investigate when a p.d.e. like the one given in (5.26) with
control and observation at the boundary is well-posed. In Section 5.4 we return to the
original p.d.e., and show that ignoring bonded terms, like we did in (5.25) and (5.26)
does not influence the well-posedness of the system. Since a basis transformation does
not effect it either, we have proved Theorem 5.2.6.

Hence

N N

5.3. The operator P,’H is diagonal.

In this section, we prove Theorem 5.2.6 if Pi’H is diagonal, i.e., when S = I. For this
we need the following two lemma’s.

Lemma 5.3.1. Let A(¢) be a positive continuous differentiable function on the interval
[a,b]. With this function we define the scalar system

TN = OOuCD),  wCO) =) Celad] (2D

The value at b we choose as input

u(t) = A(b)w(b, t) (5.28)
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5. Well-posedness

and as output we choose the value on the other end
y(t) = Ma)w(a,t). (5.29)

The system (5.27)—(5.29) is a well-posed system on the state space L*(a,b). Its transfer
function is given by

G(s) = e PO, (5.30)
where p is defined as
¢
p0) = [ NOTC ce o, (5.31)
This transfer function satisfies
lim G(s)=0. 5.32
ol (s) (5.32)

PROOF: It is easy to see that the system (5.27)—(5.29) is a very simple version of the

general Port-Hamiltonian system (3.32)—(3.34) with P, =1, H =\, Wp = (72, @) and
Weo = (@, —@), see Exercise 5.4. Since WBZ‘,Wg =1 > 0, we conclude by Theorem
3.4.2 that (5.27)—(5.29) has a well-defined solution provided the initial condition and the
input are smooth. For this class, the balance equation (3.36) holds. However, this is the

same as (1.27). Using that form of the power balance, we obtain
d b
7 | w(CGOMQu(C DA = [AQw(C. D AQw(C. D,
= Ju(®)* = [y(®)?,

where we used (5.28) and (5.29). Thus for all £y > 0 we have that

b b

/ w(Ct)AOw(C tr)dC— / W(C OA(C)w(C, 0)dC
—tfu7'27'— Y )2dr
—A\(Nd Arm»d. (5.33)

Since A is strictly positive, we have that the energy norm f;w(g,t))\(g)w(ﬁ,t)dﬁ is
equivalent to the L?(a, b)-norm, and so on a dense set an inequality like (5.17) is satisfied.
Thus the system is well-posed.

As we have seen in Chapter 4, the transfer function G(s) is constructed by finding
for s € C and for all ug a triple (us(t), ws(, 1), y(t)) = (upet, wo(¢)e, yoest) satisfying
(5.27)—(5.29). Substituting a triple of this form in the p.d.e., gives

swl¢) = 5 (AQun(0) 1o = AB)un(8), 0 = Ma)uwofa).
Thus wo(¢) = ueA(¢) "t exp(s(p(¢) —p(b))), and yo = ug exp(—sp(b)). This proves (5.30).
The property (5.32) follows directly from (5.30) and the fact that p(b) > 0. ]
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5.3. The operator Pi'H is diagonal.

For a p.d.e. with negative coefficient, we obtain a similar result.

Lemma 5.3.2. Let 6(() be a negative continuous function on the interval [a,b]. With
this function we define the scalar system

=2 0@ ), w0 =uoQ) Celb (530

The value at a we choose as input

u(t) = 0(a)w(a,t) (5.35)
and as output we choose the value on the other end

y(t) = 6(b)w(b, ). (5.36)

The system (5.34)(5.36) is a well-posed system on the state space L*(a,b). Its transfer
function is given by

G(s) = "), (5.37)
where ¢
n@) = [0 e, celadl, (5.39)
This transfer function satisfies
lim G(s) =0. 5.39
Re(s)—o0 () ( )

We use these two lemmas to prove Theorem 5.2.6 when P;’H is diagonal and the input
space has dimension 7.
Consider the following diagonal hyperbolic system on the spatial interval ¢ € [a, b]

ot \ =-(¢,1) ¢ 0 6(C) z—(C,t) '
where A(C) is a diagonal (real) matrix, with positive functions on the diagonal, and ©(()
is a diagonal (real) matrix, with negative functions on the diagonal. Furthermore, we

assume that A and © are continuously differentiable.
With this p.d.e. we associate the following boundary control and observation

ug(t) == < Ab)e(b,1) > (5.41)

ya(t) = < /(;((‘Z))fiizg ) . (5.42)

Theorem 5.3.3. Consider the p.d.e. (5.40) with us and ys as defined in (5.41) and
(5.42), respectively.
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5. Well-posedness

e The system defined by (5.40)—(5.42) is well-posed and regular. Furthermore, its
transfer function converges to zero for Re(s) — 0o.

e To the p.d.e. (5.40) we define a new set of inputs and outputs. The new input u(t)
is written as

u(t) = Kus(t) + st(t)7 (5'43)

where K and ) are two square matrices, with [K, Q)] of rank n. The new output
is written as
y(t) = Orus(t) + Oays(1). (5.44)

where O; and Oy are some matrices. For the system (5.40) with input u(t) and
output y(t), we have the following possibilities:

1. If K is invertible, then the system (5.40), (5.43), and (5.44) is well-posed and
regular. Furthermore, its transfer function converges to O1K ! for Re(s) —
00

2. If K is not invertible, then the operator Ax defined as

ac (50 ) =g (% o0 ) (310)]  ew

with domain
B 9+(¢) 1 n
D) ={ (98] ) € #' (b))

£ (ot )~ oty ) =0f ©o

does not generate a Cy-semigroup on L*((a,b); R™).

Note that the last item implies that the homogeneous p.d.e. does not have a well-defined
solution, when K is not invertible.

PrROOF: The first item is a direct consequence of Lemma 5.3.1 and 5.3.2 by noticing
that the system (5.40)—(5.42) is built out of copies of the system (5.27)—(5.29) and the
system (5.34)—(5.36). Furthermore, these sub-systems do not interact with each other.

For the proof of the first part of the second assertion, with K invertible, we rewrite
the new input, as us(t) = K 'u(t) — K~'Qus(t). This can be seen as a feedback
interconnection on the system (5.40)—(5.42), as is depicted in Figure 5.1. The system
contains one feedback loop with gain matrix K ~'Q. By Theorem 5.6.1, we have that if
I +Gs(s)K~1Q is invertible on some right half-plane and if this inverse is bounded on a
right-half plane, then the closed loop system is well-posed. Since limge(s)—oc Gs(5) = 0,
we see that this holds for every K ~! and Q. So under the assumption that K is invertible,
we find that (5.40) with input and output given by (5.43) and (5.44) is well-posed. The
regularity follows easily. By regarding the loops in Figure 5.1, we see that the feed-though
term is O1 K L.
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5.3. The operator Pi'H is diagonal.

» O - y(t
t
u(t) — K1l Gy(s) yS(t)> o))
us(t)
Q |-

Figure 5.1.: The system (5.40) with input (5.43) and output (5.44)

So it remains to show that there is no Cy-semigroup when K is non-invertible. Since
K is singular, there exists a non-zero v € R™ such that v K = 0. Since [K, Q] has full
rank, we know that ¢7 := vTQ # 0. So at least one of the components of ¢ is unequal
to zero. For the sake of the argument, we assume that this holds for the first one.

If A would be the infinitesimal generator of a Cy-semigroup, then for all zp € D(Ak)
the abstract differential equation

#(t) = Agax(t),  z(0) = 20 (5.47)

would have classical solution, i.e., for all t > 0, x(t) is differentiable, it is an element of
D(Ag), and it satisfies (5.47). Hence by (5.46), we have that z(¢) is an element of H?.
Since we are working in a one dimensional spatial domain, we have that functions in H*
are continuous. So we have that for every ¢, z(t) is a continuous function of ¢ satisfying
the boundary conditions in (5.46).

So if Ax would generate a Cy-semigroup, then for every xy € D(Ak) there would be a

function z((,t) := (zfggg) which is a (mild) solution to the p.d.e. (5.40), and satisfies

for all t > 0 the boundary condition

() e e ) -

Using the vectors v and ¢, we see that this x((,t) must satisfy

0=q" ( 1(;((62)):;3:((2’ f)) > . t>0. (5.48)

Now we construct an initial condition in D(Af), for which this equality does not hold.
Note that we have chosen the first component of ¢ unequal to zero.

The initial condition x( is chosen to have all components zero except for the first one.
For this first component we choose an arbitrary function in H'(a,b) which is zero at a
and b, but nonzero everywhere else on the open set (a,b). It is clear that this initial
condition is in the domain of Ax. Now we solve (5.40).

Standard p.d.e. theory gives that the solution of (5.40) can be written as

Ty m(Cot) = fom(Pm(Q) + H)Am ()7, (5.49)
2 0(G,t) = f o(ne(¢) + )0(¢) 71, (5.50)
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5. Well-posedness

where A, and 6, are the m-th and the ¢-th diagonal element of A and O, respectively.
Furthermore, p,,({) = fac A (O)7C, my(¢) = fac 0;(¢)~'d¢, see also Exercises 5.4 and
5.5. The functions f, f_ need to be determined from the boundary and initial condi-
tions.

Using the initial condition we have that f1 ,,,(pm (¢)) = A (¢)To,+m(¢) and f— ¢(n(C)) =
80(¢)zo,— ¢(C). Since p,, > 0, and ny < 0, we see that the initial condition determines f
on a (small) positive interval, and f_ on a small negative interval. By our choice of the
initial condition, we find that

f+1(8) = M(&)zo,4.1(6) § € [0,p1(b)),
Frm(€) =0 Ee0pm®), m=2  (551)
f-u(§) =0 § € [ng(b),0), £>1.

The solution x((,t) must also satisfy (5.48), thus for all ¢ > 0 we have that

_ f+(@)
0=gq" < f_(n?b) ) ) (5.52)

Combining this with (5.51), we find

0=quf+1(P1(€) = q1@wo+,1(OA(C)

on some interval [a,3]. Since ¢; and A; are unequal to zero, we find that zy must be
zero on some interval. This is in contradiction with our choice of the initial condition.
Thus Agx cannot be the infinitesimal generator of a Cy-semigroup. [

5.4. Proof of Theorem 5.2.6.

In this section we use the results of the previous section to prove Theorem 5.2.6. We
begin with a useful lemma, which proof can be found in Section 5.6.

Lemma 5.4.1. The system (5.11)-(5.14) is well-posed if and only if the system

0
P— t 5.53
15z (1) (.0 (5.53)
with inputs, outputs given by (5.12)—(5.14) is well-posed.
Let G(s) denote the transfer function of (5.11)—(5.14) and Gy(s) the transfer function
of (5.53) with (5.12)—(5.14). Then

ox

lim G(s) = lim Go(s), (5.54)

and
lim G(s)= lim Gy(s), 5.55
Re(s)—o0 ( ) Re(s)—o0 0( ) ( )
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5.4. Proof of Theorem 5.2.6.

This lemma tells us that we may ignore any bounded linear term involving x.
Now we have all the results needed to prove Theorem 5.2.6.
By the third assumption of Theorem 5.2.6, the matrices P; and H satisfy the equation
(5.19):
PIH(O) = STHOAQ)S(O).

With this we introduce the new state vector

£(¢,t) = S(Q)x(C,t), ¢ € lab] (5.56)

Under this basis transformation, the p.d.e. (5.11) becomes

-1
S0 = a0+ 5O 2 a0 o+
S(OPSOT 21, 2(¢,0) = S(Cwo(€) = To(Q)- (5:57)

The relations (5.12)—(5.14) become

=M1 A(b)i (b,t)+M ( )z (a,t) (5.58)
u(t) =Moy P STHB)A()Z(b, t) + My Py S (a) A(a)Z(a, t)
=M1 A(b)E(b, t) + Mas A(a)(a, t) (5.59)
y(t) =C1 P ST (D)A(b )az(b t) + CoPr S a)A(a)7(a, t)
=C1A(D)E (b, t) + CoA(a)i(a, t). (5.60)
We introduce M = <g; g;ﬁ with
~ _ -1 -1
( Mji Mjs ) =( M M) ( f %(b) Pl—lso(a)—l ) j=12
and
~ - - -1 —1

. . (PTLS(b)T 0
Since the matrix ( 0 Pls(a) !

Theorem 5.2.6 imply similar rank conditions for M and C.
Using Lemma 5.4.1 we see that we only have to prove the result for the p.d.e.

= ;C (AF) (C.1) (5.61)

> has full rank, we see that the rank conditions in

with boundary conditions, inputs, and outputs as described in (5.58)—(5.60).

It is clear that if condition (5.58) is not present, then Theorem 5.3.3 gives that the
above system is well-posed and regular if and only if the homogeneous p.d.e. generates a
Co-semigroup on L?((a,b); R™). Since the state transformation (5.56) defines a bounded
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5. Well-posedness

mapping on L?((a,b); R™), we have proved Theorem 5.2.6 provided there is no condition
(5.12).

Thus it remains to prove Theorem 5.2.6 if we have put part of the boundary conditions
to zero. Or equivalently, to prove that the system (5.58)—(5.61) is well-posed and regular
if and only if the homogeneous p.d.e. generates a Cp-semigroup.

We replace (5.58) by

’U(t) = MllA(b)i’(b, t) + MlgA(a):%(a, t), (562)

where we regard v as a new input. Hence we have the system (5.61) with the new
extended input

(20 = (Y awaen s (B2 )awseor oo

and the output (5.60). By doing so, we have obtained a system without a condition
(5.58). For this system we know that it is well-posed and regular if and only if the
homogeneous equation generates a Cp-semigroup.

Assume that the system (5.61), (5.63) and (5.60) is well-posed, then we may choose
any (locally) square input. In particular, we may choose v = 0. Thus the system
(5.57)—(5.61) is well-posed and regular as well.

Assume next that the p.d.e. with the extended input in (5.63) set to zero, does not
generate a Cy-semigroup. Since this gives the same homogeneous p.d.e. as (5.61) with
(5.58) and u in (5.59) set to zero, we know that this p.d.e. does not generate a Cy-
semigroup. This finally proves Theorem 5.2.6.

5.5. Well-posedness of the vibrating string.

In this section we illustrate the usefulness of Theorem 5.2.6 by applying it to the vibrating
string of Example 1.1.2.
By equation (1.20) we know that for the vibrating string there holds

Pl:(? é) Hw:(? T?C)>'

Since we want to illustrate the theory and proofs derived in the previous sections, we
do not directly check if for a (to-be-given) set of boundary conditions the semigroup
condition is satisfied. Instead of that, we rewrite the system in its diagonal form, and
check the conditions using Theorem 5.3.3. As we have seen in Section 5.4, the proof of
Theorem 5.2.6 follows after a basis transformation directly from Theorem 5.3.3. Hence
we start by diagonalizing Py’H. Although all the results hardly change, we assume for
simplicity of notation that Young’s modulus 7" and the mass density p are constant.
Being physical constants, they are naturally positive.
From equation (5.24 we know that the operator P;’H is diagonalizable:

_ 1
PlH:s—1A5:<Z f)(’g 0 ) < 7 ) (5.64)
PP - 2y

N N
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5.5. Well-posedness of the vibrating string.

where ~ is positive and satisfies 72 = ¢ =
Hence the state transformation under which the p.d.e. becomes diagonal is

1 1
5::§<ﬁ p)x.
L op

Since we assumed that v > 0, we see that 1, Z2 correspond to z1, and x_ in equation
(5.40), respectively and A, © to v and —~, respectively. Hence we have that the input and
output us and ys defined for the diagonal system (5.40) by the equations (5.41)—(5.42)
are expressed in the original coordinates by

Sl

1 xi(b,t) + ypxa(b, t)
us(t) = 2 < z1(a,t) — ypxa(a,t) > ’ (5.65)
t) +ypx2(a,t)
t) (

b o ) . (5.66)

This pair of boundary input and output variables consists in complementary linear com-
binations of the momentum x; and the strain x5 at the boundaries: however they lack
an obvious physical interpretation. One could consider another choice of boundary input
and outputs, for instance the velocity and the strain at the boundary points and choose

as input
i (t) = ( 282 > (5.67)

and as output

() = < EZQ > (5.68)

We may apply Theorem 5.3.3 to check whether this system is well-posed, and to find
the feed-through. Expressing the input-output pair (u1,y1) in (us,ys) gives

0 0o 1
uy (t) = < ey )us(t) + < e 5 )ys(t), (5.69)
VTp VTp
0o 1 L
yi(t) = < 1 6 )us(t) + < 6 = )ys(t)- (5.70)

O I=

VTp VTp
Hence . .
1 9 o 1
(3 4) e (L 8) -
Tp VTp
(I 10
o (2 5) en(32) o
VTp VTp
Since K is invertible, the system with the input-output pair (ui,y;) is well-posed and

0 —

regular, and the feed-through term is given by O1 Kt = ( 0

1
5
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5. Well-posedness

Since the states are defined as x1 = p%—zf and x9 = %—Zﬁ, the control and observation

ow t,b dw
are easily formulated using w. Namely, u;(t) = @%( ) and y1(t) = g;(t’“) ,
B_C(t’a) @(tvb)
respectively. Hence we observe the velocity and strain at opposite ends.
Next we show that if we would control the velocity and strain at the same end, this

does not give a well-posed system. The control and observation are given by
u@_<%ww>_<%ww> (5.73)
’ b (b,1) 22(b,1) |

wo-(RED)-(362) o

and as output

It is easy to see that

1 1
zmw=<ig>%@+<8_g>%@. (5.75)
TP

P

Clearly the matrix in front of us is not invertible, and hence we conclude by Theorem
5.3.3 that the wave equation with the homogeneous boundary conditions us = 0 does
not generate a Cy-semigroup. Hence this system is not well-posed.

Until now we have been controlling velocity and strain at the end points. However,
for the wave equation, it seems very naturally to control the position, i.e., w(-,t). So we
consider the wave equation (1.5) with the following control and observation.

us(t) = <

ys(t) = < 0

E

Q)
e

o ((bc;tt) ) (5.76)
W(?z;,tt)) > . (5.77)

Since the first control and first observation cannot be written as linear combination of
our boundary effort and flow, we find that this system is not of the form (5.11)—(5.14).
However, we still can investigate the well-posedness of the system. For this we realize
that the first element in ug is the time derivative of the first element of u;. So we can
see the wave equation with the input (5.76) and output (5.77) as the following series
connection.

g

Q

z

—

u3 (t) (

=Oo

) uy (1) y1(t) (3—1 0) ys(t)

= Gi(s) - =

Ow

Figure 5.2.: The wave equation with input and output (5.76) and (5.77)
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From this it is clear that the transfer function, G3(s) of the system with input u3 and

output y3 is given by
s 0 s 0
G3(8)2< 0 1>G1(8)<0 1>.

Since for large real s the transfer function Gi(s) is approximately equal to (791 _0“’)7
we see that G3(s) grows like s for large s. By Lemma 5.2.4 we know that any well-posed
system has a transfer function which is bounded in some right half-plane. Thus the wave
equation with input (5.76) and output (5.77) is not well-posed.

The reason for the well-posedness of this system is different than for the choice o
and yo. Since if we put us to zero, then this implies that uy is zero as well, and so we
know that this homogeneous equation is well-defined and has a unique solution. So if
the controls and/or observations are not formulated in the boundary effort and flow,

then we may loose well-posedness even if there is a semigroup.

5.6. Technical lemma’s

In this section we present the proofs for the technical results which we needed. We begin
by considering the boundary control system

The following result is essential in our proof, and it has been proved by G. Weiss in
[30].

vt u(t)_ y(t)

L&

Figure 5.3.: The closed loop system

Theorem 5.6.1. Let G be a well-posed system with input space U and output space Y,
both being Hilbert spaces. Denote the transfer function by G(s). Let F be a bounded
linear operator from Y to U such that I — G(s)F is invertible in some right half-plane.
If the inverse is bounded in a right half-plane, then the closed loop system as depicted
in Figure 5.3 is again well-posed. If G is regular, then so is the closed loop transfer
function.

5.7. Exercises

5.1. Prove that the function defined by (5.6) is a continuous function in ¢ with values
in L2(0,1) for any ¢ € L?(0,1) and any u € L?(0,00). That is prove that

/\xc, (Gt + B)PdC — 0
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5. Well-posedness

for h — 0.
5.2. In this exercise we study the p.d.e. (5.8) with boundary condition (5.9).
a) Show that for an initial condition xg which is continuously differentiable and

satisfies xo(1) = 2x¢(0) the (classical) solution of (5.8)—(5.9) is given by (5.10).

b) Show that the mapping xg — x(-,t) with z({,t) given by (5.10) defines a
Co-semigroup on L%(0,1).

c¢) Conclude that (5.10) is the mild solution of (5.8)—(5.9) for any initial condition
zo € L?(0,1).

5.3. Prove Lemma 5.2.1.
5.4. In this exercise, we show some more results for the system defined by (5.27)—(5.29).

a) Show that the system (5.27)—(5.29) is a port-Hamiltonian system of the form
(3.32)—(3.34).

b) Show that the solution of (5.27)—(5.28) is given by

w(C,t) = Fp(O) +HAQ) ™, (5.78)
where
¢
p(¢) = / MO € fab (5.79)
FP(O) = MOwo(©), ¢ € [a,b] 5.80)
f(p(b) +1t) =u(t), t > 0. 5.81

5.5. Lemma 5.3.2: its solution is given as

w(C,t) = F(n(¢) + 1), (5.82)
where
n(q) = [ 00 g (5.83)
F0(O) = 0(Qwe(0),  z € fah 5.8
FO) =), t>0. 5.85

5.6. Show that the transfer function is regular with feed-though term zero if the con-
stant my in equation (5.17) can be chosen such that my — 0 if ty | 0 for z9 = 0.
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5.8. Notes and references

The third condition tells us that P, L is diagonalizable via a continuously differentiable
basis transformation. In Kato [14, chapter II], one can find conditions on P;£({) such
that this is possible. For simplicity, we have assumed that A(¢) is continuously differ-
entiable.

From the proof of Theorem 5.2.6, we see that we obtain an equivalent matrix condition
for condition 1., i.e., item 1. of Theorem 5.2.6 holds if and only if K is invertible, see
Theorem 5.3.3. Since the matrix K is obtained after a basis transformation, and depends
on the negative and positive eigenvalues of P;’H, it is not easy to rewrite this condition
in a condition for M;;.

A semigroup can be extended to a group, if the homogeneous p.d.e. has for every
initial condition a solution for negative time. Using once more the proof of Theorem
5.3.3, we see that A in item 1. of Theorem 5.2.6 generates a group if and only if K and
() are invertible matrices.

That the system remains well-posed after feedback was proved by Weiss [30].

This chapter is completely based on the paper by Zwart et al, [33].
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Chapter 6
Stability and Stabilizability

6.1. Introduction

In this chapter we study the stability of our systems. We study the stability of the
state, i.e., we only look at the solutions of the homogeneous differential equation. As for
non-linear systems there are two different notions of stability. Namely strong stability
and exponential stability, which are defined next. Let A be the infinitesimal generator
of the Co-semigroup (7'(t)),~, on the Hilbert space X. We know that x(t) := T'(t)x¢ is
the (unique) mild solution of the differential equation

x(t) = Az(t), z(0) = xo. (6.1)
For the solutions we define two concepts of stability.

Definition 6.1.1. The system (6.1) is strongly stable if for every zy € X the state
trajectory x(t) converges to zero for t going to infinity. ' )

Definition 6.1.2. The system (6.1) is exzponentially stable, if there exists a M > 0,
w < 0 such that

|T(t)|| < Me*", t>0. (6.2)

&

Since z(t) = T'(t)xo, it is easy to see that exponential stability implies strong stability.
The converse does not hold as is shown in the following example.

Example 6.1.3 Let X be the Hilbert space L?(0, c0) and let the Cp-semigroup be given
as

(T@)f) () = ft+Q). (6.3)

As in Example 2.2.3 it is not hard to show that this is a strongly continuous semigroup.
Furthermore, for all ¢ > 0 we have ||T'(¢)| = 1, see Exercise 6.1. The later implies that
this semigroup is not exponentially stable. It remains to show that it is strongly stable.
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6. Stability and Stabilizability

Let e > 0and let f € X = L?(0,00). There exists a function f. such that ||f — f-|| < ¢
and f.(C) is zero for ¢ sufficiently large. Let denote (; the point from which f.({) equals
zero. For t > (s, we have that T'(t)f. = 0 and so

1T <IT@)VS — T+ 1T
#/Ow F(E+0) — fult + O)f2de

g\/ /0 T G) - L)z < e

Since this holds for any e, we conclude that (T'(t));>0 is strongly stable. O

In this book we study systems in strong connection with their energy. This energy
serves as our norm. In the following section we show that if the energy is decaying we
have (under mild conditions) exponential stability. We urge to say that this holds for
our nice class of port-Hamiltonian system, and does not hold generally as the following
example shows.

Example 6.1.4 In this example we construct a contraction semigroup whose norm is
strictly decreasing, but the semigroup is not strongly stable.

We take the Hilbert space L?(0,00). However, not with its standard inner product,
but we choose as inner product

()= [ £(©a0 [ +1] e (6.4)
As semigroup, we choose the right shift semigroup:

fl¢=t) ¢>t
0 ¢ €[0,¢)

= S =1)1jp,00)(C — ).

(T(#)£) ()

Using the formula for the norm and the formula of the semigroup, we see that
1T > = /0 (¢ = ) Lj0,00) (¢ — 1)I [6_4 + 1} d¢
= [T lr©r [ 1] ag (65

0

JAGIR
0

1

3 1FOF 6] ae

v

v

1 2
= §”f” :
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6.2. Exponential stability of port-Hamiltonian systems

Hence (T'(t)),~, cannot be strongly stable. Even more importantly, with the exception
of f =0, there is no initial condition for which T'(t)f — 0 as t — oo.

Next we show that the norm of the trajectory is always decreasing. Let t3 > ¢; and
let f # 0. From (6.5) we know that

e = [ IR [ ] g
< /O Gk =€) 4 1) dg

2

=T fI%,
where we have used that the negative exponential is strictly decreasing. Hence the norm
of any trajectory is decaying, but the system is not strongly stable. O

Note that the above example shows that the second method of Lyapunov' is not
directly applicable for p.d.e.’s?.
We end with a small technical lemma, which will be useful later on.

Lemma 6.1.5. Let (T'(t))s, be a strongly continuous semigroup on the Hilbert space
X. If for some t; > 0 we have that ||T(t1)|| < 1, then the Cy-semigroup is exponentially
stable.

PROOF: If there exists a t; > 0 such that [|T'(¢1)|| < 1, then we have that % log |T'(t1)| <

0. Hence wy = infi~q Llog||T'(t)|| < 0. By Theorem 2.5.1.e, we can find a negative w
such that ||T(t)| < Mye*t. Hence we have exponential stability. ]

In the following section we consider our class of port-Hamiltonian system, and we
show that a simple condition is guaranteeing exponential stability.
6.2. Exponential stability of port-Hamiltonian systems

We return to our homogeneous port-Hamiltonian system of Section 2.3. That is we
consider the p.d.e.

G160 = P Q)G 0] + Ry [H(O(C. ). (6.6
with the boundary condition
fat) ) _
W ( o ) 0, (6.7)

T ()0 ) .

As in Theorem 2.3.2 we assume that the following holds

!Given a Lyapunov function V such that V<o, implies (asymptotic) stability
2One additionally needs pre-compactness of the trajectories
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6. Stability and Stabilizability

ASSUMPTION 6.2.1:
e P is an invertible, symmetric real n x n matrix;

e Py is an anti-symmetric real n X n matrix;

For all ¢ € [a,b] the n x n matrix H(() is real, symmetric, and mI < H({) < M1,
for some M, m > 0 independent of (;

e H is continuously differentiable on the interval [a, b];
e Wp be a full rank real matrix of size n x 2n;
e WEW/[ >0, where & = (9/). Q@

The above, with the exception of the differentiability of H, have been our standard
assumptions in many previous chapters. However, we would like to remark that our
main theorem 6.2.3 also holds if P, satisfies Py + Pg < 0. Under the conditions as listed
in Assumption 6.2.1 we know that the operator A given by

Az = PldilC (Ha] + Py [Ha] (6.9)
with domain
D(A) = {x € L*((a,b); R") | Hz € H'((a,b);R"™), W5 (f2) =0} (6.10)

generates a contraction semigroup on the state space
X = L*((a,b); R") (6.11)
with inner product

1 b
(ha)x =5 | FQTHOg(Odc (612)

In the following lemma, we show that the norm/energy of a state trajectory can be
bounded by the energy at one of the boundaries. The proof is based on an idea of Cox
and Zuazua in [4].

Lemma 6.2.2. Consider the generator A of the contraction semigroup (T'(t)),> given
by (6.9) and (6.10). Let zp € X be any initial condition, then for sufficiently large T > 0
the state trajectory xz(t) := T(t)x( satisfies

ler)l < | )G p)|Pdt and (6.13)

le(r)II% < C/OT I(Hx)(a, t)]* dt, (6.14)

where ¢ > 0 is a constant that only depends on T and not on xy.
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6.2. Exponential stability of port-Hamiltonian systems

PROOF: Let xg be an element in the domain of A and let z(¢) := T'(t)zo. Since z¢ €
D(A), we know that z(t) € D(A) for all t. Furthermore, z(t) is the classical solution of

(6.6).
For this trajectory, we define the (positive) function for ¢ € [a, ]

A(6-0)
ro) = [ T H©Ow(C ) dr, (6.15)
v(—-¢)

where we assume that v > 0 and 7 > 2vy(b — a). This last condition implies that we are
not integrating over a negative time interval.
Differentiating this function with respect to ¢ gives

dF T=(b—()
ac :/y(b_o = (G,1) g( (Qz(¢, 1) di+

T—7(b—=¢) T

/(b ) < > HC)e(C. 1) di+
2" (¢, v(b = OYH(Oz(C, v (b — Q)+
2"(¢, 7 =~ (b— OYH(Qx(¢, 7 — (b — Q).

Since P; is non-singular and since x satisfies (6.6), we obtain (for simplicity we omit the

dependence on ¢ and t)

dF =0 Ox
halll - P, — — P,
d¢ ©) /y(b—() v <8 0Hx>
+yal (¢ = (b= OYH(Q)z(¢, 7 — (b= ()
T=1(=0) or dH T
-1 -1
+ /w(b—g‘) <P1 Frin d—Caz - P PoHa:> xdt
+ 32" (¢ (b — OYHOz (¢ (b —C))
T=y(b=0) dr  oxT
T p—1

H
¢

T d—:z:dt

)

/T 7(6—¢) rd
7(b=¢)
T—=7(b=¢)

—~ / ol (HPY P+ P PyH) adt

7(b=¢)

+y2" (¢, 7 =70 = OYH(z(¢, 7 —v(b =)

+ 7T (¢ (b — OYH(z (¢, (b —¢))

where we have used that P = P;, HT = H. The first integral can be solved, and so we
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6. Stability and Stabilizability

find
dF t=T—~(b—¢)
g © = T GOPTG g
T—y(b—=¢)
—/ :ETdH x dt
¥(b=0) d¢
T—y(b—=¢)
- / ot (HPY P! + Py PyH) o dt
(b=¢)

/733 (477__ ( —{))H(C)x(C,T—’Y(b—C))
+ 7" (¢ (b — O)YH(Oz(C,v(b =€)

By simplifying the equation above one obtains

dF T=(6=() d
—(¢) = —/ o' (HPI Pt 4+ PL 1P0H+—H xdt
dg y(6—=¢) dg

(¢, 7=y =) [P+ YH(O]2(C, T — (b= ()
2" (¢, (b= Q) [P +vH(Q)] 2(¢, (b= ¢)).

By choosing v large enough, i.e., by choosing 7 large, we get that Pl_l +~H and —Pl_l +
~H are coercive (positive definite). This in turn implies that (for 7 large enough)

dF T—y(6—C) d
—(¢) > —/ o’ (HPy Pyt + Py PyH + —H)  dt.
d¢ 7(6—¢) d¢

Since P; and P, are constant matrices and, by assumption, Cg—?(() is bounded, we can
find a k > 0 such that for all ¢ € [a, b] there holds

NPT P + PRI + S < HC).
Thus we find that
d T=(b=()
d—?(c) > _x / (M2t dt = —k F(C), (6.16)
~v(—¢)

where we used (6.15).
This inequality implies an inequality for F' at different points. To prove this, we denote
(for simplicity) the derivative of F' by F’. From (6.16) we have that for all (1, (s € [a, D]

with (1 < (2
G2 v G2
/ 1;((8 &>~k / dc (6.17)
Or, equivalently,
In(F(¢2)) —In(F(G)) > —r (G — G1)- (6.18)
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6.2. Exponential stability of port-Hamiltonian systems

Taking the exponential of this expression, and choosing (o, = b, gives:
F(b) > F(¢)e " > P(G) e for (1 € [a,b)]. (6.19)

On the other hand, since ||z(t2)||x < ||z(t1)||x for any to > t; (by the contraction
property of the semigroup), we deduce that
T—(b—a) ) ) T—(b—a)
[ el bz e -0l [ a
v(b—a) v(b—a)
= (1= 2y(b — a))z(r — 7(b - a))[IX-

Using the definition of F(¢) and |lz(t)||%, see (6.15) and (6.12), together with the equa-
tion above, the estimate (6.19), and the coercivity of H we obtain

2r — 20— a) ek < 20— 2v(b - a))l|z(r — (b — a))llk
T— (ba
< / / T OHO(C ) di de

/ / o Y T H(O(C, 1y e de

= /F )d¢ < (b—a)F(b) e~ =)
_ —a K (b—a) T
(b— a) e /O T (b, tyH(b)a (b, 1) dt

< Mm'(b—a)er O / | (Ha) (b, 1)) dt.
0

IN

Hence for our choice of 7 we have that

lor) e < e [ I(Ha) b, 0) P (6.20)
0

where ¢ = % This proves estimate (6.13) for g € D(A). Although, in

Theorem 6.2.3 we only need inequality (6.13) for xg € D(A), with the help of the
previous chapter we can obtain it for all zg € X.

We replace (6.7) by the relation Wp (fagt;) = wu(t). Furthermore, we define the

output as y(t) = (Hx)(b,t). Since the homogeneous equation, i.e., u=0, generates a
(contraction) semigroup, we have by Theorem 5.2.6 that this system is well-posed. In
particular, this means that if u = 0 small changes in the initial condition, gives small
changes in the state at time 7 and the L?-norm of the output. More specifically, see
(5.17),

()% + /0 ly@l2dt < myleoll%.

Since the domain of A is dense in X, and since ¢ was not depending on the initial
condition, we conclude that (6.13) holds for all initial conditions.
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The second estimate follows by replacing F'(¢) in the argument above by

o = [ T i HO(C ) .
v({—a) n

With this technical lemma, the proof of exponential stability is easy.

Theorem 6.2.3. Consider the operator A defined in (6.9) and (6.10). Furthermore,
we assume that the conditions in Assumption 6.2.1 are satisfied. If some some positive
constant k one of the following conditions is satisfied for all xo € D(A)

<AZEO,ZEO>X + <$0,A1’0>X < —k?H(Hl‘o)(b)H2 (6.21)
(Azg, z0)x + (z0, Azo)x < —k||(Hzo)(a)]|?, (6.22)

then the system is exponentially stable.

ProOOF: Without loss of generality we assume that the first inequality (6.21) holds. Let
xo € D(A), and let 7 be the same as in Lemma 6.2.2. We denote T'(t)zo by z(t), and
since xg € D(A) we know that z(t) € D(A) and #(t) = Ax(t). Using this differential
equation, it is easy to see that

dlz(t)|% _ dz(t),z(t)) _
= g = (), 2(0) + (2()Ax(t). (6.23)

Using this and equation (6.21), we have that

T T 2
el ~ el = [P

J— ! :1:' 2
2 /0 (M) (b, ) .

IN

Combining this with (6.13), we find that

lz()I% = ll=(0)1% < _Tk\lrv(f)llgc-

Thus |jz(7)[|% < CJ%ka(O)Hg( From this we see that the semigroup (7'(t)),>, generated
by A satisfies || T'(7)|| < 1, from which we obtain exponential stability, see Lemma 6.1.5.m

Estimate (6.21) provides a simple way to prove the exponential stability property. We
note that Theorem 1.2.1 implies

(Az,2)x + (z, Az)x = (Hz)T (b) Py (Hz)(b) — (Hz)T (a) Py (Hz)(a). (6.24)

This equality can be used on a case by case to show exponential stability. However,
when WBEW§ > 0, then the system is exponentially stable.
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6.2. Exponential stability of port-Hamiltonian systems

Lemma 6.2.4. Consider the system (6.6)—(6.7). If WgXW} > 0 and the conditions of
Assumption 6.2.1 hold, then the system is exponentially stable.

PRrROOF: By Lemma 2.4.1 we know that Wp can be written as Wg = S (I +V,I - V).
Since WBZWET; > 0 we have that VVT < I.
We define W = (I + VT I+ VT). It is easy to see that with this choice, W¢ is a

I+vV  I-V >is

n X 2n matrix with rank n. Furthermore, since VVT <1 , the matrix ( I+VT 14y

invertible. This implies that (%2 > is invertible.

With the matrices Wp and W we define a system. Namely, we take the p.d.e. (6.6)
with input and output

fa(t) ) ( fa(t) >
u(t) =W , t) =W, .
w=wa( ) ). wn=we( L)
Applying Theorem 3.4.2 to this system, we see that

%mwmi=§(ﬁﬁ>yﬂﬂ)ﬂ%wc<ﬁg>'

Choosing u = 0, x € D(A), and t = 0 is the above equation, we find that

(Az,z)x + (x, Az)x = % (0 v ) Pwywe < 2 ) . (6.25)

The matrix Py, w, is the inverse of the matrix (%ﬁ) Y (wi wl). By the choice of
We we find that

Wp v oo [ S[2I —2vVT|sT 0
(W(;)Z(WB WC)‘( 0 -2 +2vTVv )~
Combining this with (6.25) we find that
1 _
(Az,z)x + (z, Ax) x = ZyT[—I +VIVIly < —ma|lyl? (6.26)

for some m; > 0. Here we have used that VV' < I, and hence VIV — I < 0.
The relation between u,y and x is given by

(v) = e ) (7 7)) (o ) = (Gt )
Wg

where we have used that v = 0. Since P; and (Wc) are non-singular, it follows that

the matrix W is invertible and, in particular, ||W w|> > mal|jw||? for some real mq > 0.
Taking norms on both sides yields
( (Hz)(b) >
(Hz)(a)

2 _ (Hx)(b) 25 m
oI =1 (o) ) 1P = me

2
> ma||(Hz)(b)|>. (6.27)
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Combining the estimates (6.26) with (6.27) gives
(Az,2)x + (2, Az)x < —mly|® < —mima|(Hz) ()|

Similarly, we find

(Az,x)x + (z, Az) x < —myma|(Hz)(a)|?.
Concluding we see that (6.21) holds, and so by Theorem 6.2.3) we conclude exponential
stability. -

The situation as described in this lemma will not happen often. It implies that you
have as many dampers as boundary controls. In practice less dampers are necessary as
is shown in the example of the following section.

6.3. Examples

In this section we show how to apply the results of the previous section. We show
that once the input (boundary conditions) and the output are selected, a simple matrix
condition allows to conclude on the exponential stability.

Example 6.3.1 Consider the transmission line on the spatial interval [a, b]

Q 9 9(¢.1)

E(g’t) = “3 1O (6.28)
9, . 9 Q1)
D= "ac e

Here Q((,t) is the charge at position ¢ € [a,b] and time ¢ > 0, and ¢((,t) is the flux
at position ¢ and time ¢. C is the (distributed) capacity and L is the (distributed)
inductance. This example we studied in Example 1.1.1 and 4.2.2. To the p.d.e. we add
the following input and output, see also Example E:4.2.2

Q(b,t)

u(t) = (&JT%) ) (v (6.29)
o(b:t)

o - (25 )-(100) (60

First we want to know whether the homogeneous system is (exponentially) stable. There
for the determine the Wp associated to (6.29). The boundary effort and flow are given
by

—I(b) + I(a)
< fa ) _ 1| V) + V()
€ V2 | V(b)) +V(a)

1(b) + I(a)

102



6.4. Exercises

Hence W is given as
1 0 -1 1 0
We = V2 < 0 1 10 > '

A simple calculation gives that WBEW§ = 0. Hence the homogeneous p.d.e. generates
a unitary group, and cannot be (strongly) stable, see Exercise 77

Now we apply an output feedback. If we apply a full output feedback, then it is not
hard to show that we have obtained an exponentially stable system, see Exercise 77

We want to consider a more interesting example, in which we only apply a feedback

on one of the boundaries. This is, we set the first input to zero, and put a resistor at
the other end. This implies that we have the p.d.e. (6.28) with boundary conditions

V(a,t) =0, V(b,t) = RI(b,t), (6.31)
with R > 0. This leads to the following (new) Wp;
1 R -1 1 —-R
WB_$<0 L1 o > (6.32)

Hence we have that WBEW§ = (252 8). Since this is not positive definite, we may not
apply Lemma 6.2.4. Hence we must check whether one of the condition of Theorem 6.2.3
is satisfied. For this we return to the original balance equation, equation (6.24).

Using (6.24), we get

(Az,z)x + (x, Ax)x = V(a)I(a) — V(b)I(b) = —RI(b)>. (6.33)

Furthermore, we have that (Hz)(b) = (‘I/((f)) ) Thus

|[(Hz)(B)||> = V(b)? + I(b)* = (R% 4 1)I(b)>. (6.34)

Combining the two previous equations, we find that

R
(Az,z)x + (z, Az)x < —WII(H$)(5)II2- (6.35)
Hence by Theorem 6.2.3 we conclude that putting a resistor at one end of the transmis-
sion line stabilizes the system exponentially. O

6.4. Exercises

6.1. Prove that the expression given in (6.3) defines a strongly continuous semigroup
on L?(0,00).

6.2. Show that a unitary group cannot be strongly stable.

6.5. Notes and references

The results in this chapter can be found in [29].
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Chapter 7
Systems with Dissipation

7.1. Introduction

As the title indicates, in this chapter we study systems with dissipation. These systems
appear naturally in many physical situations. For instance, by internal damping in a
vibrating string, or by diffusion of heat in a metal bar. The behavior of these models
will be different in nature than the model we have seen until now. For instance, since
energy /heat dissipates, and hence cannot be recovered, we will not have a group, i.e.,
cannot go backward in time. Although the behavior is different, the results as obtained
in the previous chapters can be used to prove existence and uniqueness for our class of
dissipative systems. We begin by recapitulating two examples from Chapter 1.

Example 7.1.1 (Damped wave equation) Consider the one-dimensional wave equa-
tion of Example 1.1.2. One cause of damping is known as structural damping. Struc-
tural damping arises from internal friction in a material converting vibrational energy
into heat. In this case the vibrating string is modeled by

A%*w 1 0 [ Oow ] ks 02 [aw }

— ()= —= |TO)—(, )| + —=== | =—((,t)], €la,b), t>0, (7.1

S (G0 = =550 (TOFEEN| + 5o |SHen| . cela (71)
where kg is a positive constant and the other variables have the same meaning as in
Example 1.1.2. O

In the previous example, we can still recognize a system which we have studied before,
namely the (undamped) wave equation. In the model of the heat conduction the relation
with our class of port-Hamiltonian systems seems completely lost.

Example 7.1.2 (Heat conduction) The model of heat conduction is given by

oT 10 aT(¢,t)

— ()= ——=— [ AN ()—=—= ). 7.2

560 = (o7 (72
where T'(¢,t) denotes the temperature at position ¢ € [a,b] and time ¢, ¢y is the heat
capacity, and A(¢) denotes the heat conduction coefficient. O
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As we did for the undamped system, we see these models as examples of a general class
of models. For this new model class, we investigate existence of solutions, boundary con-
trol, etc. We begin by showing that this new model class is the class of port-Hamiltonian
system with an extra closure relation. Based on the underlying port-Hamiltonian system,
proving existence of solutions, etc. will be easy.

7.2. General class of system with dissipation.

The general equation describing our class of port-Hamiltonian system was given by

Ox OHx
E(C» t) = Pla—C(C’ t) + (Hﬂj‘) (C» t) (73)
Now we add a dissipation term, and we obtain the following p.d.e.
0
SH(CD = (T = GrSGR) (Ha) (G,8), a(¢,0) =0(0), C€la],  (74)
where
0 0 0
szpla—:g—l-Pox, ng:Gla—g-i-Gof, gﬁx:—G{a—Z+ng, (75)

G%, is known as the formal adjoint of Gr. As before, we assume
ASSUMPTION 7.2.1:

e Py is a symmetric real n x n matrix;

e Py is an anti-symmetric real n X n matrix;

e For all ¢ € [a,b] the n x n matrix H(() is real, symmetric, and mI < H({) < M1,
for some M, m > 0 independent of (.

On the new term we assume

e (1 and Gy are real n x r matrices;

e For all ¢ € [a,b] the r x r matrix S(() is real, symmetric, and mI < S(¢) < Mi1,
for some M7, m; > 0 independent of (. @

Note that we have removed the invertibility assumption on P;. This assumption will be
replaced by another assumption, see Assumption 7.2.7.
First we check whether the two examples from the introduction are in the class defined
by (7.4) and (7.5).
Example 7.2.2 For the damped wave equation of Example 7.1.1 we have that the state
dw
is given by = = <p@§:’f ) The matrices H, P; and Py are the ones found in (1.20), i.e.,

a¢

w-(4 ) ne(2h) neo
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Using this and the formula for the state we find that (here omit ¢ and )

7.2. General class of system with dissipation.

SO0 alG e ()
(DEIGEN(F )G ()
(DR
(a0 ()

Concluding, we see that the damped wave equation can be written in the form (7.4)—(7.5).
Furthermore, it is easy to see that the conditions in Assumption 7.2.1 are satisfied. [J

Example 7.2.3 The equation for heat condition can also be written in the format (7.4)—
(7.5). We choose as state z((,t) the temperature T'(¢,t) and furthermore, we choose

H(O) = - and 5(()

Pr=PFP=Gy=0, Gi=1, = A(Q).

Then we easily see that (7.4) becomes (7.2).
trivially satisfied.

The conditions of Assumption 7.2.1 are
O

Similar to Theorem 1.2.1, there holds a balance equation for the system (7.4)—(7.5)
for the ”energy”

E(t)

(7.6)

b
OGRS

Lemma 7.2.4. Under the assumptions 7.2.1 the following balance equation holds for
classical solution to the p.d.e. (7.4) and (7.5)

Wty =3 [)” (1) Py () (1) - (7.7
1 T * * T T b
5 [(H0)" (¢ 0G1 (SGHa) (1) + (SGxH)" (CHET (M) (6,1)] —

b
[ @i (€.08(0) (GiHa) €00k,

where E(t) is given by (7.6).
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7. Systems with Dissipation

PROOF: The proof is very similar to that of Theorem 1.2.1. From that proof we easily
see that

2dE

b
dt a

() = [(H)" (¢ )P (M) (G,1)] - (7.8)
b
| 6RSG3) () €. (1) (€. + (¢, H(O) (G SG) () (1) .

We concentrate on the second term, and we introduce some notation to simplify the
formula. We write 2 = Hx, ¢ = Gz. Furthermore, we omit the ¢. Using this combined
with the fact that H(() is symmetric, we find that the second term of (7.8) becomes

b
/ GrSA(OIT 2(C) + 2(O)T [GrSq(O)] dC. (7.9)

Using integration by parts, we have that

b b a
/ 2(0)" [GrSq(Q)] d¢ = / 27" [Gla_g(sq) (€) + Gog(¢) | d¢

b
- _g_Z(g)T (G (Sq) () + Go (Sq) (O] dC + [2(0)7G1 (Sq) ()]

b P T
= / [—G?%(CHGOTZ'(O] (S¢) (Q)d¢ + [2(0)7Gh (Sq) (O]
b
- / (G32) (0) (S9) (¢ + [2(0)7Ch (59) (O)]"
b
- / (G12)T (O)S(0) (G2) (Q)de + [2(0)T G (5G52) (O]

Using this and its transpose in (7.9) we find that (7.8) becomes

222 1) = [(r)" (¢.00P1 () (1) - (7.10)
b
2 [ (@) (©)S(0) @) (O
() (6 (SGHHa) (€) + (STfH)T (QOCH () (0)]' .

From (7.7) we clearly see that if the boundary conditions are such that the term
|(Ha) (¢, 1) Py (Ha) (¢, 0)—
b
(Ha)" (.G (SGHa) (C.1) + (SGiHa) (¢, 0GT (Ha) (C.1)] <0,

then the energy is decaying. However, this is under the assumption of the existence of
a solution.
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7.2. General class of system with dissipation.

As said in the introduction, we want to use the results form the previous chapters
for proving existence and uniqueness of solutions. However, the nature of the system
with dissipation seems completely different to that of the system we studied till now.
The following example indicates how we may use an extended port-Hamiltonian system
together with a closure relation for obtaining a system with dissipation.

Example 7.2.5 (General idea) Consider the following model. This could be the
model of the transmission line, equation (1.1), in which we have taken all physical
parameters equal to one,

8:171 . 83:2
W(CJ)——O—((CJ) (7.11)
8ZE2 . 83:1
W(Ci) = —a—g(@t)- (7.12)

Instead of looking at it as a differential equation, we regard this as an relation between
the variables e and f, given by

<§;>:<_0(% _oa%><2,>::5ee (7.13)

in which we substituted f = & and e = x. The power balance for the p.d.e. came directly
from the following relation, see Section 1.3

/fTKk@)+éWOf@MC=0- (7.14)

Or equivalently,
[ OO + £Cep(c)dc =0, (7.15)

If we add the closure relation
ep=Sf (7.16)

with S = S(¢) a bounded and strictly positive function, to the equation (7.13), then we
see that for a pair (f,e) satisfying both equations

/ﬁ@m@%=/ﬁ@m@+ﬁ@%@%—/ﬁ@%@%
=0—/}M0ﬂon@wcgm (7.17)

where we used (7.15).
Next we defined a new system using (7.13) and (7.16). We take f; = % and e; = z.
Using equations (7.13) and (7.16), we find that

b 0o, 981, _ 0 (o) _ 0 (o
E‘ﬁ‘af‘af‘&xsm>‘m<%a' (7.18)
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7. Systems with Dissipation

Hence we have obtained the diffusion equation. Furthermore, from (7.17) we find that

d 0
G [atcarac=2 [ G oacna =2 [ nad <o
dt ot
Hence the ”energy” [ z((,t)?d( is dissipating. O
e1 : i
Te
Ep fp
S

Figure 7.1.: Interconnection structure.

In the example we see that we can obtain a system with dissipation by adding a closure
relation to a larger port-Hamiltonian system. Our system (7.4)—(7.5) can be seen in the
same way.

Lemma 7.2.6. The operator J — GrSGy, defined (7.5) can be seen as the mapping 7,
together with the closure relation e, = S f,,, where J. is defined by

0
(5)=Cat @ )a(5) (g §)(,) o

PROOF: Define the image of 7. (¢, ) as (;; ), see also Figure 7.1. Then

0 0 0
fi= Pla—z +G18LZ) + Pyeq —|—G06p =Jel + (Gla_g —|—G0> €p

=Je1 +Grep = Je1 +GrS fp

=Je1 +GrS <G1T% - Gg€1>
¢

= Je1 — GrSGrer.

This proves the assertion. [

From equation (7.19) we see that it is natural to introduce a new P; and Py as

P G P G
Pl,CXt — < G% 01 > bl PO,CXt = ( _ng' 00 > . (7'20)

By the conditions on P; and Fp, see Assumption 7.2.1, we have that P o« is symmetric,
and Py eyt is anti-symmetric. To the conditions listed in Assumption 7.2.1 we add the
following.
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7.2. General class of system with dissipation.

ASSUMPTION 7.2.7: The matrix P o as defined in (7.20) is invertible. o

Under this assumption, we see that our operator (7.19) fits perfectly in the theory
as developed in Section 2.3. The following theorem is a direct consequence of Theorem
2.3.2. By the Hilbert space Xy we denote the space L%((a,b); R"*") with inner product

(o)), =] OO+ [ @0k @2

Hence Xex; = X ® L*((a,b); R"). Furthermore, we define

i\ 1 (e ey [ ()
<€87Hxvxp> (Inw In+r> ((Hx()()a)) : (7.22)

V2
The matrix Wp is a full rank, real matrix of size (n+r) x 2(n 4 r). With this notation,
we can formulate the following theorem, which is an adaptation of Theorem 2.3.2 to our
extended setting.

Theorem 7.2.8. Under the conditions of Assumptions 7.2.1 and 7.2.7 we have that the
operator Aey defined as

() et () ()

with domain given by

D(Aex) = { (&) € Xoxt | (%) € H'((a,b); R™7) with Wy (270 ) =0} (7.24)

ea,Hz,ZP
generates a contraction semigroup on Xy if and only if WBEW§ > 0.

Based on this theorem and the fact S dissipates energy, we can prove that the operator
associated to p.d.e. (7.4) generates a contraction semigroup provided that one uses the
correct boundary conditions. The proof of this result is an application of the general
result Theorem 7.3.3 combined with the previous theorem.

Theorem 7.2.9. Denote by J, Gr and Gj, the operators as defined in (7.7). Further-
more, let the Assumptions 7.2.1 and 7.2.7 be satisfied and let Wp be a (n+1) x 2(n+71)
matrix of full rank such that WBEWg > 0. Then the operator Ag defined as

Asz = (J — GrSGp) (Ha) (7.25)
with domain
D(Ag) = {z € X | Hz € H'((a,b); R") with Wg <GJ;8721735§R<ZZ;)> =0} (7.26)

generates a contraction semigroup on X.
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7. Systems with Dissipation

PRrROOF: If we can show that the operator Ag with its domain can be written as (7.39)-
(7.40), and if the other conditions of Theorem 7.3.3 holds, then the proof becomes a
straightforward application of this general theorem.

We take Aqyt to be the operator defined by (7.23) with domain given by (7.24). Using
the notation J, Gr and Gy we see that this operator can be written as

B J Gr H 0
ont—<_g}% 0 >< 0 I). (7.27)

This is easy formulated into the set-up of Theorem 7.3.3 be defining
Ay = —GpH,  D(Az) = {z € L*((a,b);R") | Hz € H'((a,b);R"™)} (7.28)
and
A1=(JH Gr),  D(A1)=D(Acx). (7.29)

Hence A; has the domain given by (7.24). Note the domain of Az imposes no extra
restriction the domain of Aj.
Next we define S to be the multiplication operator

(S£)(€) = S()f(Q)- (7.30)

Using the assumption on S it is easy to see that S € L£(L?((a,b);R")) and it satisfies
(7.37).
By Theorem 7.3.3 we have that A; [S(Z&Zh)] with domain D(Ag) = {h € H; |

[ S( Z{z h)] € D(Aext)} generates a contraction semigroup on X. From (7.26) and (7.27)
we see that this Ag is also given by (7.25) with domain (7.26). This concludes the proof.m

We begin by applying the theorem to the example of the heat conduction, see Example
7.1.2.

Example 7.2.10 In this example we want to investigate for which boundary conditions
the p.d.e. (7.2) describing the heat conductivity generates a contraction semigroup. We
begin by identifying the extended state. Using Example 7.5 and equation (7.20) we see

that
01 0 0
Pl,ext—<1 0>7 PO,oxt—<0 0>

This implies that

01 0 -1 g((b)) $p§b;_$€(§z)
fogey \_ L | 10 =1 0 ap®) | 1| g(b)—gla
<ea,§,%>—ﬁ 1o 1 0 || g0 |T&| siea | T
01 0 1 zp(a) zp(b) + zp(a)

For the matrix Wp describing the boundary condition, we observe the following. It
should be full rank, and WBEW§ > 0, and we describe the boundary conditions as
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7.2. General class of system with dissipation.

being in its kernel. By Lemma 2.4.1 we see that without loss of generality, we may
assume that
Wp=I+V I-YV)

€d,9

w(8) = 3p(@) \ _ oy ( 9(0)+ g(a)
(I+V)< q(b) — g(a) > =(V I)< 2, (b) + 2,(a) > (7.32)

From the theory of Chapter 2 we know that with the above boundary conditions the ex-
tended operator generates a contraction semigroup, provided VVT < I. Using Theorem
7.2.9, we see that under the same conditions on V' the operator

with VVT < I. Using (7.31) we see that Wp (fa’g’Z) = 0 is equivalent to

1 d d
Ag = T <)\(()d—g> (7.33)
with domain
D(Ag) = {z € L*((a,b);R) | z € H((a, b);R),AZ—z € H'((a,b);R) and (7.34)

A(b) dz Aa) da A(b) dx Ma) dz
Co _(b) T e —(CL) _ _ Co _(b) + Co —(CL)
v < o) - Ln(a) ) =0 ( Lo) + Ln(a) ) }

Cov Cy c

generates a contraction semigroup on L2((a,b);R). This implies that the homogeneous
p.d.e. (7.2) with boundary conditions

dz () _ \(a)9Z(a da )22 (g

has a mild solution for every initial condition in L?((a,b); R). Choosing V = 0, we find
as boundary conditions

A(b)j—f(b) —0  z(t)=0,
whereas V' = I gives
A(b)j—f(b) - A(a)j—f(a) £(b) = (a). -

We end by saying that Theorem 7.2.9 cannot be used for the damped wave equation
of Example 7.1.1. The reason this lies in the fact that the extended P; matrix is non-
invertible. Namely, using Example 7.2.2 we find that

011
Piexc=1 1 0 0
1 00

which is clearly no invertible. We remark that Theorem 7.2.8 and hence Theorem 2.3.2
can be extended such that non-invertible P;’s are possible, see [28].
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7. Systems with Dissipation

7.3. General result

In this section we prove a general result, which is very useful in proving existence of the
(homogeneous) differential equation. For the proof of this theorem we need the following
two lemma’s

Lemma 7.3.1. Let A be a linear operator from D(A) C X to X, where X is a Hilbert
space, then A generates a contraction semigroup if and only if the following two condi-
tions are satisfied:

1. For all zg € D(A)

2Re ((Azg, z0)x) = (Axo, o) x + (T0, Axo)x <0, (7.36)

2. The range of A\I — A equals X for some \ > 0.

Lemma 7.3.2. Let A be the generator of a contraction semigroup on the Hilbert space
X, and let P € L(X) satisfy Re({(Pz,z)) < 0 for all x € X, then A + P generates a

contraction semigroup.

Theorem 7.3.3. Let H; and Hy be two Hilbert spaces. Furthermore, Let Ay be a linear
operator from D(A1) C Hy x Hy to Hy and Ay is a linear operator from D(As) C H; to
Hs, and let S € L(Hj) such that it is invertible and satisfies

Re((Sm,m)) > TTL2||$2H2, To € Hy (737)

for some my > 0 independent of 5.
If the operator

| A
Aext = [ A 0} (7.38)

with the domain D(Aext) = {(h1,h2) € Hy x Hy | hy € D(Ag) and (hi,hs) € D(A1)}
generates a contraction semigroup on Hy; x Hs, then

Agh = Ay [ S(zgh) } (7.39)
with domain
Dg) = el | g | € D)} (7.40

generates a contraction semigroup on Hj.
PrOOF: By Lemma 7.3.1 we have to check two conditions for Ag; that is
Re ((Asx1,21)) <0 for all z; € D(Ag) (7.41)

and
ran(\ — Ag) = H; for some A > 0. (7.42)
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7.3. General result
We start by showing (7.41). Let x1 € D(Ag)

(sara) = (| g3t )

= (Aext [ S(Zzlxl) } 7 [ :%1 ]>

T I

= (Aext [ S(Ayy) } ’ [ S(41) ]>
o o]

= Vo | iman || sty |~ e Stz

Using the fact that Aeyx; generates a contraction semigroup, we find

Re((asonen) =Re (o | 72 1] gty )~ Re(Caon, Stz
<0

<0 —Re ((A2z1, S(A221)))

)

where in the last step we used that S satisfies (7.37).
Next we prove the range condition (7.42) on Ag. That is, for a A > 0 we have to show
that for any given f € X we can find an = € D(Ag) such that

f=W\—Ag)x.

From (7.37) we find that

Re (S22, 20)) > ma| S~ 22 > —oa 20 % (7.43)

Choose A such that 0 < A < ”?ﬁ, and define the following mapping from H; x Hy to
H 1 X H2

0 0
P:[o —S‘1+)\I]

By our assumption we have that Re ((Pz,z)) <0 for all x € Hy x Ha. Hence by Lemma
7.3.2, we conclude that Aey + P is generates a contraction semigroup. In particular, the
range of AI — Aext — P is the whole space. This implies that for all (é) € Hy x Hy there

exists an (Z;) € D(Aext) such that

[ / } = (M — Ay — P) [ i } . (7.44)

This is equivalent to
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7. Systems with Dissipation

and
0= Mg — Ashy + (S7! = A)ha.

This last relation, implies that hg = S(Agh;). Hence hy € D(Ag), and f = (A — Ag)h;.
Concluding, we see that the range of A\l — Ag is full, and so it generates a contraction
semigroup on Hj. [

7.4. Exercises

7.5. Notes and references

This chapter is based on Chapter 6 of [28]. Theorem 7.2.9 can be extended to allow for
non-linear dissipation terms.
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Chapter A
Mathematical Background

A.1. Complex analysis

In this section, we present important facts from complex function theory that are used in this
book. As main references, we have used Levison and Redheffer [17] and Rudin [24].

By a domain we shall mean a nonempty, open, and connected subset of C; in some books the
name region is used.

Definition A.1.1. Let T be a domain in C, and let f be a function defined on T with values
in C. The function f is holomorphic on Y if %(so) exists for every sp in Y.

The function is said to be entire if it is holomorphic on C.

The function g is meromorphic on Y if g can be expressed as g = -;—;, where f1 and fy are
holomorphic on Y. ' &

We remark that some texts use the the term analytic instead of holomorphic. Examples of
holomorphic functions are all polynomials and exponential powers; the latter are entire functions.
Rational functions are meromorphic on C and holomorphic on every domain not containing the
zeros of the denominator. It is easily verified that these classes of holomorphic functions have the
property that the derivative is again a holomorphic function. In fact, this is a general property
of holomorphic functions.

Proposition A.1.2. A function f that is holomorphic on the domain YT possesses the following
properties:

a. The derivative % is holomorphic on the same domain;
b. If f #0in Y, then f~! is holomorphic on Y;

c. f is uniformly bounded on every compact subset of C contained in Y. Q

Proof a. See theorem 5.2 in Levison and Redheffer [17] or the corollary of theorem 10.16 in
Rudin [24].
b. This follows easily from the fact that

df_l _ _f_2ﬁ
ds ds’
c. This follows directly from the fact that f is continuous on Y. [ ]
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A. Mathematical Background

The last property shows that holomorphic functions have similar properties to real-valued
functions. However, in contrast to functions on R, it cannot be bounded on the whole complex
plane, unless it is a constant.

Theorem A.1.3. Liouville’s Theorem. If f is an entire function that is bounded on the
whole complex plane, then it is a constant.

Proof See theorem 5.5 of chapter 3 in Levison and Redheffer [17] or theorem 10.23 of Rudin
[24]. [

The zeros of a holomorphic function have very nice properties, as can be seen in the next
theorem.

Theorem A.1.4. The zeros of a function f that is holomorphic on the domain T have the
following properties:

a. If so is a zero of f, then f(s) is either identically zero on Y or the order of the zero is
finite, that is, there exists an m such that f(s) = (s — s9)™g(s), where g is holomorphic
on YT and g(sg) # 0;

b. If f is not identically zero on Y, then the zeros of f are isolated; that is, for every zero sg
of f there exists a 6 > 0 such that f(s) # 0 for all s satisfying 0 < |s — so| < §;

c. If the zeros of f have a limit point in Y, then f is identically zero;

d. In every compact subset V of C with V' C Y, there are only finitely many zeros, provided
that f is not identically zero.

Proof This result can be found in theorem 10.18 of Rudin [24] and in theorems 7.2-7.4 of Levison
and Redheffer [17]. [ |

A corollary of Theorem A.l1.4.c is that two functions f;, fs, that are holomorphic on the
domains Y7 and Yo, respectively, and are equal on a set containing a limit point in Y7 N Yo, are
in fact equal on T; N T5. Furthermore, there exists a unique function f that is holomorphic on
T1U7Yg such that f = f; on T and f = f; on Yo. This f is called the holomorphic continuation.

Definition A.1.5. A curve I' in the complex plane is called a rectifiable curve if there exists
an interval [a,b] C R and a continuously differentiable mapping ~ from [a, b] to C such that the
image of v equals T, that is, I' = v([a, b]). The rectifiable curve T is called simple if y(z) # ~v(y)
for all  and y in (a,b) such that x # y. It is called closed if v(a) = v(b). By a contour T we

shall mean a finite collection of rectifiable curves I';, j = 1,...,n, such that the final point of I';
is the initial point of I';; for 1 < j < n — 1. The notions of simple and closed are the same for
these curves. &

Theorem A.1.6. Rouché’s Theorem. Let f; and fy be functions that are holomorphic on
the domain Y, and suppose that T contains a simple, closed contour I'. If | f1(s)| > |f2(s)| for
s €T, then f1 and fi + fo have the same number of zeros inside I'. (A zero of order p counts for
P zeros.)

Proof See theorem 6.2 in Levison and Redheffer [17] or theorem 10.43 in Rudin [24]. -
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Definition A.1.7. For a function f that is continuous on the domain T we define its integral
along the rectifiable curve I' C T by

b

d
[ 5= [ 1) @) (A1
r a
Its integral over a contour I is defined by

[16as=3" [ rpas (A2)

j=1 Fj
where I';, 1 < j < n, are the curves that form the contour I'. &

Before we can state one of the most important theorems of complex analysis, we need the
concept of the orientation of a rectifiable, simple, closed contour. Let the contour be composed of
the rectifiable curves I'; = 7, ([a;, b;]), and choose a point z¢ from (a;,b;) such that %(mo) # 0.
If the vector obtained by rotating the tangent vector % (x0) in a counterclockwise sense through
an angle of 7 points inside the interior bounded by the contour I', then the rectifiable, closed,
simple contour is said to be positively oriented. For a circle it is easily seen that it is positively
oriented if one transverses the circle in a counterclockwise sense going from a to b.

Theorem A.1.8. Cauchy’s Theorem. Consider the simply connected domain Y that contains
the positively oriented, closed, simple contour I'. If f is holomorphic on Y, then

!ﬂ@@—m

1 [ ()

27y ) s— 5o
r

and for any point s inside I

ds = f(so0).

Proof See Levison and Redheffer [17, pp. 180 and 183] or theorem 10.35 in Rudin [24]. [ |

Definition A.1.9. Let g be a function that is meromorphic on the domain Y. A point sp in T
is defined to be a pole of g if lim |g(s)| = co. The order of the pole is defined to be the smallest
5— 80

positive integer m such that lim |(s — so)"g(s)| < cc. &
s— 380
It is easily seen that if g can be expressed as g = %, where f; and fo are holomorphic on T,

then sg is a pole of g only if sg is a zero of fo. Since the zeros have finite order (see Theorem
A.1.4), so do the poles.

If g is a meromorphic function on the domain Y with no poles on I', then it is continuous on
I’ and hence (A.2) is well defined.

Theorem A.1.10. Cauchy’s Residue Theorem. Let g be a function that is meromorphic
on the simply connected domain Y with sq as its only pole inside the positively oriented, simple,
closed contour I'. Assume further that there are no poles on the contour I'. Then

1 1 dm—1

9(5)ds = ooy | gomr (s~ 20)"0()| (43)

2m;
r

where m is the order of the pole sgq.
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Proof See theorem 2.1 in Levison and Redheffer [17] or theorem 10.42 in Rudin [24]. -

The value on the right-hand side of equation (A.3) is called the residue of g at so. If the
meromorphic function f contains finitely many poles inside the contour I', then the integral in
equation (A.3) equals the sum over all the residues.

In the next theorem, we see that it is possible to express a meromorphic function with a pole
at so as an infinite series of positive and negative powers of s — sg.

Theorem A.1.11. Let f be a holomorphic function on the punctured disc {s € C | 0 < |s—sg| <
R} and let C be the circle {s € C | |s — so| = r} for any r satisfying 0 < r < R. If we define

_ 1 f(s)
o= 5 |

c

for k € Z, where C' is transversed in a counterclockwise sense, then the Laurent series given by

oo

f(s) = Z ak(s—so)k

k=—o0

converges uniformly to f(s) in any closed annulus contained in the punctured disc {s € C |0 <
|s — so| < R}.

Proof See Levison and Redheffer [17, theorem 9.2]. [ |

We remark that if the function is holomorphic on the disc {s € C | |s — so| < R}, then
a; = 0 for negative values of j. Hence for every holomorphic function there exists a sequence of
polynomials that approximate it on an open disc. In the next theorem, we shall see how good
this approximation is on the closed disc.

Theorem A.1.12. We define the disc D(zp, R) := {z € C| |z — 20| < R}. If f is a holomorphic
function on the interior of D(zy, R) and continuous on the boundary, then for every ¢ > 0 there
exists a polynomial P. such that

sup |f(2) — P:(2)| <e. (A4)
z€D(z0,R)
Proof See theorem 20.5 in Rudin [24]. [ |

We remark that if a sequence of polynomials converges to a function in the norm in equation
(A.4), then this limit function is continuous on the boundary.

For the special case that the meromorphic function in Theorem A.1.10 is given by f ’1%, we
have the following result.

Theorem A.1.13. Principle of the Argument. Let Y be a simply connected domain and
let T' be a positively oriented, simple, closed contour contained in Y. Let g be a function that is
meromorphic on T with no zeros or poles on I, and let N(I') and P(I") denote the number of
zeros and the number of poles, respectively, inside I'. The following equalities hold

1 [ %) 1 _
) Ly 4 = 55 a8(9(s))lr = N(T) = P(T). (A.5)

Furthermore, N(I') — P(T") equals the number of times that {g(s) | s € I'} winds around the
origin as s transverses I' once in a counterclockwise sense.
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A.1. Complex analysis

Proof See theorem 6.1 in Levison and Redheffer [17] or theorem 10.43 in Rudin [24]. -

We would like to apply this theorem to the imaginary axis, but this is not a closed curve. To
overcome this, we introduce an extra assumption on the functions.

Theorem A.1.14. Nyquist Theorem. Let g be a function that is meromorphic on an open
set containing (C(J{ and suppose that g has no poles or zeros on the imaginary axis. Furthermore,

we assume that g has a nonzero limit at co in @; that is, there exists a g(oco) € C, g(oo) # 0
such that

lim sup lg(s) — g(o0)|| = 0. (A.6)

p—00 —
{s€C l1s|>p}

Then g has at most finitely many poles and zeros in a and

L[ %) 1 , .
27]0[ Yoo & = gy Jm ara(g(—jw) — arg(g(jw))]

= No— Fy, (A7)

where Ny and Py are the number of zeros and poles, respectively, in (C_ar. Furthermore, Ny — Py
equals the number of times that {g(jw) | w € R} winds around the origin as w decreases from
+00 to —oo.

Proof This follows from Theorem A.1.13 by a limiting argument. [ |

This theorem can be extended to allow for isolated poles or zeros on the imaginary axis in the
following manner.

If g has a pole or a zero at jwp, then we integrate around this point via the half-circle in C; :
Coo ={s €C|s=jgw—ce??; =X < 0 < Z, &> 0}, and the principle of the argument also
applies for this indented imaginary axis. Notice that the crucial requirement in Theorem A.1.14
has been the limit behavior of g as |s| — oo in Cg.

This last version of the principle of the argument (A.7) motivates the following concept of
the Nyquist index of a meromorphic, scalar, complex-valued function. As we have already
noted, meromorphic functions have isolated poles and zeros (see Definitions A.1.1 and A.1.9 and
Theorem A.1.4.b).

Definition A.1.15. Let g be a function that is meromorphic on (Cirs for some € > 0 and suppose

that g has a nonzero limit at oo in CJ (see (A.6)). This implies that the graph of g(s) traces
out a closed curve in the complex plane, as s follows the indented imaginary axis. We define the
number of times the plot of g(s) encircles the origin in a counterclockwise sense as s decreases
from jo0 to —jo0 over the indented imaginary axis to be its Nyquist index, which we denote by
ind(g). Thus, by Theorem A.1.14 we have that

ind(g) = o Tim farg(g(—j)) — ara(g(j«))] = No — P, (A8)
&

If g has no poles or zeros on the imaginary axis, then the Nyquist index is just the number of
times the plot of g(yw) encircles the origin in a counterclockwise sense as w decreases from oo to
—00.
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In complex analysis books, the index for a curve is normally define as a winding number. Note
that our Nyquist index is the winding number of the curve g(s) with s on the indented imaginary
axis.

From the properties of the argument, it follows that the Nyquist index has a similar property:

ind(g1 x g2) =ind(g1) + ind(g2). (A.9)

The Nyquist index is a homotopic invariant, which basically means that deforming the closed
curve g(JR) does not change the index, provided that the curve remains closed and does not pass
through the origin. We recall the definition of homotopic maps.

Definition A.1.16. Let X be a topological space and let I'; = ~1([0, 1]), T2 = v2([0, 1]) be two
closed curves in X. T'; and I'y are X -homotopic if there exists a continuous map ¢ : [0,1]x[0,1] —
X such that

P, 0) =mn),  P1) =), 0,4 =y1,1) (A.10)
for all y,t € [0,1]. L)

Theorem A.1.17. IfT'; and I'y are C\ {0}-homotopic closed contours in the domain C\ {0},
then the number of times that I'y and I'y wind around 0 is the same.

Proof This follows from theorem 10.40 in Rudin [24]. [ |

We apply this theorem to show that the indices of two functions that can be continuously
transformed from the first into the second have the same Nyquist index.

Lemma A.1.18. Let g1 and go be meromorphic functions on an open set containing (CSr , with
nonzero limits g1 (c0) and go(oc) at infinity in Cg. If there exists a continuous function h(s,t) :
(=700, g00) % [0,1] — C such that h(jw,0) = g1(yw), h(jw,1) = g2(yw) and h(yw,t) and h(co,t)
are nonzero for all t € [0,1] and w € R, then the Nyquist indices of g1 and g are the same.

Proof First we suppose that neither g; nor go has poles or zeros on the imaginary axis. For
t € [0,1] and y € (0,1) we define ¥(y,t) := h(ytan(ry — 5),t), 11(y) := g1(ytan(ry — 7)) and
Y2(y) := g2(gtan(my — 5 )). Furthermore, we define the end point of (-, ) by ¥(0,t) = ¢(1,t) =
h(oo,t) and the end points of 1,72 by 11(0) = 71(1) = g1(00) and 72(0) = 72(1) = ga2(c0).
By Definition A.1.16 we easily see that the closed curves 71([0,1]) and ~2([0,1]) are C \ {0}-
homotopic, and so by Theorem A.1.17 the number of encirclements of 0 are the same. Since
these curves are the same as g1 (Jw) and g2(jw), respectively, we have by Definition A.1.15 that
their Nyquist indices are the same.

The proof for the case that g; or g has poles and zeros on the imaginary axis is similar,
replacing the imaginary axis with the indented version. [ ]

A.2. Normed linear spaces

The results in this section are well known in functional analysis and may be found in almost any
book on this subject. The basic source is Kreyszig [16]; secondary sources are Kato [14], Naylor
and Sell [19], Taylor [25], and Yosida [31].
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A.2. Normed linear spaces

A.2.1. General theory

The concept of normed linear spaces is fundamental to functional analysis and is most easily
thought of as a generalization of the n-dimensional Euclidean vector space R™ with the euclidean
length function || - || : R™ — R* = [0, 00) given by

n
2l =l
=1

In fact, it is just a linear vector space with a length function (norm) defined on it. First, we
define a linear vector space; other terms are vector space or linear space.

Definition A.2.1. A linear vector space W over a scalar field F is a nonempty set W with
a mapping: (z1,22) — x1 + 22 from W x W to W, which we call addition, and a mapping:
(o, ) — ax from F x W to W, which we call scalar multiplication. These mappings satisfy the
following conditions for all z,y,z in W and all o, 8 € F:

a. ¢ +y=1y+x (the commutative property);
b. (z+y)+ 2z =2+ (y+ z) (the associative property);

c. There exists a unique element 0 in W such that z +0 ==z

(the existence of the zero element);

d. For each x € W, there exists a unique element —x € W such that t + —z =0

(the existence of an inverse);
a(fz) = (af)z;

(a+ Bz = ax + Pa;

. alz+y) = ax + ay;

@

lw)

g
h. 1x = x, where 1 is the unit element of the scalar field F. m &

In this book, F will be either the real number field R or the complex number field C; W over
R is called a real vector space, and W over C is called a complex vector space.

Definition A.2.2. If W is a linear vector space over the field F, then a subset S of W is a
linear subspace if x,y € S = ax+ Py € S for all scalars o, § € F (i.e., S is closed under addition

and scalar multiplication and so is itself a linear vector space over F). )
Definition A.2.3. A linear combination of vectors x1,...,x, of a linear vector space W is an
expression of the form aj21 + asws + ... apx,, where the coefficients aq, ..., a, are scalars. &

Definition A.2.4. For any nonempty subset M of the linear vector space W, the set of all
linear combinations of vectors of M is called span of M and is denoted by

span{M}. &
Obviously, this is a linear subspace Y of W, and one can easily show that it is the smallest
(with respect to inclusion) linear subspace that contains M. We say that Y is spanned by M.

Definition A.2.5. If zq,...,z, are elements of W, a linear vector space over F, and there exist
scalars aq, ..., ay, not all zero, such that the linear combination a1 + ...+ asz, = 0, then we
say that z1,...,x, is a linearly dependent set. If no such set of scalars exist, then we say that
T1,...,Ty are linearly independent. &
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Definition A.2.6. If the linear vector space W is the span of a finite set of linearly independent

vectors x1, .. ., Tn, then we say that W has dimension n. If there exists no finite set M of vectors,
such that W =span{M }, W is said to be infinite-dimensional. &
Definition A.2.7. A norm is a nonnegative set function on a linear vector space, || - ||: W —

R* = [0, 00), such that:
a. ||z|| = 0 if and only if z = 0;
b. |z +y| < |z]| + |ly|| for all z,y € W (the triangular inequality);

c. |Jaz|| = |af||lz|| for all x € W and o € F. &
Definition A.2.8. A normed linear space is a linear vector space X with a norm || - || x on it
and it is denoted by (X, ||| x). If the meaning is clear from the context, we usually write simply
X and use || - || for the norm. &

Example A.2.9 Let p > 1 be a fixed real number. By definition, each element in the space ¢,
is a sequence = = (&;) = (&1,&2,...) of numbers in C such that

o0
> Ig1P < 0.
j=1

This is a linear vector space over C with componentwise addition and scalar multiplication.
It is also a normed linear space with the norm

1/p

oo
lzll = | Y14l
j=1

The triangular inequality for the space £, is commonly know as the Minkowski inequality for
sums. O

Example A.2.10 The space £, consists of all sequences x = (£1,&2,...), where & € C and
sup |£;] < oo. This is a linear vector space over C with componentwise addition and scalar
i>1

Iﬁultiplication. Furthermore, it is a normed linear space with the norm

z|| = sup |&|-
[l Sur &l -

Example A.2.11 Let p > 1 be a fixed real number and let —oo < a < b < co. Consider the set

b
of measurable functions z(t) with [ |z(¢)[Pd¢ finite, and with the norm

1/p

b
] = / a(t)|Pdt

This is a linear vector space with addition and scalar multiplication defined by:

(@ +y)(t) = x(t) +y(t);

124



A.2. Normed linear spaces

(az)(t) = ax(t). O

However, it is not a normed linear space, since ||z|| = 0 only implies that z(¢) = 0 almost
everywhere. To make it into a normed linear space we have to consider (equivalence) classes of
functions, [z], where [z] is the class of all functions that equal x almost everywhere. Clearly,
these equivalence classes form a linear space and ||[z]|| := ||z1]| for any z1 € [z] defines a norm;
we call this normed linear space L,(a,b). Following usual practice, we write x; instead of [z],
where 1 is any element of the equivalence class [z].

The triangular inequality for Ly(a,b) is called the Minkowski inequality for functions.

Example A.2.12 Let —oo < a < b < oo and consider all measurable functions z from (a,b) to
C with the property that esssupie(a,p)|®(t)] < co. As in Example A.2.11, we form equivalence
classes [z] that contain functions that equal z almost everywhere on (a,b). With the norm

2] [|oo = esssup;e(a,p) [71(2)] for any x1 € [z],

this space is a normed linear space, which we denote by Lo (a,b). As in Example A.2.11, we
usually write z; instead of [z], where x; is any element of [x]. O

Definition A.2.13. Let (X, || - ||x) and (Y,] - ||y) be two normed linear spaces. Then X and
Y are topologically isomorphic if there exists a linear, bijective map T : X — Y and positive
constants a, b such that

allz||x < ||Tz|y <b||z|x for all z € X.

The norms || - ||x and || - ||y are then called equivalent norms.

The normed linear spaces are isometrically isomorphic if there exists a linear, bijective map
T : X — Y such that

1Ty =[] x- )
Definition A.2.14. A sequence {z,} in a normed linear space (X, || - ||x) converges to x if
nh_{r;on"_w”X = 0. &

o0 n
The series Y x; is said to converge to z, if the sequence Y z; converges to z as n — oo.
i=0 i=0

Definition A.2.15. A set V in a normed linear space X is closed if every convergent sequence
in V has its limit point in V. A set V is open if its complement is closed. Alternatively, a set
V' is open if for any point x € V, there exists an € > 0 such that the sphere with centre z and
radius €, B(z,¢e) := {y € X | ||ly — || < €} is contained entirely in V.

If we add to a set V' all the limit points of sequences in V', we obtain the smallest closed set

that contains V. This closed set is called the closure of V', which we write as V.

A set V in a normed linear space (X, || - || x) is bounded if sup ||z||x < co. A set V' in a normed
z€V
linear space is compact if every sequence in V contains a convergent subsequence with its limit

point in V; V is relatively compact if its closure is compact.

Definition A.2.16. A subset V of a normed linear space is dense in X if its closure is equal to

X. L)
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This important property means that every element x of X may be approximated as closely as
we like by some element v of V| i.e., for any = in X and & > 0 there exists a v € V such that
|lv—z| <e.

All normed linear spaces have dense subsets, but they need not be countable. Normed lin-

ear spaces that do have countable dense subsets have special properties that are important in
applications.

Definition A.2.17. A normed linear space (X, || - || x) is separable if it contains a dense subset
that is countable. &

The concept of Cauchy sequence in R is very important, since even without evaluating the
limit one can determine whether a sequence is convergent or not. We shall start by generalizing
the concept of Cauchy sequences to general normed linear spaces.

Definition A.2.18. A sequence {z,} of elements in a normed linear space (X, ||-||x) is a Cauchy
sequence if

|zn — zm| x — 0, as n,m — oo.
u &

As stated above, every Cauchy sequence in R is convergent. Unfortunately, this does not hold
for general normed linear spaces, as can be seen from the next example.

Example A.2.19 Let X = C[0, 1], the space of continuous functions on [0, 1] and as a norm we

1
take ||z| = ([ |z(t)|>dt)}/2. Now consider the sequence of functions {z,} C X given by
0

0 for0<t§%—%

1 1 1 1 1

an(t)=q 5 -G+ forg—g<t<g+g
1 for § ++ <t<1.

{z,} is Cauchy, since for n > m we have that

1

e = aal? = [ lon(®) - 2 (o) de

0
i t 1 b t t
m m m m n n
= (7—2"1‘5)26&4— (T—Z—g-f—z)zdt"r
11 101
bt
mt m 1,
— — — — )%t
(5 =7 )
3t
1.m 1 1 1 1
e A L P
6[n2 n+m]_6m 6n’

since n > m.
Thus ||Z,, — 2x]|> — 0 as m,n — co. Clearly, the pointwise limit of x,, is

0 f0r0§t<%
x(t) = 1
1 f0r§<t§1.

However, this function is not in C[0, 1], because of the discontinuity at ¢t = % O
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This situation is clearly unsatisfactory and we prefer to work with spaces where Cauchy se-
quences always have limits in the same space. A normed linear space X is complete if every
Cauchy sequence has a limit in X.

Definition A.2.20. A Banach space is a complete, normed linear space. &

The spaces ¢y, £, Lp(a,b), and Lo (a,bd) introduced in Examples A.2.9 to A.2.12 are all
Banach spaces.

Example A.2.19 was an example of a normed linear space that was not complete. Under a
different norm it is complete.

Example A.2.21 Consider the space C[0, 1] of continuous functions on [0, 1] and define the sup
norm

[2lloc == sup |z(t)].
te0,1]

Clearly, with || - ||cc C]0, 1] defines a normed linear space. It is complete, since it is known that
uniformly convergent sequences of continuous functions converge to a continuous function. Hence
C0,1] is a Banach space under this norm. O

Another way of producing a complete normed linear space is given in the next theorem.
Theorem A.2.22. Let X be a normed linear space. Then there exists a Banach space X and
a linear, injective map T : X — X such that T(X) is dense in X and ||Tz| ¢ = ||z||x for all
x € X. The space X is called the completion of X.

Proof See Kreyszig [16, theorem 2.3-2] or Yosida [31, section 1.10] or Taylor [25, theorem 2.41-
Al -

It is not hard to show that the completion of C[0,1] with the norm as in Example A.2.19 is
L2 (Oa 1)

A.2.2. Hilbert spaces

A Banach space generalizes the notion of R™ as a linear space with a length function, but in
order to generalize the useful geometric property of orthogonality we need some extra structure.

Definition A.2.23. An inner product on a linear vector space Z defined over the complex or

real field F is a map
(,Y:ZxZ—F &

such that for all z,y € Z and «, § € F it holds that
a. (az + By, 2) = oz, z) + By, 2);

b. (z,y) = (y, z);

c. {x,z) >0 and (x,z) =0 if and only if x = 0.

Properties a and b imply that (z, az + By) = @(z, 2) + B(x, y); we say that (z, z) is semilinear
in z. A linear space Z with an inner product (-,-) is called an inner product space.

Using the inner product we can make an inner product space into a normed linear space
(Z, || - llz) by defining the induced norm by

1212 == V/ (2, 2)-

In general, Z will not be a Banach space, since it need not be complete. Complete inner
product spaces have a special name.
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Definition A.2.24. A Hilbert space is an inner product space that is complete as a normed
linear space under the induced norm. &

Before we look at some examples of Hilbert spaces, we list some properties of inner products
and their induced norms:

a. (x,y) =0 for all x € Z implies y = 0;
b. |(z,y)| < |lzllllyll, (Cauchy-Schwarz inequality);
c. llo+yl* + llo -yl = 2llz[* + 2[ly[|?, (parallelogram law);

d. If the norm in a normed linear space satisfies the parallelogram law, then the following
defines an inner product

1
(,y) =7 llz+ul* = llz = ol* + sllz+ y11* = sll= = wll?]
and the norm is induced by this inner product.

Example A.2.25 The spaces ¢ and Ly(a,b) defined in Examples A.2.9 and A.2.11, respectively,
are Hilbert spaces under the inner products

0 b
@ = Yo and (o= [ (ORD®,
n=1 a

respectively. As in Example A.2.11, by x we really mean the equivalence class [z]. We remark
that the much used Cauchy-Schwarz inequality on La(a,b) becomes

b b b
| / (gD < / (1) 2dt / () P, (A1)

| (]

Using the Cauchy-Schwarz inequality one can show that functions in L2(0,00) with their
derivative in L2(0, 00) have zero limit at infinity.

Example A.2.26 Let f be an element of Ls(0, 00), and assume that f is differentiable with its
derivative in L2(0,00). Then for all ¢ > s we have that

[FOF = 1£(s)]?

/t%|f(7)|2d7_ /tf(f)mdﬂr/tf'(f)mﬂ”

S

IN

2 /tlf(T)lsz/tlf(T)lsz-

Since f, f are elements of Ly(0,00) we see that |f(t)| converges for t — co. Using the fact that
f is square integrable, we see that its limit can only be zero. (|

We now illustrate how it is possible to define several inner products on the same linear vector
space.
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Example A.2.27 Consider Ls(a,b) defined above with —oco < a < b < oo and define the
subspace
Z = {u€ Ly(a,b) | uis absolutely continuous on (a,b)
with % € La(a,b) and u(a) = 0}.

We remark that an element in Ly (a, b) is said to be absolutely continuous if there is an absolutely
continuous function in the equivalence class (see Example A.2.11). One can easily show that there
can at most be one absolutely continuous function in every equivalence class.

Z can be regarded as a subspace of La(a,b) and it is in fact a dense subspace. On the other
hand, we can introduce a different norm that is well defined for all u,v € Z

du dv
<’U,, ’U>2 = <E7 $>L2(a,b)'

With the above inner product we obtain the new Hilbert space Z,. (I

The above example brings us naturally to the following class of Hilbert spaces (see Yosida [31,
sections 1.9 and 1.10] or Naylor and Sell [19, section 5.13]).

Definition A.2.28. For —oo < a < b < 0o we define the following subspace of La(a,b)

ST(a,b) = {u€ La(a,b) | u,..., ‘g;n;,? are absolutely
continuous on (a,b) with % € La(a,b)}.

This is a Hilbert space with respect to the inner product

Ui d"z1 anQ
(21,22) 55 (arb) = Z<dt—”’ dt—”>L2' (A.2)

n=0
These Hilbert spaces are called Sobolev spaces'. &

One can show that S7*(a, ) is the completion of C™[a,b] or C*[a, b] with respect to the norm
induced by (A.2) (see Yosida [31, sections 1.9 and I1.10] or Naylor and Sell [19, section 5.13]). It
is not difficult to show that S*(a,b) is topologically isomorphic to

{u € Ls(a,b) | u,..., Z?Tj? are absolutely continuous on (a,b)
with 42 € Ly(a,b)}

under the inner product

d"z; d™z
(e1,22) = (o1, 22)1, + (s ) (A3)

The inner product structure allows a simple generalization of the concept of orthogonality.

Definition A.2.29. We say that two vectors z and y in a Hilbert space Z are orthogonal if

(z,y) =0,

in which case we write z L y. &

! Another notation for S™ is H™. However, in this book we use H™ for the Hardy spaces.

129



A. Mathematical Background

If x 1 y, then the parallelogram law reduces to a generalized statement of Pythagoras’ theorem,
namely,
-+ yll* = lz]|* + Iyl

Definition A.2.30. If V is a subspace of a Hilbert space Z, then the orthogonal complement
V1 is defined by
t={reZ|{(x,y)=0foralyecV} &

It can be shown that V1 is a closed linear subspace of Z and that Z can be uniquely decom-

posed as the direct sum o
Z=VoVv (A.4)

where V is the closure of V. This means that any z € Z has the unique representation
z=2zy+z2ye,

where zi- € V, zy1 € V2, and |2]|? = |25 + ||lzv2 |2
Furthermore, we see that a subspace V is dense in the Hilbert space Z if and only if V+ = {0}.

Definition A.2.31. An orthonormal set in a Hilbert space Z is a nonempty subset {¢,,n > 1}

of Z such that
1 ifn=m

(Dn, dm) = Gnm :_{ 0 ifn#m. &

In other words, {¢,,n > 1} are mutually orthogonal unit vectors. Of course, any mutually
orthogonal set {z,,n > 1} may be normalized by defining new vectors

Definition A.2.32. Let {e,,n > 1} be a subset of Z. We say that it is mazimal if

span,, {en} = Z. &

In R™ any element can be expressed as a linear combination of any set of n mutually orthonor-
mal elements; such an orthonormal set is called a basis. For infinite-dimensional Hilbert spaces
we have a similar property.

Definition A.2.33. We say that an orthonormal sequence of a separable Hilbert space Z is an
orthonormal basis if it is maximal. Then for any z € Z, we have the Fourier expansion

Mg

(@, n)dn.-

Il
-

n

The terms (x, ¢, ) are called the Fourier coefficients of x with respect to ¢,,. Furthermore, we
have the important Parseval equality. Any two vectors z,y in Z satisfy

Z an Y, ¢n
n=1

In particular, for z = y we have

2> =) Iz, éu) .
n=1
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Example A.2.34 Consider the Hilbert space L2(0, 1) introduced in Examples A.2.11 and A.2.25.
This space has several different orthonormal bases. The best known one is the following:

{1,V2sin(27wnt), V2 cos(2mnt), n > 1}. (A.5)

This is an orthonormal basis, so any # € L2(0,1) may be represented in the form

z(t) = ap + V2 Z an cos(2mnt) + V2 Z by, sin(27nt),
n=1 n=1

where
1
ag = /x(t)dt,
0
1
anp = /x(t)ﬁcos(?wnt)dt forn > 1,
0
1
b, = /x(t)\/gsin(%mt)dt for n > 1.
0

This is the classical Fourier expansion, and a,, and b,, are the Fourier coeflicients.
Other orthonormal bases are given by the sequences

{1,V2cos(mnt), n > 1}, (A.6)
see Example A.4.22, and
{V2sin(mnt), n > 1}, (A7)
see Example A.4.21. A fourth orthonormal basis is given by the Legendre polynomials
8" d”
Pu(t) = ——# —t)", n> 1.
= gigm &~V n= 0

We remark that the expansions in Example A.2.34 are not valid pointwise, but only in the
sense of the Lo(0,1) norm. For example, equality in the Fourier expansion means that

N

|z — Z<x7¢l>¢z” — 0as N — oo.

i=1

Example A.2.35 Let {¢,,n > 1} be an orthonormal basis of the Hilbert space Z, and let
{an,n > 1} be a positive sequence with a,, > 1. Now we define the following linear subspace of
Z.

Zoy ={2z€Z|2z= Zznd)n, with Z Qn|2n]? < 00}, (A.8)
n=1 n=1

It is clear that Z, is a dense, linear subspace of Z. On this linear vector space we define the
following inner product

<21722>a = Zan<zly¢n><227¢n>- (Ag)
n=1 ]

Under this inner product, the space Z,, is a Hilbert space.
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A recurring problem in infinite dimensions is the question of approximation. For example, we

N
may ask how good an approximation »_ (z,$n)¢, is to x and how one should improve upon
n=1
this approximation by introducing extra terms. It turns out that there is a simple answer to
this question if {¢,,n > 1} is an orthonormal basis in the Hilbert space Z. It is based on the

following generalization of ”dropping a perpendicular” in the three-dimensional Euclidean space.

Theorem A.2.36. Let Z be a Hilbert space and V' a closed subspace of Z. Then, given x € Z,
there exists a unique vy € V such that

i = v = min o — .

Furthermore, a necessary and sufficient condition for vy € V' to be the minimizing vector is that
(x —w) L V.

Proof See Kreyszig [16, theorem 3.3-1 and lemma 3.3-2] or Naylor and Sell [19, theorem 5.14.4].
|

Notice that in the above theorem the vector z — vy is to be seen as that obtained by ”dropping
a perpendicular” onto V. We now apply this theorem to the approximation problem. Let
@1, P2, ..., 06N be an orthonormal sequence of vectors that span a finite-dimensional subspace V.
For any given € Z we seek the vector & in V such that |z — Z|| is minimized. By Theorem
A.2.36, we see that
(x —%,¢p) =0, n=1,2,...,N.

N
Supposing that & = > ap¢,, the above equality implies that
n=1
<:Z?, ¢n> = Qp.
So the best estimate of any vector z € Z using N orthonormal vectors ¢,,, n =1,...,N is &
given by
N
&= <:Z?, ¢n>¢n
n=1

To improve this estimate, all that is necessary is to add an extra term (z,¢n41)¢PN+1. We remark
that this would not be the case if the sequence {¢,,} were not orthonormal; then it would be
necessary to recalculate all of the coefficients every time a better approximation were required.

A.3. Operators on normed linear spaces

The theory of operators on normed linear spaces is treated in any introductory book on functional
analysis and most of the definitions, lemmas, theorems, and examples in this section are standard;
useful references are Kato [14], Kreyszig [16], Rudin [23], and Naylor and Sell [19].

A.3.1. General theory

In this section we shall be concerned with transformations 7" from one normed linear space X to
another Y. Usually, X and Y will be either Banach or Hilbert spaces and T' will be linear. Later
in this section we treat the special case where Y is the scalar field F; there the transformations
are called functionals. We start with the following fixed-point theorem.
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Theorem A.3.1. Contraction Mapping Theorem. Let X be a Banach space, T a mapping
from X to X, m € N, and o < 1. Suppose that T satisfies || T (x1) — T (x2)|| < a|lz1 — x2]| for
all x1,x9 € X. Then there exists an unique z* € X such that T(x*) = «*; x* is the fixed point
of T.

Furthermore, for any xo € X the sequence {x,,n > 1} defined by x,, := T"(x¢) converges to
z* asn — oo.

Proof See Kreyszig [16, theorem 5.4-3] or Naylor and Sell [19, theorem 3.15.2 and corollary
3.15.3]. -

In above theorem the mapping T does not need to be linear. However, in the rest of this
section we only consider linear transformations.

Definition A.3.2. A linear operator, or simply an operator, T from a linear space X to a linear
space Y over the same field F is amap T : D(T) C X — Y, such that D(T) is a subspace of X,
and for all 21,22 € D(T') and scalars «, it holds that

T(Il + IQ) = TIl + TCCQ,
T(axzy) = aTzy. &

It follows immediately from this definition that if o; € F and z; € D(T) for i = 1,...,n, then

T(i aixi) = i alTxl
i=1 i=1

The set D(T) is called the domain of T. In fact, changing the domain changes the operator; for
example, the operator Ty : D(T1) = {z € L2(0,1) | = continuous} — L2(0,1), Thz = 2z differs
from the operator Ty : L2(0,1) — Ly(0,1), Thx = 2z.

Example A.3.3 It is easy to see that the following mappings are all linear operators:
the shift operator defined by
o:ly — U,

where
(0(2))n = Tni1;
the integral operator

Tg : LQ(O, 1) — LQ(O, 1)

defined by
1

7,1 = [ f0g0dt  forage La(0.1);
0

the differentiation operator
T :D(T)=C"0,1) C Lz(0,1) — Ly(0,1)
defined by

_Y

Tf=—.
fd:zc U
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Definition A.3.4. The set of all possible images of the operator T : D(T') — Y is a subspace of
Y, in general. It is called the range of T and we denote this by ranT. If the range of an operator
is finite-dimensional, then we say that the operator has finite rank. &

Operators for which the domain and the range are in one-to-one correspondences are called
invertible.

Definition A.3.5. A operator T : D(T) C X — Y between two linear spaces X and Y is
invertible if there exists a map S : D(S) :=ranT C Y — X such that

STx = =z, x¢€ D(T),
TSy = vy, y€ranT. &

S is called the algebraic inverse of T and we write T~! = S.

Lemma A.3.6. Linear operators T from X toY, where X and Y are linear vector spaces, have
the following properties:

a. T is invertible if and only if T is injective, that is, Tx = 0 implies x = 0;

b. If T is an operator and it is invertible, then its algebraic inverse is also linear.
Proof See Kreyszig [16, theorem 2.6-10] or Kato [14, section III.2]. -

The set of all elements in the domain of T" such that Tx = 0 is called the kernel of T' and
is denoted by kerT'. If T is a linear operator, then ker T is a linear subspace. From the above
lemma we see that the linear operator T has an inverse if ker T' = {0}.

The continuity of a map from one normed linear space to another is another very important
property, since it says that a small change in the original vectors gives rise to a corresponding
small change in their images.

Definition A.3.7. A map F : D(F) C X — Y between two normed linear spaces (X, || - || x)
and (Y, || - ly) is said to be continuous at o € X if, given € > 0, there exists a 6 > 0 such that
|F(z) — F(xo)|ly < e, whenever ||z — xo||x < d. F is continuous on D(F') if it is continuous at
every point in D(F). &

Definition A.3.8. Let T be a linear operator from D(T) C X — Y, where X and Y are normed
linear spaces. T is a bounded linear operator or T is bounded if there exists a real number ¢ such
that for all z € D(T)

1Tx|y <clzlx. &

The above formula shows that a bounded linear operator maps bounded sets in D(T') into
bounded sets in Y, and it leads naturally to the following definition of a norm.

Definition A.3.9. Let T be a bounded linear operator from D(T) C X to Y. We define its
norm, ||T||, by

[Ty
zeD(T), llz]| x '

z#0 &

1Tl =
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If D(T) = {0}, we define ||T|| = 0, since in this uninteresting case from definition A.3.2 we
have that T0 = 0.
An equivalent definition of ||T|| is

IT|| = sup || T=[ly.
xeD(T)
lzllx=1

This norm satisfies the conditions for a norm (see definition A.2.7). An automatic consequence
of definition A.3.9 is that

ITzlly < T[] x; (A1)

this result will be used frequently.
Continuity and boundedefinitioness are equivalent concepts for linear operators.

Theorem A.3.10. If T : D(T) C X — Y is a linear operator, where X and Y are normed
linear spaces, then:

a. T is continuous if and only if T is bounded;

b. If T is continuous at a single point, it is continuous on D(T).

Proof See Kato [14, section I11.2], Kreyszig [16, theorem 2.7-9], Naylor and Sell [19, theorem
5.6.4 and lemma 5.6.5], or Rudin [23, theorem 1.32]. -

Bounded linear operators that map into a Banach space always have a unique extension to
the closure of their domain.

Theorem A.3.11. Let T': D(T) C X — Y be a bounded linear operator, where X is a normed
linear space and Y is a Banach space. Then T' has a unique bounded extension T : D(T)—-Y.
Furthermore, | T| = ||T|.

Proof See Kato [14, theorem 1.16] or Kreyszig [16, theorem 2.7-11]. -

Of special interest are bounded linear operators whose domain is a normed linear space.

Definition A.3.12. If X and Y are normed linear spaces, we define the normed linear space
L(X,Y) to be the space of bounded linear operators from X to Y with D(T") = X and with
norm given by definition A.3.9.

If it is necessary to distinguish between various norms, we shall write the norm as || - [ z(x,v)-
For the special case that X =Y we denote L(X, X) by £(X). First we consider £(X,Y), where
X and Y are finite-dimensional spaces.

Example A.3.13 Recall that matrices with k rows and m columns are linear mapping from
C™ to C*. If we take the norm on C* and C™ to be the Euclidian norm, then it is easy to see
that this mapping is also bounded. We shall calculate the exact norm. Let T be a k X m-matrix.
Since the matrix T*T is symmetric and nonnegative, we have that

T*Te =Y o}z, ¢:)i, (A.2)

=1
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where {¢;,1 < i < m} is an orthonormal basis of C™ and 0? are the eigenvalues of T*T'. o; are
the singular values of T. Without loss of generality, we assume that o4y > 02 > ... > o, > 0.
Since {¢;,1 < i < m} is an orthonormal basis, we have that

lz]|* = ZI - (A.3)
Now from (A.2), we deduce

|Tz|?> = (Tz,Tx)= (T*Tx,x) Za (x, i) (¢, )

IN

o?||z|? using equation (A.3). O
But | T¢1||> = (T*T¢1,¢1) = 02, and so ||T| = o3.

In the next lemma, we summarize some properties of the space of linear bounded operators,
L(X,)Y).

Lemma A.3.14. Let L(X,Y) denote the space of bounded linear operators from X toY. Then
the following properties hold:

a. If' Y is a Banach space, then so is L(X,Y);

b. If X,Y, and Z are normed linear spaces, Ty € L(X,Y) and Ty € L(Y, Z), then T3, defined
by Tsx = To(Thx), is an element of L(X,Z) and ||T5|| < || T2|[||T4]];

c. For the special case that X =Y, L(X) is an algebra; that is, Ty, Ty + T» and T1 T are
in L(X) for every Ty, Ty in L(X); furthermore, | T T < || T1||||T2|l-

Proof a. Proofs are given in the following texts: Kato [14, section III1.3.1], where the notation
B(X,Y) is used instead of L(X,Y"); Kreyszig [16, theorem 2:10-2]; Naylor and Sell [19, theorem
5.8.6], where Blt[X,Y] is used instead of £(X,Y); Rudin [23, theorem 4.1], where the notation
B(X,Y) is used instead of L(X,Y); Taylor [25, theorem 4.1-A], where [X, Y] is used for £(X,Y).

b. See Kreyszig [16, section 2.7, equation (7)], Yosida [31, proposition 1.6.2], or Naylor and Sell
[19, theorem 5.8.4], where the last reference uses Blt[X,Y] instead of L(X,Y).

c. See Kreyszig [16, section 2.10] or Taylor [25, theorem 4.1-B], where [X] is used instead of
L(X). [ |

Example A.3.15 Consider the Banach space Z with norm ||-||z and let W be a linear subspace
of Z. Suppose that another norm, || - ||w, is also defined on W and that W is a Banach space
under this norm.

Consider the linear operator from W to Z defined by

w = w,

where on the left-hand side w is seen as an element of W and on the right-hand side as an element
of Z. This mapping is called a continuous embedding if the operator ¢ is an element of L(W, Z).
In this case, we have that

[wlz < cllwllw (A.4)
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for some positive constant ¢. If W is a dense subspace of Z (with respect to the norm || -||z), we
call 4 a dense injection. In the case that ¢ is a continuous dense injection, we use the notation

W — Z. (A.5)

Let us now take W to be the Hilbert space Z, with the norm induced by (-, ), given by (A.9).
It is easy to show that W is contained in Z with continuous, dense injection

Zo — Z. (A.6)
0

It is possible to introduce several different notions of convergence in the space of bounded
linear operators. The natural one based on the norm in £(X,Y) is called uniform convergence,
but this is a very strong property. Consequently, we find the following weaker concept very
useful.

Definition A.3.16. Let {T,,,n > 1} be a sequence of bounded linear operators in £(X,Y),
where X and Y are normed linear spaces. If

|Thx —Tz||ly — 0asn — oo forall z € X, &

then we say that T,, converges strongly to T'.

Frequently, the bounded linear operator will depend on a parameter ¢, where ¢ is usually from
some interval in R. We can define strong continuity and uniform continuity with respect to ¢ in
an analogous manner.

Definition A.3.17. If T(t) is in £(X,Y) for every ¢ € [a,b], where X and Y are normed linear
spaces, then

a. T(t) is uniformly continuous at tg, if

|T(t) — T(to)llz(x,v) — 0 as t — to;
b. T(t) is strongly continuous at to, if

IT(t)x — T (to)x|ly — 0 for all z € X as t — to. &

Using this notion of continuity, we can define the following linear space.

Definition A.3.18. Let X be a normed linear space, and suppose that —co < a < b < co. Let
f be a function from [a,b] to X that satisfies

[1(s) = f(s0)llx — 0, as s — s &

for all sy € [a,b]. This function is called continuous and we denote by C([a,b]; X) the space of
continuous functions from [a,b] to X. It is easy to show that C([a,b]; X) is a linear space.

Combining definitions A.3.17 and A.3.18 we see that T'(¢t) € L£(X) is strongly continuous if
and only if T'(t)z € C([a,b]; X) for every z € X.

There are two very important theorems on linear operators that are used frequently in appli-
cations.
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Theorem A.3.19. The Uniform Boundedefinitioness Theorem (Banach Steinhaus The-
orem). Let {T,} be a family of bounded linear operators in L(X,Y’), where X is a Banach space
and Y a normed linear space. If the family {T,x} is bounded for each x (that is,

[Tnzlly < Mo,
where M,, depends on x, but is independent of n), then {||T,,||} is uniformly bounded in n.

Proof See Kato [14, theorem I11.1.26], Kreyszig [16, theorem 4.7-3], Rudin [23, theorem 2.5],
Taylor [25, theorem 4.4-E], or Yosida [31, corollary II.1.1]. -

Theorem A.3.20. The Open Mapping Theorem. Let T € L(X,Y), where both X and Y
are Banach spaces and T' maps X onto Y. Then T maps every open set of X onto an open set
of Y.

Proof See Kreyszig [16, theorem 4.12-3], Rudin [23, corollary 2.12(a)], or Yosida [31, theorem
in section IL5]. -

A special subclass of bounded linear operators with useful properties is the following.

Definition A.3.21. Let X and Y be normed linear spaces. An operator T' € L(X,Y) is said
to be a compact operator if T maps bounded sets of X onto relatively compact sets of Y. An
equivalent definition is that 7" is linear and for any bounded sequence {zj} in X, {Tz;} has a
convergent subsequence in Y.

Compact operators have properties rather similar to those enjoyed by operators on finite-
dimensional spaces.

Lemma A.3.22. Let X and Y be normed linear spaces and let T' : X — Y be a linear operator.
Then the following assertions hold:

a. If T is bounded and dim(7T'(X)) < oo, then the operator T is compact;

b. If dim(X) < oo, then the operator T is compact;

c. The range of T is separable if T is compact;

d. If S,U are elements of L(X1,X) and L(Y,Y1), respectively, and T € L(X,Y) is compact,
then so is UT'S;

e. If {T,} is a sequence of compact operators from X to the Banach space Y, that converge
uniformly to T', then T is a compact operator;

f- The identity operator, I, on the Banach space X is compact if and only if dim(X) < oo;

g. If T is a compact operator in L(X,Y) whose range is a closed subspace of Y, then the
range of T' is finite-dimensional.

Proof a. See Kreyszig [16, theorem 8.1-4(a)], Naylor and Sell [19, theorem 5.24.3], or Rudin
[23, theorem 4.18(a)].

b. See Kreyszig [16, theorem 8.1-4(b)].
c. See Kato [14, theorem I11.4.10], Kreyszig [16, theorem 8.2-3], or Taylor [25, theorem 5.5-A].

d. See Kato [14, theorem I11.4.8], Naylor and Sell [19, theorem 5.24.7], Rudin [23, theorem
4.18(f)], or Yosida [31, part (i7) of the theorem in section X.2].
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e. See Kato [14, theorem I11.4.7], Kreyszig [16, theorem 8.1-5], Naylor and Sell [19, theorem
5.24.8], Rudin [23, theorem 4.18(c)], or Yosida [31, part (4) of the theorem in section X.2].

f- See Kreyszig [16, lemma 8.1-2(b)].
g. See Rudin [23, theorem 4.18(b)]. -

Parts a and e of this lemma are extremely useful in proving the compactness of operators, as
seen in the next example.

Example A.3.23 Let X = /5 and consider T : {5 — {5 defined by

T2 X3
Tx = — =, ...).
X (Ila 2 ) 3 ) )
Clearly, T is linear. Now define T,, by
To In
T,z = sy =y, —,0,0...).
= (21,5 - )

For every n, this operator is clearly linear and bounded and it has finite-dimensional range. So
from Lemma A.3.22.a. we see that T, is a compact operator. Now we prove that T, converges
uniformly to T'

= 1 1 > 1
Tz — Thz||* = o < ———— ? < ————|1z|%
ITe~Tual® = 3 Hlnf < g O Il < ol
i=n+1 i=n+1
So we have that )
1T, =Tl < —,
n+1
and T, converges uniformly to 7. Lemma A.3.22.e shows that 7" is compact. ([

An important class of compact operators on the space La(a,b) are the integral operators.

Theorem A.3.24. Let k(t,s) be an element of La([a,b] x [a,b]). Then the operator K from
Lo(a,b) to La(a,b) defined by

b
(Ku)(t) = / k(t, 5)u(s)ds

is a compact operator.

Proof See Naylor and Sell [19, example 6 of section 5.24], Taylor [25, example 2 of §5.5], or
Yosida [31, example 2 of section X.2]. -

We now consider linear operators from a normed linear space X to F, the scalar field of X.

Definition A.3.25. A linear functional f is a linear operator from D(f) C X, a normed linear
space, to F, the scalar field of X. Thus

f:D(f)c X — F,
where F = R if X is real and F is C if X is complex. &

Definition A.3.26. A bounded linear functional, f, is a bounded linear operator from D(f) C
X, a normed linear space, to F, the scalar field of X.
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Example A.3.27 Consider the following special case of the Hilbert space from Example A.2.25:
Z = {z € L5(0,1) | z is absolutely continuous on (0,1) with 42 € L,(0,1) and z(0) = 0} with
the inner product

le dZQ
<2’172’2>Z = <E’ E>L2(0,1)-

Define the following functional on Z

£() = =(3)

Since z is absolutely continuous, this functional is well defined. We prove that it is also bounded.

—wm
O — =

1f(2)] = [2(3) = l2(3) — 2(0)] = |

2(s)ds| <

1 1 /2
[12(s)lds < [f|z'<s>|2ds] ~ iz
0 0

|2(s)|ds

=o

IN

O

where in the last inequality we have used the Cauchy-Schwarz inequality, (A.1). So f is a bounded
linear functional.

From Theorem A.3.11, we know that any bounded linear functional can be extended to the
closure of its domain without increasing its norm. The following important theorem says that
any bounded linear functional can be extended to the whole space without increasing its norm.
A consequence of this theorem is the existence of nontrivial bounded linear functionals on any
normed linear space.

Theorem A.3.28. The Hahn-Banach Theorem. Every bounded linear functional f : D(f) —
F defined on a linear subspace D(f) of a normed linear space X can be extended to a bounded
linear functional F' on all X with preservation of norm.

Proof See Kato [14, theorem II1.1.21], Kreyszig [16, theorem 4.3-2], Rudin [23, theorem 3.6] or
Taylor [25, theorem 4.3-A], or Yosida [31, theorem IV.5.1]. -

To see that this guarantees the existence of nontrivial continuous linear functionals, consider
the subspace D(f) =span{zo}, where ¢ is an arbitrary nonzero element of X. A linear functional
f defined on D(f) is given by

fly) = allzol|  for y = ao.

We have

[F )l = lyll,
and so ||f|| = 1. Thus the Hahn-Banach Theorem A.3.28 says there exists an F' defined on X
with F(z9) = ||#o|| and norm one.

Following our previous notation we can denote all bounded linear functionals by £(X, F), but
it is customary to use the following notation.

Definition A.3.29. The (topological) dual space of a normed linear space X is the space of all
bounded linear functionals on X with domain all of X. This space will be denoted by X’. &
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Lemma A.3.30. X' is a Banach space with norm

[fllxr = sup [f(z)]
zeX
llzllx=1
Furthermore, we have the following duality between || - ||x and || - || x/

[zx = sup [f(2)].
fex’
Il xr=1

Proof See Kato [14, section III.1.4], Kreyszig [16, theorem 2.10-4 and corollary 4.3-4], Rudin
[23, theorem 4.3], Taylor [25, theorem 4.3-B], or theorem 1 in section IV.7 of Yosida [31]. -

Example A.3.31 In this example, we shall show that the dual of ¢, is ¢, where % =1- %. Let
f be any element of (£,)’; then since f is linear and bounded we have

f@) ="z,
k=1

where v, = f(er), ex = (dk;); i.e., all components are zero except that in position k, which

equals one. Let ¢ be p%l and consider the following sequence in ¢,

Tk
0 ifk>nor~,=0.

(x")(k)_{ lel® if k<nand~y, #0

So
F@m) =>" |l
k=1

Now we show that {4} is a sequence in ¢,

f@) = @< fIl=" e,

n e p] /P n 1/p
Vel _ q—1\p
T [; <W) ] Y L;('%' >]
n 1/p
= 1Al [Zw} |

k=1

Hence

n n 1/p
Yol = ") < £ lz Iml"] :
k=1 k=1

Dividing by the last factor and using 1 — % = %, we obtain

n 1/q n 1 >
[ZWMQ] = [ZWMQ] < IfIl-
k=1 k=1
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Since n is arbitrary, we have

o 1/q
llvlle, = [Z leq] < Ifl-
k=1

Thus (v) € 4.
Conversely, for any y = (yn) € ¢, we get a bounded linear functional on ¢, if we define

9(@) =Y ziyr.
k=1

Then g is linear, and the boundedefinitioness follows from the Hélder inequality

o) [eS) 1/ 1 1/q
> aynl < [Z|$k|p] [Z |yk|q] - (A7)
k=1 k=1 k=1

So, finally, (¢,)" = £,. O
The above results can be extended to the Lebesgue spaces to obtain
(L;D(av b))/ = Lq(av b)?
wherel—lj+%:1and1<p<oo.

Example A.3.32 Consider the Hilbert space Z,, as defined in A.2.35. We want to calculate the
dual space of Z,,.

o0
Define {5,,,n > 1} by 8, = ai, and consider the sequences {z,,n > 1} with 3 [2,]?83, < co.
" n=1
With respect to these sequences we define the following linear space:

Zg={z|z= Z Zn¢n With Z |20 |2 By < o0} (A.8)

n=1 n=1

If we define on this (formal) space the inner product
oo
<Ia y>Z/3 = Z xny_nﬂny
n=1

then Zs is a Hilbert space. We shall show that Zs can be identified with Z,. Let f be any
element of Z! . Since f is linear and bounded, we have

n=1

where f,, = f(¢n). Let 8, be ai and consider the following sequence of elements in Z,.

Nyy ) JaBa ifn <N
(= )(")_{ 0 ifn> N,
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So
N
FEN) =" | fal*Ba
n=1

Now we shall show that y = ) f,¢, is an element of Zg.
n=1

N 1/2
FEN = 1FENDI ANz, = 1] [Z anlfnlzﬁﬁ]
n=1

N 1/2
= |l lZ |fn|2ﬁn1 .
n=1
We have shown that

N N 1/2
S o 1al?Ba = FN) = |I£] [Z |fn|2ﬁn] ,
n=1 n=1

and dividing by the last factor, we obtain

N 1/2
[z |fn|25n] <1/
n=1

Since N is arbitrary, we conclude that

0o 1/2
lz mm] <17l
n=1

So y:= > fnon is an element of Zg.

n=1

o0
Conversely, for any y = 3 yn¢n € Zg we obtain a bounded linear functional on Z,, by
n=1

defining
n=1

This g is linear, and the boundedefinitioness follows from the Cauchy-Schwarz inequality

/2

00 00 00 /2 1 o 1
n=1 n=1 n=1 n=1

So Zg can be identified with the space ZJ,.
In the previous example it is easily seen that Z — Zg; this holds more generally.
Lemma A.3.33. Let X and Y be Hilbert spaces, such that X — Y. Then Y'— X'.

Proof See proposition 3 in Aubin [1, chapter 3, section 5]. -
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Since the dual of a normed linear space X is a Banach space, we may consider the bounded
linear functionals on X', which we shall denote by X”'. Moreover, each element z in X gives rise
to a bounded linear functional f, in X', by

f;(f) = f(‘r)v IS X'

It can be shown that the map x — f. is an isometric isomorphism of X into X", and it is called
the natural embedding of X in X". Sometimes it happens that X ”equals” X"; these spaces have
a special name.

Definition A.3.34. A space is reflexive if its second dual X" is isometrically isomorphic to X
under the natural embedding.

Examples of reflexive spaces are £, and Ly(a, b) for 1 < p < oo and Hilbert spaces; see Theorem
A.3.52.
The introduction of the space X’ leads to a new concept of convergence of a sequence.

Definition A.3.35. A sequence {z,} in the normed linear space X converges weakly to x if
f(zn) — f(x) asn — oo for all f € X'. &

Lemma A.3.36. If {z,} is a weakly convergent sequence in a normed linear space with weak
limit x, then {x,} is uniformly bounded in norm and

lz]| < liminf ||z,| < co.
Proof See Kato [14, section III.1, equation (1.26)] or Yosida [31, section V.1, theorem 1]. g

The next example will show that weak convergence is indeed weaker than strong convergence.

Example A.3.37 Consider X = ¢,, p > 1 and the sequence {z"}, where 2" = (d,%). Then for
feX ={,and f=(f1, f2,...) we see that

f(xn) = fn,
and since f € {4, we have that f, — 0 as n — oo. Therefore ™ converges weakly to 0. However,
|z —0[l¢, = 1, so we see that 2™ does not converge strongly. O

From Lemma A.3.36 we see that every weakly converging sequence is bounded. The following
theorem shows that the converse is (almost) true for reflexive Banach spaces.

Theorem A.3.38. A Banach space X is reflexive if and only if every bounded sequence in X
contains a weakly convergent subsequence.

Proof See Yosida [31, Eberlein-Shmulyan theorem]. -

A consequence of this result is the following theorem.

Theorem A.3.39. Let X be a separable Banach space and let X5 be a reflexive Banach space.
Assume further that {T,,} C L(X1,Xs) is a sequence of uniformly bounded operators. Then
there exists a T € L(X1,X2) and a subsequence a(n) C N such that

nli»H;o f (Ta(n)x) - f(TI)

for every x € X; and f € X}.
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A.3. Operators on normed linear spaces

Proof Let {e,,n € N} be a basis for X;. Without loss of generality, we assume that for
every n, |len|| = 1. Since T,, are uniformly bounded, the sequence {T,e;} is also uniformly
bounded. Hence by Theorem A.3.38 there exists a subsequence a(1,n) such that i nyer
converges weakly to some y; € Xo. Next we consider the sequence Ty (1 n)e2. This is again
bounded; hence there exists a subsequence a(2,-) C «(1,-) such that T2 ,)e2 converges weakly
to some ys € X5. Repeating this argument, we obtain subsequences «(i, ) and elements y; such
that a(i +1,-) C a(i,-) and Ty ,)e; converges weakly to y;.

If we define a(n) := a(n,n), that is, the nth element of the nth subsequence, then a(n) € a(i, )
for n > 1. Hence T, (n)e; converges weakly to y;. Defining the linear operator T' by T'e; = y;
gives

N N
Ta(n) Z vie; = T Z Vi€, (A.10)
i=1 i=1
where the convergence is in the weak sense. Combining (A.10) with Lemma A.3.36 gives
N N N
1T yieall < liminf | Togny Y yieill < MY el
i=1 i=1 i=1

since {T},} is uniformly bounded. Hence T is an element of £(X1, X2) and ||T|| < M.
Choose an f € X} and an x € X;. For this x there exist an N and 1, ...,y such that

N
€
lz— > el < o
2 3 f]
Thus we obtain that

|f (Ta(n)x) - f(TCC)|

N
< Nf (Tamyr) — f <Ta(n)2%6i> | +
=1
N N
‘f <Ta(n)27iei> _f (TZ'%61> +
N =1 =1
I/ (TZ%) — f(T)]
o N N
< ef3+f (Ta(n)Z%ez) —f (TZ%'Q') +¢e/3.
=1 =1

From (A.10) it follows that the last expression is smaller than e for n sufficiently large. ¢ is
arbitrary, and so we have proved the theorem. u

On the dual spaces there exists a natural operator dual to a given operator.

Definition A.3.40. Let Q be an operator in £(X,Y’), where X and Y are Banach spaces. The
operator Q' from Y’ to X’, defined by

Q) (2) =¢'(Qu), (A.11)
&

is the dual operator of Q.

145



A. Mathematical Background

Lemma A.3.41. Let Q € L(X,Y), where X and Y are Banach spaces. The dual operator )’
of @ has the following properties:

a. Q"€ LY, X") with Q'] = [|Qll;
b. (aQ) =a@Q'.

Proof a. See Aubin [1, chapter 3, section 3, proposition 1], Kato [14, section I11.3.3], Kreyszig
[16, theorem 4.5-2], Rudin [23, theorem 4.10], Taylor [25, §4.5], or Yosida [31, theorem 2’ in
section VII.1].

b. See §4.5 in Taylor [25]. -

Until now we have concentrated mainly on bounded linear operators. However, in applications
one often comes across unbounded (not bounded) linear operators. Before we can introduce an
important class of these operators, we need the concept of the graph of a linear operator.

Definition A.3.42. Let X and Y be normed linear spaces and T : D(T) C X — Y a linear
operator. The graph G(T) is the set

Gg(T) ={(z,Tx) |z € D(T)}
in the product space X x Y. &

Definition A.3.43. A linear operator T is said to be closed if its graph G(T') is a closed linear
subspace of X x Y. Alternatively, T is closed if whenever

xn € D(T),n € Nand lim z, =z, lim Tx, =y,

n—oo n—oo

it follows that x € D(T) and Tx = y. &

From this definition, we see that the domain of definition is important for an operator to be
closed. We shall illustrate this by the following example.

Example A.3.44 Let X be an infinite-dimensional normed linear space, and let V' be a linear
subspace of X that is not closed. If we consider the operator I on V', defined by

Iz =1z forx eV,

then I is trivially bounded, but it is not closed. If we take any « in V and not in V, there exists
a sequence {x,} in V converging to x. So we have a sequence in V' that converges and so does
{Iz,}. However, z isnot in D(I) =V so I:V C X — X is not closed. O

This example is rather special, since one can easily show that any bounded linear operator on
a closed domain is closed. However, there are many unbounded linear operators that are closed,
as in the following example.

Example A.3.45 Let Z be the Hilbert space L3(0,1) and consider the following operator on
L2 (07 1)
_4d
dx
with
D(T) = {z(z) € Z| z is absolutely continuous with
2(0) =0 and £ € Ly(0,1)}.
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A.3. Operators on normed linear spaces

We show that T" with this domain is closed.
Let {z,} C D(T) be a sequence such that z, — z and %= — y; we must show that z € D(T)

and g—; =y. Define f by
1
€)= [ y(ws
0

f is an element of D(T') and % = y. We show that f = z by considering

1f =20+ zn = 2l < [If = zall + 120 = 2]

If— Z||L2(0,1)

-1 ¢ 1/2
< o= all+ | [ 1 [ vz - ()P
LO O
-1 ¢ 1/2
dzp,
< fanal+ | [1f ol - Ty
X
LO O
- 1/2
2 dzn
< Nl | [ Ioalaly - 2213, e
LO
< N e+ 5ly - 22|
= e 3V T

ddzg — y, this last expression can be made arbitrarily small, and so z = f. O

Since z, — z and

In many examples, it is rather difficult to prove that an operator is closed. The next theorem
states that if the operator is the algebraic inverse of a bounded linear operator, then it is closed.
With this theorem we can more easily prove the result in Example A.3.45 (see Example A.3.47).

Theorem A.3.46. Assume that X and Y are Banach spaces and let T' be a linear operator
with domain D(T) C X and range Y. If, in addition, T is invertible with T~! € L(Y,X), then
T is a closed linear operator.

Proof This follows from theorem 4.2-C of Taylor [25] with f = T~1. -

Example A.3.47 Let Z be the Hilbert space L3(0,1) and consider the operator of Example

A.3.45 again, i.e.,
d

T dx
with
D(T) = {z(x)€ Z| = is absolutely continuous with
2(0) =0 and £ € Ly(0,1)}.
We show that T with this domain is closed.
Define the following operator on Z:

x

(S2)(z) = /z(s)ds.
0 g

It is easy to see that S € L(Z) and that ST = Ip() and T'S = Iz. So S = T—! and from
Theorem A.3.46 we conclude that T is a closed operator.
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Example A.3.48 Let Z be the Hilbert space L3(0,1) and consider the following operator on
A

d2
T da?
with domain
D(T) = {z€ Ly(0,1) ] 2,4 are absolutely continuous
with 22(0) = 4(1) = 0 and £3 € L,(0,1)}.

Using Theorem A.3.46, we show that T with this domain is closed. Since T'1 = 0, we have that
T is not injective and thus is not invertible. Instead, we shall consider the operator 7'+ I.
Define the following operator on Z:

(sm@) = [ gl One)ds + [ g6 0mie)e
0 T
where
g(&,x) = cot(1) cos(x) cos(&) + sin(€) cos(x).

This operator is clearly in £(Z), and by Theorem A.3.24 it is even compact. If we set f(z) =
(Sh)(z), then f is absolutely continuous and

daf

I (z) = / [— cot(1) cos(§) sin(z) + cos(€) cos(x)] h(£)dE +

0
/ [— cot(1) cos(€) sin(z) — sin(§) sin(x)] h(§)dE.

From this we see that %(O) = %(1) = 0 and % is absolutely continuous. Differentiating %
once more, we obtain

d*f

Tz (@) = h(z) — f(2). 0

Thus S is the bounded inverse of T'+ I. Thus, by Theorem A.3.46 T + I is closed, and hence T
is also closed.

Theorem A.3.46 gives an easy condition to check the closedefinitioness of an operator. The
following theorem gives a similar result for the boundedefinitioness of a linear operator.

Theorem A.3.49. Closed Graph Theorem. A closed linear operator defined on all of a
Banach space X into a Banach space Y is bounded.

Proof See Kato [14, theorem II1.5.20], Kreyszig [16, theorem 4.13-2], Rudin [23, theorem 2.15],
Taylor [25, theorem 4.2-1], or Yosida [31, theorem II.6.1]. -

Corollary A.3.50. IfT is a closed linear operator from a Banach space X to a Banach space Y
and T has an algebraic inverse T—1, then T~ is an element of L(Y, X) if and only if D(T~!) =
ranT =Y. 'Y

Proof See theorem 4.7-A in Taylor [25]. -

Many of the definitions that we gave for bounded linear operators have extensions to closed
operators. One of these notions is that of the dual operator.
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Definition A.3.51. Let A be a closed, densely defined operator from D(A) C X to Y, where
X and Y are Banach spaces. A’ is constructed in the following way. D(A’) consists of all g € Y’
such that there exists an f € X’ with the property

g(Azx) = f(x) for all x € D(A).
The dual operator A'g is defined by

Alg=f  forge D(A"). &

A.3.2. Operators on Hilbert spaces

In the last subsection, we introduced linear operators on a normed linear space. A Hilbert space
is a special normed linear space and so all the definitions made in that subsection are valid
for Hilbert spaces. However, since we have additional structure on Hilbert spaces (the inner
product), we can deduce extra properties of operators that exploit this structure.

One of the most important properties of a Hilbert space is that there is a particularly simple
representation for its dual space.

Theorem A.3.52. Riesz Representation Theorem. If Z is a Hilbert space, then every
element in Z induces a bounded linear functional f defined by

f(@) = (2,2)2.

On the other hand, for every bounded linear functional f on Z, there exists a unique vector
zo € Z, such that
fx) =(x,20)z for all x € Z,

and furthermore, ||f|| = ||zo0l|-

Proof See Kato [14, p. 252 and 253], Kreyszig [16, theorem 3.8-1], Naylor and Sell [19, theorem
5.21.1], Taylor [25, theorem 4.81-C], or Yosida [31, section IIL.6]. -

Using this theorem, one can easily give a representation of finite-rank bounded operators. In
the next example, we do this for an operator of rank one.

Example A.3.53 Let Z be a Hilbert space and T € £(Z) be an operator with one-dimensional
range. This means that there exists a v € Z such that Tz € span{v} for all z € Z. Hence,
Tz = f(z)v for some mapping f. Since T is a linear and bounded operator, it follows directly
that f is bounded linear functional. Thus by the Riesz Representation Theorem A.3.52 there
exists a zp € Z such that f(z) = (2, z0), and so Tz = (z, zo)v. O

The Riesz representation theorem gives an isometry between Z and Z’. Usually, we identify
Z with its dual Z’.

Example A.3.54 In Example A.3.27, we showed that

[iZ-C ) =2(3)

defines a bounded linear functional on the Hilbert space Z := {z € L2(0,1) | z is absolutely
continuous on (0,1) with g—; € L3(0,1) and z(0) = 0}. The Riesz representation theorem gives
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that there exists an element y of Z such that (z,y)z = f(z) for every z in Z. To determine this
1y, we consider

So, if we define

o= 8

ol

It is important to realize that a Hilbert space may be identified with several spaces, as can be
seen in the next example.

then y is an element of Z and (z,y)z = z( O

Example A.3.55 Consider the Hilbert space Z, as defined in Example A.2.35

Zo:={z2=(20) | Y om|zn|* < o0},

n=1

with inner product
o0
(z,W)q = g O ZnWh
n=1

In Example A.3.32, we showed that the dual space can be identified with the Hilbert space

Zs={z=(2) | ) Bulzal® < oo},

n=1

with inner product
o0
(zw)g = Buznn,
n=1

where (3, = i. However, from the Riesz Representation Theorem A.3.52 we see that Z/ can

also be identified with itself. For every element of Zg, we calculate the element of Z, such that
they define the same linear functional. For (y,) in Zg the corresponding functional is defined by

z) = Z ZnYn see (A.9).
n=1

An easy calculation shows that

Zanzn yn = <va>Zm
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where w = (w,) = (--7). This is an element of Z,, since

Yo =Y anl =l =Y gl =D Balyal® < oo
n=1 n=1 An n=1 An n=1 O

Similarly, for every element of Z,, we can construct an element of Zg such that their corresponding
linear functionals are the same.

In the previous example, we saw that there is some freedom in identifying the dual of a Hilbert
space. However, in the situation that there are two Hilbert spaces W and Z such that W — Z,
then we have from Lemma A.3.33 that Z’ — W'. If we could identify W with W’ and Z with
Z', then W would equal Z, but this is not true in general. For Hilbert spaces identified with
their dual we use the term pivot space. So, if in the previous discussion Z is the pivot space,
then

W—Z=2 —W. (A.12)
This identification implies that if w’ € W’ is also an element of Z, then
w' (w) = (w,w') 7. (A.13)

It is usual to represent the action of the bounded linear functional w’ € W/ on w € W as a
duality pairing
w' (w) == (w, w)w.w. (A.14)

For more details about this we refer the reader to Aubin [1, chapter 3].

Example A.3.56 Consider the Hilbert space Z = f5 and Z,, defined in Example A.2.35. Since
an > 1, we have

Lo — 7
and if we choose Z as the pivot space, we obtain
Zo— Z — 7.

Consider the operator T : Z — Z, defined by
1
T2)p = —2n.
(T) = -z

Clearly, T is linear and bounded, and its dual 7" : Z!, — Z. Since we have identified Z with
its dual, by the Riesz Representation Theorem A.3.52, there exists a bounded bijective operator
J: Z!, — Z, such that 2/'(z) = (z,Jz'), for any 2z’ € Z!, and any z € Z,. Taking an arbitrary
z € Z, we have that

(2, T'ZYz = (T'2)(2)
= 2/(T=z) by definition A.3.40
= (Tz,J2),

o0 1 .
= n=2n(J2 )n = (2, ;
;a 2 (Jz") (z,w)z
where w, = %=(Jz'),. So we have shown that
T/ /n:% J/n-
(@' = 222

| O
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Another consequence of the Riesz Representation Theorem A.3.52 is the existence of the
adjoint operator.

Definition A.3.57. Let T € L(Z1, Z2), where Z; and Zs are Hilbert spaces. Then there exists
a unique operator T*€ L£(Zy, Z1) that satisfies

<T21, 22>Z2 = <217T*22>Z1 for all z; € 21,20 € 3.
This operator is called the adjoint operator of T &

Example A.3.58 Let Z be a complex Hilbert space and define Tz = (z, zr) for some zp € Z.
It is easily seen that T' € L(Z, C). To calculate the adjoint of T', let z € Z and v € C be arbitrary,
and consider (T'z,v)c = (2, 2r) 27 = (2,v27)z. Thus T*y = 277.

b
Example A.3.59 Let Z = Ly(a,b) and define K : Z — Z by Kz(-) = [ k(-,s)z(s)ds, where

k € Ly([a,b] X [a,b]). Then from Theorem A.3.24, K € L(Z), and for z,w € Z the following
holds:

b b
(Kz,w) = //k(t,s)z(s)ds@dt
b

/a 2(s) /a b k(t, s)w(t)dtds

Il
N
o

N
—

®
S~—

N
o

ol
—
\.W

®
S~—

g
S

py
S~—

Q

~

QL

®

Hence K*w(-) = ¥ k(t, Jw(t)dt. O

Since for Hilbert spaces we may identify the dual space with the space itself, there is a re-
lationship between the adjoint and the dual operator. We shall show that such a relationship
exists for bounded linear operators (see also [16, section 4.5]). Let Z; and Z> be Hilbert spaces
and suppose that T € £(Z1, Z3). From definitions A.3.40 and A.3.57, we have

T :Zy — 7] with (T725)(z1) = 25(T21),

and
T : ZQ — Z1 with <217T*22>Z1 = <T21722>Z2'

From the Riesz Representation Theorem A.3.52, we have that Z; is isometrically isomorphic to
Z3. Thus there exists a bounded, bijective operator J; from Z] to Z; such that

21(2) = (2, J121).

A similar relationship holds for the Hilbert space Z5. All these operators between the spaces
are given in Figure A.1. We remark that, for complex Hilbert spaces, J; and Jo are not linear
operators, since

(z, J1(az1 + Bz2)) = (az1+ B22)(z) = az1(2) + B2z2(2)
= <Z,@J12’1> + <Z,BJ122>.

Thus Jl(Oé,Zl + 622) =aJiz1 +BJ122.
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Z L Zs
T*
J 4 J. 2
A r z

Figure A.1.: The relationship between T* and T”

Using the definitions of T",T*, J;, and J,, we see that for every z; € Z1 and 29 € Z5 there
holds

(21, T*22)z, = (Tz1,22)2, = (J3 ' (22))(T21)
= (T'(J3 " (22)))(21) = (21, W T I3 ' 22) 2,

So T™* has the following representation:
T = LT J; (A.15)

Usually, we identify Hilbert spaces with their dual, and in this case we use the adjoint and
the notation 7%, as in Example A.3.59. Only in situations where we choose not to identify the
Hilbert spaces do we use the dual notation 77, as in Example A.3.56.

Many of the results presented in the next lemma can be proved using this relationship. Com-
pare property a of Lemma A.3.41 with ¢ of Lemma A.3.60.

Lemma A.3.60. Let T1,Ty € L£(Z1,Z3) and S € L(Zs, Z3), where Z1,Z>, and Zs are Hilbert
spaces. The adjoint has the following properties:

a I* =1I;

b (aT))* = aTy;

c. |7 = [1T1];

d (T +To)* =Ty + Ty

®

(STy)* =T7S*;
FANTIT ) = (T3]

Proof See Kreyszig [16, theorem 3.9-4], Naylor and Sell [19, theorem 5.22.2 and corollary 5.22.3],
Rudin [23, section 12.9], Taylor [25, section 4.9], or Yosida [31, section VII.2]. -

Theorem A.3.61. If T € L(Zy,Z,), where Z1 and Zy are Hilbert spaces, then we have the
following equalities:

a. ran(T)*+ = ker(T*);
b. ran(T) = ker(T*)*;
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c. ran(T*)*+ =kerT;
d. ran(T*) = ker(T)> .

Proof See proposition 1 and corollary 2 in Aubin [1, chapter 3, section 4], Naylor and Sell [19,
theorem 5.22.6], or Rudin [23, theorem 12.10]. -

Definition A.3.62. A bounded linear operator 7" on a Hilbert space Z is:
a. normal if TT* =T*T,
b. wunitary it TT* =T*T = 1.
In the theory of this book we also need the adjoint of an unbounded linear operator.

Definition A.3.63. Let A be a linear operator on a Hilbert space Z. Assume that the domain
of A, D(A), is dense in Z. Then the adjoint operator A* : D(A*) C Z — Z of A is defined as
follows. The domain D(A*) of A* cousists of all y € Z such that there exists a y* € Z satisfying

(Az,y) = {x,y") for all x € D(A).

For each such y € D(A*) the adjoint operator A* is then defined in terms of y* by

u &

In addition, it can be shown that if A is a closed, densely defined operator, then D(A*) is
dense in Z and A* is closed. Furthermore, one can show the same relationship exists between
A* and A’ as in (A.15). In the following example we shall calculate the adjoint of an unbounded
operator heuristically.

Example A.3.64 Let Z = L3(0,1) and consider the operator A given by

(A2)(a) = (@),

where D(A) = {z € Ly(0,1) | z is absolutely continuous with 42 € L,(0,1), 2(0) = 0}.

In Example A.3.45 we have shown that A is a closed linear operator. Now we calculate its
adjoint heuristically as follows:

(Az,y)

I
o — .
Qe
&8
—~
8
N~—
=
=
S~—
Y
S
I
N
=
S—
<
—
S
[t P
|

' /z(x);l—:yc(x)dx
0

= z(l)@—/z(m)j—i(m)dw

This can be written in the form (z,y*) if and only if y(1) = 0 and 3—‘;’ € Z. So the logical choice
is D(A*) = {y € Z | y is absolutely continuous with % € Z and y(1) =0} and A*y = —%. O

In order to justify the above we need the following results.

Lemma A.3.65. Let A be an arbitrary, densely defined operator and let T' be a bounded linear
operator defined on the whole of the Hilbert space Z. The following holds:
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a. (aA)* =aA*; D((aA)*) = D(A*) ifa #0 and Z if a = 0;

b. (A+T)* = A* + T*, with domain D((A+ T)*) = D(A*);

c. If A has a bounded inverse, i.e., there exists an A~ € L(Z) such that AA™' = I7; A71A =
Ip(ay, then A* also has a bounded inverse and (A*)~! = (A™1)*.

Proof a. This is shown in Rudin [23, theorem 13.2].

b. Suppose that there exist y,y* such that (A + T)z,y) = (z,y*) for all x € D(A+T). This
implies that
(Az,y) = (x,y* — T"y) forallz € D(A+T) =

D(A).
Hence y € D(A*) and A*y = y* — T*y, and so we conclude that D((A + T)*) C D(A*) and
(A+T)*=A*4+T* on D((A+T)*). The inclusion D(A*) C D((A + T)*) follows similarly.

c. See Kato [14, theorem II1.5.30] or Kreyszig [16, theorem 10.2-2]. -

Example A.3.66 Let Z be the Hilbert space L2(0,1) and consider the operator of Example
A.3.64 again, i.e.,

d
A=—
dx
with
D(A) = {ze€ Z|zis absolutely continuous

with 2(0) = 0 and % € Ly(0,1)}.
From Example A.3.47, we have that the algebraic inverse is bounded and given by

We calculate A* via (A~1)*; so we consider

(A 2, 2) = /z (8)dsza(z)dx

L OY—— O\H

1
/ d:cds by Fubini’s Theorem A.5.22

_ / 1 (s) / wa(e)dads = (21, (A7) 2),
0

S

where [(A71)*22)(s) = [ 22(x)dx. From this it is easy to see that

®—

dz
A¥z = ——
* dx

with domain
D(A) = {z € Z | z is absolutely continuous with z(1) = 0 and % € L,(0,1)}.

Thus we see that this is the same as in Example A.3.64. The difference here is that we have
proven it rigorously. O
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Example A.3.67 Let Z be the Hilbert space L2(0,1) and consider the operator of Example
A.3.48 on Ly(0,1)

d2
T da?
with domain
D(A) = {z€Lx0,1)] 2, —Z are absolutely continuous
with 42(0) = g;( ) =0and £3 € L5(0,1)}.
From Example A.3.48, we have that A + I has a bounded, algebraic inverse given by
T 1
((1+ )7 @) = [ gt Oh(©de + [ ole.zne)ds
0 x

where
g(&,z) = cot(1) cos(x) cos(§) + sin(§) cos(x).
If we calculate the adjoint of (I + A)~!, then we have that

(I + A)’lh z)

= j/lg(x, )h(§)z(:v)dxd§+/1/£g(§,:b)h(§) (z)dxdé
0 ¢ 0 0
1 - 1 B
_ 0/ h(e / )2 (x)dwde + O/ h(€) 0/ o6, 2)2(2)dude
= (U +A) z). .

So we see that ((I + A)~1)* = (I + A)~!. Thus from Lemma A.3.65.c it follows that (I + A)* =
I + A, and from Lemma A.3.65.b we conclude that A* = A.

Example A.3.67 belongs to a special class of operators.

Definition A.3.68. We say that a densely defined, linear operator A is symmetric if for all
z,y € D(A)
(Az,y) = (z, Ay).

A symmetric operator is self-adjoint if D(A*) = D(A). &

All bounded, symmetric operators are self-adjoint. It can be shown that the adjoint of an
operator is always closed, so, in particular, every self-adjoint operator is closed. Furthermore,
we have from Lemma A.3.65 that an invertible operator is self-adjoint if and only if its inverse is
(see Example A.3.67). For a self-adjoint operator, we always have that (Az, z) = (z, Az). Thus
from property b of definition A.2.23 we conclude that (Az, z) must be real for all z € D(A). The
converse is also true.

Lemma A.3.69. Let T be an element of L(Z), with Z a complex Hilbert space. T is self-adjoint
if and only if (Tz, z) is real for all z € Z.

156



A.3. Operators on normed linear spaces

Proof See Kreyszig [16, theorem 3.10-3] or Naylor and Sell [19, theorem 5.23.6]. -

Lemma A.3.70. Let T be a self-adjoint operator in L(Z), where Z is a Hilbert space. We have
the following relation between the norm and the inner product:

1T = b (Tz, 2)].

Proof See Kreyszig [16, theorem 9.2-2], Naylor and Sell [19, theorem 5.23.8], or theorem 3 in
Yosida [31, section VIL.3]. -

So for every self-adjoint operator A the range of (Az, z) is real. Operators for which this range
is nonnegative have a special name.

Definition A.3.71. A self-adjoint operator A on the Hilbert space Z is nonnegative if
(Az,z) >0 for all z € D(A);
A is positive if
(Az,z) >0 for all nonzero z € D(A);

and A is coercive if there exists an € > 0 such that
(Az,2) > ¢|2|)? for all z € D(A). &

We shall use the notation A > 0 for nonnegativity of the self-adjoint operator A, and A > 0 for
positivity. Furthermore, If T, S are self-adjoint operators in £(Z), then we shall write T > S for
T-52>0.

With this new notation, it is easy to see that A is coercive if and only if A > eI, for some
e > 0. Some of the special properties of self-adjoint, nonnegative operators are collected in the
following theorem and lemmas.

Theorem A.3.72. Let Z be a complex Hilbert space, and let T,, be a sequence of bounded,
nonnegative, self-adjoint operators on Z such that T,+1 > T, and ol > T,, for some positive
a € R. Then the sequence {T,} is strongly convergent; that is, there exists a T € L(Z) such
that T,z — Tz for every z € Z. Furthermore, T is nonnegative, self-adjoint, and ol > T > T,
for all n.

Proof See Kreyszig [16, theorem 9.3-3]. -

Lemma A.3.73. If A is self-adjoint and nonnegative, then A has a unique nonnegative square
root A%, so that D(A2) D D(A), A2z € D(A?) for all z € D(A), and ATAzz = Az for
z € D(A). Furthermore, if A is positive, then Az is positive too.

Proof See Kato [14, theorem V-3.35] for a general proof. Kreyszig [16, theorem 9.4-2] and Rudin
[23, theorem 12.33] only prove the bounded case. -

Lemma A.3.74. Let T be a nonnegative, self-adjoint operator in L£(Z), where Z is a Hilbert
space. It has the following properties:

L 1
a. [|Tz]| = ||T|%;
b. (Tz1,29)|? < (T21,21)(T29,20) for all 21,23 € Z;
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c. |Tz||><||T||(z,Tz) for all z € Z.
Note that b is a generalization of the Cauchy-Schwarz inequality.

Proof a. This follows from Lemma A.3.60.f with T} = T3.
b. For z1, 29 € Z we have
(T2, 2)* = [(T721,T22)

||T%zl ||2HT%22H2 by the Cauchy-Schwarz inequality
= <T21, Zl><TZQ, 22>.

IN

c. It is easy to see that ||Tz| = supy, =1 (T2, y), and thus using part b we obtain

IT=|* = s Tz y)* < HSlulpl<Ty7y><Tz, z) = |IT|(Tz,z),
Yil= Yl|l=

where we used Lemma A.3.70 and the fact that T' is nonnegative. m

One of the most important classes of nonnegative operators is the orthogonal projections.

Definition A.3.75. An operator P € L(Z) is a projection if P2 := PP = P, and a projection
operator is called orthogonal if P* = P.

In Appendix A.2, we have seen that given a closed linear subspace V we can decompose the
Hilbert space Z into Z = V @ VL. Let z be any element of Z, then there exist z;y € V and
2y € V4L such that z = zy + 2.

Define the operator P : Z — Z by Pz = zy. Then, since ||z||* = ||zv||? + ||zy.]|?, we have
that P € £(Z), ker P = V*, and P is an orthogonal projection. We call P the orthogonal
projection on V. On the other hand, if P is an orthogonal projection, then Z = ran P & ker P
with ran P 1 ker P. So an orthogonal projection is naturally associated with an orthogonal
decomposition of the Hilbert space.

We close this section with an important lemma concerning minimalization problems that
complements Theorem A.2.36.

Lemma A.3.76. Orthogonal Projection Lemma. Let Z be a Hilbert space and V' a closed
subspace of Z. Then, given zy € Z, there exists a unique vy in V such that

20 — Vo|| = min ||z9 — v||.

20— vol = minlzo — o]

Furthermore, the element vy is given by vog = Py z, where Py is the orthogonal projection on V.
We see that zg — vg = Py 1 2.

Proof See Kato [14, page 252], Kreyszig [16, theorem 3.3-1 and lemma 3.3-2], or Naylor and
Sell [19, theorem 5.14.4]. -

Corollary A.3.77. Let Z be a Hilbert space, V' a closed subspace of Z, zg € Z, and define the
affine set
Vo :={2€Z|z= 2+ v for somev € V}.

There exists a unique element zy in V,, such that

lzvll = min [l
This element is given by zy := Py, 1z, where z is an arbitrary element of V. ')
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Proof This follows from Lemma A.3.76, since

min [z]| = min ||z + || = min |[z0 — v]|.

2EVa,
|
A.4. Spectral theory
A.4.1. General spectral theory
In this section, we consider abstract equations of the form
(M — A)z =y, (A.1)

where A is a closed linear operator on a complex Banach space X with D(A) C X, z,y € X,
and A € C. As an example of this formulation, which will be considered in more detail later in
this appendix, we consider the boundary value problem

d?z

@(:1:) + Az(z) =v(x) on Ly(0,1),

2(0) = 0 = =(1),

where v is a given function in L2(0,1).

The solutions of these problems are reduced to asking under what conditions (Al — A) has
a bounded inverse on the particular Banach space X. When X is finite-dimensional, it is well
known that this depends on whether X is an eigenvalue of A. For the infinite-dimensional case, we
need to generalize the concept of eigenvalues. We shall generalize this to the class of closed linear
operators, and a study of these will give useful information about the existence and uniqueness
of solutions to (A.1). This abstract approach to studying linear equations on a Banach space
is what is known as spectral theory. This theory can be found in almost any book on operator
theory. In the finite-dimensional case, not every matrix on a real space has eigenvalues and
eigenvectors. To overcome this situation, one has to consider the matrix on a complex space. In
this section, we shall therefore only consider complex normed spaces.

As our motivation is the study of linear equations of the form

y= A\ —A)x

on a complex normed linear space X, where A : D(A) C X — X is a closed linear operator,
we are interested in those A € C for which (A.1) has a unique solution for all y € X, which,
following definition A.3.5, we may write as

x= (N —A)"y, (A.2)

where (A — A)~! is the algebraic inverse of A\I — A. Here we also require that this inverse is
bounded.

Definition A.4.1. Let A be a closed linear operator on a (complex) normed linear space X. We
say that X is in the resolvent set p(A) of A, if (A\I — A)~! exists and is a bounded linear operator
on a dense domain of X. &
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Now, from the fact that (M — A) is closed and invertible, (A\I — A)~! must be a closed
operator. Since it is also a bounded linear operator, its domain must be a closed subspace. So
its domain is both closed and dense, which by the Closed Graph Theorem A.3.49 means that
(M —A)~t e L(Z). So X € p(A) if and only if (A\] — A)~! € L£(Z). We shall call (\] — A)~! the
resolvent operator of A. Other names that are used are: bounded algebraic inverse or bounded
inverse.

Example A.4.2 Let Z be a Hilbert space. Consider the positive, self-adjoint operator A on Z
that is coercive, i.e., (Az,2) > af|z||? for all z € D(A) and a given o > 0. From this it is clear
that A is injective, and so from Lemma A.3.6.a we obtain that the algebraic inverse exists. For
z € ran A we have

A7 2]2 < S(AA71 2 A2y < 2] A e,
o «

where we have used the Cauchy-Schwarz inequality. This implies that
_ 1
A7 2] < =[],
@

and A~! is bounded on its range. If ran A is dense in Z, then 0 is in the resolvent set of A and
A~V e L(Z).
Let = be in the orthogonal complement to the range of A, i.e., for all z € D(A) the following

holds:
(Az,x) = 0. O

By definition A.3.63, this implies that x € D(A*) and A*z = 0. Since A is self-adjoint, we
conclude that Ax = A*x = 0. The positivity of A shows that this can only happen if x = 0, and
so ran A is dense in Z.

Example A.4.3 Let Z be a Hilbert space and consider the positive, self-adjoint operator A on
Z that is coercive. In the previous example, we saw that A is boundedly invertible. This inverse
is positive, since for every nonzero z € Z

(A2, 2) = (y, Ay) > 0, where y = A~ 2.

Since A and A~ are positive operators, they have a positive square root (see Lemma A.3.73).
—1 1
We show that (A%) = (A_l) 2.

Define the operator Q = A2A~. Since ran A~ = D(A) and D(Az) D D(A) (see Lemma
A.3.73), we have that @ is a well defined linear operator. If @ is closed, then by the Closed
Graph Theorem A.3.49 Q € L(Z). Let 2, — z and Qz, — y. Then z,, :== A~'2, — A~'z and
Azz, — y. From the fact that A2 is closed (see the remark after definition A.3.68), we conclude
that AzA~1z = y. So @ is closed and hence bounded. It is easy to see that ran @ C D(A%) and

A3Q =1y (A.3)
Define # = QA2 z, for z € D(Az). Then
Ady = A2QA%z =A%z by (A.3).

The operator Az is positive, and so z = x. In other words, QA% = ID . Thus A% is invertible,

(A%)
and

(A%)_l —Q=AA"L, (A.4)
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-1
To see that (A%) is positive, consider the following for z € Z
1\ 1 1 1\ 1
<(A§) z,2) = (y, AZy) > 0, where y = (Af) z.

-1

Multiplying both sides of (A.4) by (A%) gives

(a7) (1) " =am 0

-1
Thus A%) is a positive square root of A~!. Since the positive square root is unique,

=

1

-1
(A%) = (Afl)%. We shall denote this operator by A~=.

Definition A.4.4. Let A be a closed linear operator on a (complex) normed linear space X.
The spectrum of A is defined to be

o(4) = C\p(A).
The point spectrum is
op(A) ={X € C| (M — A) is not injective}.
The continuous spectrum is
0c(A) = {NeC | (M — A) is injective, ran (\] — A) = X, but
(A — A)~! is unbounded}
= {AeC| (M — A) is injective, ran (\] — A) = X, but
ran (Al — A) # X }.
The residual spectrum is
or(A) ={A € C| (A — A) is injective, but ran (Al — A) is not dense in X}.
So 0(A) = 0,(A) Uoc(4) Uar(A).
A point A € 0,(A) is an eigenvalue, and x # 0 such that (A — A)xz = 0, an eigenvector. &
For eigenvalues, we have natural generalizations of the finite-dimensional concepts.

Definition A.4.5. Let A\g be an eigenvalue of the closed linear operator A on the Banach space
X. Suppose further that this eigenvalue is isolated; that is, there exists an open neighbourhood
O of A\ such that o(A) N O = {Ag}. We say that Ao has order vy if for every x € X

s _ 1Z0) _ —1
Jim (A= %) (M~ A) e

exists, but there exists an xg such that the following limit does not

(A=) (A — A) .

lim
A— Ao
If for every v € N there exists an x,, € X such that the limit

. _ v _ —1
)\ILIIAlo(/\ Ao)Y N — A"z, &
does not exist, then the order of \g is infinity.

For the isolated eigenvalue Ay of finite order vy, its (algebraic) multiplicity is defined as
dim(ker(Agl — A)*). The elements of ker(Ag — A)* are called the generalized eigenvectors
corresponding to .
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We remark that if the kernel of (A\gI— A) is finite-dimensional, then so is the kernel of (A\gI—A)”
for any v > 1.

In finite-dimensional spaces, we always have that o.(A) and o,.(A) are empty, but this is not
the case if X is infinite-dimensional, as can be seen from the following example.

Example A.4.6 Let X =/¢; and let T': X — X be given by

Z2 Tn

Tx = (171,7,...,7,...).
Consider
(M —-T)x =
Now .
M -T)x=(A—1Dag,...,(A— E)xn, o).
So A = n, n = 1,2,..., are the eigenvalues of the operator T' with associated eigenvectors

en:=1(0,...,0,1,0...). Let A\# L, n=1,2,..., and A # 0; then

_ _ 1. _ 1. _
=AM =T)y=((A =1y, (A= 5) g2 s A= =) s ).
This defines a bounded linear operator. Thus p(7) > C\ {0,1,3,%,...}.

So we only have to investigate in which part of the spectrum the point 0 lies. If A = 0, then

&= (=y1,—2y2,..., —NYn, . ..), and for y = (-5) we have that ||z = > < is not finite, and so
i=1

0 & p(T). We know that T is one-one, so we must determine the range of T' to decide whether

0 € 0.(T) or 0,(T). Now T(nep) = ey, and so e, € ranT. Since span{e,} is X, we have

ranT = X and so 0 € o.(T).

Summarizing, we have shown that

UP (T) = {15
One of the most important relations for the resolvent operator is the resolvent equation
(il — A) ™" = (AL = A)™ 4 (A = p) (A — A) ™ (ul — A)7Y, (A.5)
for p, A € p(A).
Repeatedly applying the resolvent equation gives
(WI=A)" = > (A=A -4+
k=0
A= @) = A) (= A7

If [|(A — p)(M — A)~Y|| < 1, then the term (A — p)" (A — A)~"~! converges uniformly to zero,
and we obtain the followmg result.

Lemma A.4.7. Suppose that u, A € p(A), and ||(A — p)(M — A)~1|| < 1. Then

(ul — A)~ i BN — A)~F (A.6)

k=0
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Proof See Kreyszig [16, theorem 7.3-3] or Taylor [25, theorem 5.1-C]. -

A direct consequence of this lemma is the following result.

Lemma A.4.8. For a closed linear operator, A, on a Banach space X the following hold:

a. If X € p(A) and p € C are such that ||(A — p)(AM — A)7|| < 1, then p € p(A), and
(ul — A)~! is given by (A.6);

b. The resolvent set of A is open;

¢. The resolvent operator is a holomorphic function on p(A), and the derivative is given by
A (N — A)~! = —(AI — A)~2; see definition A.5.32.

Proof a. See Kreyszig [16, theorem 7.3-3], Naylor and Sell [19, theorem 6.7.3], or Taylor [25,

theorem 5.1-A].

b. See Kato [14, theorem II1.6.7], Kreyszig [16, theorem 7.3-2], Naylor and Sell [19, theorem
6.7.3], Taylor [25, theorem 5.1-B], or theorem 1 in Yosida [31, section VIII.2].

c. See Kato [14, theorem I11.6.7], Kreyszig [16, theorem 7.5-2], or Example A.5.33, or Taylor [25,
theorem 5.1-C]. -

The order of the isolated eigenvalue as defined in definition A.4.5 is the same as the order of
the pole that (A — A)~! has as a holomorphic function.

So for closed linear operators we have information about the resolvent set and the resolvent
operator. For bounded linear operators we can prove even stronger results. A useful tool is the
following theorem.

Theorem A.4.9. Let X be a Banach space and T € L(X) such that ||T|| < 1. Then (I —T)~*
exists and is in L(X) with

I-T)'=I+T+T*+...+T"+...,
where the convergence is in the uniform topology on L(X) and
I -1 < @@=~

Proof See Kreyszig [16, theorem 7.3-1], Naylor and Sell [19, theorem 6.7.2], Rudin [23, theorem
10.7], or Taylor [25, theorem 5.2-A]. -

If we rewrite (A\] —T) = A\(I — §+T), then we have the following corollary of Theorem A.4.9.

Corollary A.4.10. Let T € £(X), where X is a Banach space. If |\| > ||T||, then A € p(T).
Moreover, we have

A —T)" = At
n=0
and
[ =T)7H < (I = ITI)~ [

A consequence of this corollary and Lemma A.4.8.c is the following lemma.

Lemma A.4.11. If T € £(X), where X is a Banach space, then o(T') is nonempty.
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Proof See Kato [14, section II1.6.2], Kreyszig [16, theorem 7.5-4], Rudin [23, theorem 10.13], or
Taylor [25, theorem 5.2-B|. -

We summarize results concerning the spectrum of a bounded linear operator in the following
theorem.

Theorem A.4.12. If X is a complex Banach space and T' € L£(X), then the spectrum of T is
a nonempty compact subset of the complex plane lying in the closed ball {\ € C | |A| < ||T||}.

Proof See Kato [14, section III.6.2], Kreyszig [16, theorem 7.3-4], Naylor and Sell [19, theorem
6.7.4], or Rudin [23, theorem 10.13]. -

Example A.4.13 Let Z denote the Hilbert space ¢3(Z) and let A be the right shift operator
given by
(A2)k = 2k for k € Z,

where z = (..., 2_1, 20, 21, - . .).
It is easy to see that ||A|| =1, and so by Theorem A.4.12 we may conclude that o(A) C {s €
C | |s| < 1}. Furthermore, we have that A~! exists and, it is given by the left shift operator

(A712), = 2141 for k € Z.

From this it follows that |A7!|| = 1, and so by Theorem A.4.12 we deduce that o(A™!) C {s €
Clls| <1}
For 0 # s € C the following equality holds

(sI —A) = sA(A™ — é])

For 0 < |s|] < 1 the inverse of the right-hand side exists in £(Z), and so the inverse of the
left-hand side is in £(Z) too. Hence we see that 0(4) C {s € C | |s| = 1}. We show that, in
fact, equality holds.

Suppose that A is an eigenvalue with |A\| = 1. Then there exists a z € Z satisfying Az = Az.
From the definition of A, we obtain

Zh—1 = A2k for k € Z.

The unique solution of this equation is given by z, = A~¥zy. However, since |\| = 1, we have
that this is in Z = ¢3(Z) if and only if zp = 0, and this implies that z = 0. Thus a A with
modulus one cannot be an eigenvalue. Next we shall show that every A on the unit circle is in
the spectrum of A. Let e™ denote the element of Z, which is defined as follows

" " 1 fork=n
€ _(ek)_‘s’%’“_{o for k # n.

Consider the equation (A — M)z = €°, or equivalently,
Zh_1 — A2k = 62 for k € Z.

This has the unique solution z;, = 0 for k < 0 and z; = A™'7F for k > 0. Again, since || = 1,
this is not an element of Z, and thus we have shown that ran (Al — A) # Z. The remark after
definition A.4.1 shows that A € p(A). Combining these results and using Theorem A.4.12; we
conclude that o(A) = {s € C| |s| = 1}. For completeness we shall show that o(A) = 0.(A). Let
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z € Z be any element in the orthogonal complement of ran (A — AI). This implies that for every
n € Z we have that

(z,(A=XDe™)y = 0 for alln € Z &
(z,e"™ = Xe™) = 0 forallneZ &
L\ = 0 for all n € Z, O

where z = (z,). This equation has the unique solution z,, = A\"2y. However, since |\| = 1, this
is in Z if and only if zyg = 0. Hence z = 0 is the only element in the orthogonal complement of
ran (A — M), and thus ran (A — AI) = Z. From definition A.4.4 it follows that o.(4) = {s € C |

s =1} = o(A).

In the following lemma, we characterize the exact radius of the smallest ball containing the
spectrum of T'. The spectral radius r,(T') of the operator T' € L(X) on a complex Banach space
X is defined by

ro(T) := sup ||
Aeo(T)

We have the following result.

Lemma A.4.14. For T € £(X) on the complex Banach space X, we have
ro(T) = tim /77

Proof See Kato [14, section I11.6.2, equation (6.13)], Kreyszig [16, theorem 7.5-5], Rudin [23,
theorem 10.13], Taylor [25, theorem 5.2-E], or Yosida [31, theorems 3 and 4 in section VIIL.2].

|
With this lemma we can easily prove the following result.

Lemma A.4.15. Let T, S be bounded operators on the Banach space X. The following relation
holds:
ro(TS) = r,(ST).

Proof If S or T is the zero operator, then the result is trivial. Suppose that they are nonzero.
We have that

ro(TS) = lim /TS
< lim VTSI YIS]] by Lemma A.3.14
= Jim /7] lim /TP lim /9]

1-7,(ST) - 1.

Hence we have shown that 7, (T'S) < r,(ST). Similarly, one can show that the reverse inequality
holds, and so we have proved the assertion. m

Lemma A.4.14 gives information about the size of the spectrum of an operator. For self-adjoint
operators, we have more information.

Lemma A.4.16. If A is a self-adjoint operator on the Hilbert space Z, then o(A) C R. Fur-
thermore, if A € L(Z), then we have the following additional properties:
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a. 0(A) C [m,M], where m = inf (Az,z) and M = sup (Az,z);

llzll=1 l|lz]|=1
b. m,M € o(A);
¢. | Al = max{|m|, |M[};
d. r5(A) = [|A]].

Proof a. See Kreyszig [16, theorem 9.2-1] or Taylor [25, theorem 6.2-B].

b. See Kreyszig [16, theorem 9.2-3] or Taylor [25, theorem 6.2-B].

c. See Kreyszig [16, theorem 9.2-2], Taylor [25, theorem 6.11-C], or Yosida [31, theorem 3 in
section VIL3].

d. This follows from parts a, b, and c. m

Lemma A.4.17. Consider the densely defined, closed, linear operator A on the Banach space
X. The following relation holds between the spectrum of A and of its adjoint

g(A*) =a(A), (A7)
where the bar denotes the complex conjugate.

Proof See Kato [14, theorem III.6.22]. -

A.4.2. Spectral theory for compact normal operators

From the previous subsection it is clear that the spectral properties of infinite-dimensional oper-
ators are much more complicated than those for finite-dimensional operators. However, compact
operators have a simple spectrum, and the following theorem shows that we can expect the
theory for solutions of linear equations with compact operators to be similar to that for (finite-
dimensional) operators on C".

Theorem A.4.18. If T is a compact operator on a Banach space X, then X\ # 0 is in either the
point spectrum or the resolvent set of T'. The point spectrum of T is, at most, countably infinite
with A = 0 the only possible point of accumulation. Furthermore, the order of every nonzero
eigenvalue is finite, and so is its multiplicity.

Proof See Kato [14, theorem III.6.26], Kreyszig [16, theorems 8.3-1 and 8.3-3], Naylor and Sell
[19, corollary 6.10.5 and theorem 6.10.1], Rudin [23, theorem 4.25], Taylor [25, theorems 5.5-C
and 5.5-G|, or Yosida [31, theorem 2, section X.5]. -

In Section A.3 we have seen that if the Banach space is infinite-dimensional and the compact
operator T' is injective, then 0 is an element of the spectrum of T'; see Lemma A.3.22.
The following general result is very useful in the applications.

Lemma A.4.19. Let A be a closed linear operator with 0 € p(A) and A~! compact. The
spectrum of A consists of only isolated eigenvalues with finite multiplicity.

Proof See Kato [14, theorem III.6.29]. -

Compact, normal operators on a Hilbert space do not have generalized eigenvectors but they
have a spectral decomposition analogous to normal matrices.

166



A.4. Spectral theory

Theorem A.4.20. If T € L(Z) is a compact, normal operator on a Hilbert space Z, then
there exists an orthonormal basis of eigenvectors {¢;,i > 1} corresponding to the eigenvalues
{Ai, i > 1} such that

Tz=Y N(z¢i)¢; forallz€Z.
i=1

Proof See Kato [14, theorem V.2.10] or Naylor and Sell [19, theorem 6.11.2]. -

A consequence of this theorem is that every compact, normal operator induces an orthonormal
basis for the Hilbert space. We shall illustrate this by the next classical examples.

Example A.4.21 Let Z = L5(0,1) and let T be given by

1
(Tw)(z) = /g(x,T)v(T)dT, (A.B)
0

where
(2,7) = (I—-7)z for0<z<71<I,
g\ T) = (I—z)r for0<7<z<l.

Since g(x,7) = g(7,x), we see from Example A.3.59 that T is self-adjoint. Furthermore, T is a
compact operator, by Theorem A.3.24. So we may calculate the eigenvalues and eigenvectors.
We can rewrite (A.8) as

T 1

(Tv)(z) = /(1 —z)To(T)dT + /(1 — 7)zv(T)dT.

0 T

So (T') is absolutely continuous and (Tv)(0) = 0 = (Tw)(1). Let A € C be such that Tv = Av.

Then
T 1 1

/TU(T)dT + /xv(T)dT - /xTU(T)dT = Xv(z) for z € [0,1]. (A.9)

0 T 0

Since the left-hand side is absolutely continuous, we may differentiate (A.9) to obtain

zv(z) — zv(x) + /U(T)dT - /TU(T)dT = Mo(z) for z € [0,1]. (A.10)
x 0

The left-hand side is again absolutely continuous and so we may differentiate (A.10) to obtain
—v(x) = Ao(z). (A.11)
So A =0 is not an eigenvalue. The general solution of (A.11) is given by
v(z) = asin()f%ac) + bcos()\féx). (A.12)

Using the fact that v(0) = +(Tv)(0) = 0 and v(1) = $(Tv)(1) = 0 gives A = — and v(z) =
asin(nrz). So the eigenvalues are {3, n > 1} and the eigenvectors are {sin(nrz),n > 1}. By

Theorem A.4.20, we now have that {v/2sin(nmz),n > 1} is an orthonormal basis for Ly (0, 1).
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Example A.4.22 Let Z = Ly(0,1)and let .S be the operator defined in Example A.3.48

x 1

(Sh)(z) = / o, E)h(€)de + / 9(&, 2)h(€)dE,

0 T

where
g(&,z) = cot(1) cos(x) cos(§) + sin(§) cos(x).

This operator is clearly in £(Z); by Theorem A.3.24 it is even compact. From Example A.3.67
we have that S is self-adjoint, and so it is certainly normal. From Example A.3.48, we have that
S is the bounded inverse of I + A, where

d2
=
with domain
D(A) = {z€ L3(0,1) | 2, % are absolutely continuous
with 22(0) = 9(1) = 0 and £3 € L,(0,1)}.

We shall calculate the eigenvalues and eigenvectors of S. If Sz = Az, then by applying the inverse
we obtain that z = A(I + A)z. So we have to solve

d?z  1-)\
=7, Al
d? = x (A.13)
Using the boundary conditions (2 € D(A)), this has a nonzero solution if 152 = —n?r? for

some n > 0, and then z is given by cos(nw+). So the eigenvalues are given by {{——,n > 0} and

the eigenvectors are {cos(n7-),n > 0}. From Theorem A.4.20, we obtain that {1, v/2 cos(nr-),n >
1} is an orthonormal basis of Z. (]

From Theorem A.4.20, we see that every compact, normal operator has a nice representation.
In the next theorem we shall show that every compact operator has a similar representation.

Theorem A.4.23. IfT € L(Z;, Z>) is a compact operator, where Z; and Zs are Hilbert spaces,
then it has the following representation:

Tzl - Z%@lﬂ/’ﬁéf’iv (A14)
1=1

where {1;}, {¢;} are the eigenvectors of T*T and TT*, respectively, and o; > 0 are the square
roots of the eigenvalues. {1;} form an orthonormal basis for Z, and {¢;} form an orthonormal
basis for Zs. (1;, ¢;) are the Schmidt pairs of T, o; the singular values and (A.14) is its Schmidt
decomposition.

Furthermore, the norm of T equals its largest singular value.

Proof a. T*T is clearly a self-adjoint, nonnegative operator and by Lemma A.3.22 it is compact.
By Theorem A.4.20 T*T has the following representation in terms of its eigenvalues o2, (o; > 0)
and its eigenvectors v;, which form an orthonormal basis for Z;

T*Tz = Z U?<Z,¢z>1/fz = Z Ui2<za Vi) Yi,
i=1

i€J
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where J is the index set that contains all indices for which o; > 0. For i € J we define

¢ = l_Ti%

o

and we easily obtain

T*(bz = lT*T’lbZ = 0;v; for i € J.
g;

Notice that
TT*¢; = 0T = 07 ¢; for i € J, (A.15)

which shows that ¢; is the eigenvector of TT* corresponding to o2. They form an orthonormal

set, since

(b 65) = —— (Tps, Ty) = ——(T* Ty, ) =

i
003 0;03 gj

(i, ) = 6ij.

We shall show that we can extend the set {¢;;¢ € J} to an orthonormal basis for Zs by adding
an orthonormal basis for the kernel of T*. For this we need the following observation. If v; is
an eigenvector of T*T corresponding to the eigenvalue zero, then

IT%ill* = (T, Topi) = (T*Tpi, vs) = 0. (A.16)
Let z2 be orthogonal to every ¢; with ¢ € J. For ¢ € J we have that
(Vi, T" 20) = (Ti, 22) = 0i(i, 22) = 0.

For 4 not an element of J it follows directly from (A.16) that (1;, T*z2) = 0. Since {1;} forms an
orthonormal basis, we have that 7%z = 0. So we have shown that the orthogonal complement
of {¢i;i € J} equals the kernel of T*. This implies that we can decompose the Hilbert space Zo
into the direct sum of the closure of the span of {¢;;i € J} and the kernel of T* (A.4). Choosing
an orthonormal basis for the kernel of T produces an orthonormal basis for Z5. We shall denote
this basis by {¢;;7 € N}. For i € J we have seen that ¢; is an eigenvector for TT*. However, for
i not an element of J we have that TT*¢; = 0, and so ¢; is also an eigenvector for all i € N.

b. We now show that T has the Schmidt decomposition

Tz = Zai<z,wi)¢i.

i€J

From Theorem A.4.20 {¢;} is an orthonormal basis in Z;, and so

2= (z )¢ forallz € Zy.
=1

Since T is bounded, the following holds:

o0

Tz = > ()T => (2,4:)T¢; by (A.16)
=1 i€]
= Z;Hai<za1/)i>¢i- by (A.15)
1€
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c. Let us number the singular values so that o1 > 02 > ---. Since {¢;} is a orthonormal set in
Zs, from (A.14), it follows that

IT2)* = Zozl %) < ol

i=1

But [T = [|o1¢1]| = 01 and so | T|| = o1. m

So the class of compact operators has very special properties. Another class of operators with
useful properties is the following.

Definition A.4.24. Let A be a linear operator on a Hilbert space Z. We say that A has
compact, normal resolvent if there exists a \g € p(A) for which (Ao — A)~! is compact and
normal. &

With the resolvent equation one can easily prove that definition A.4.24 is independent of the
particular Ao, i.e., if (Ao — A)~! is compact and normal, then (A\I — A)~! is compact and normal
for all A € p(A).

Theorem A.4.25. Let A be a linear operator on the Hilbert space Z with domain D(A) and
let 0 € p(A) with A= compact and normal. From Theorem A.4.20, it follows that for z € Z we
have the representation

2= Z )‘ (bz bi,

where A\ L and ¢; are the eigenvalues and the eigenvectors of A=Y, respectively, and {di,i > 1}
is an orthonormal basis. Moreover, for z € D(A), A has the decomposition

AZ—Z)‘ (bz @i,

with D(A) ={z € Z | 3 |\i|*|(z, ¢:)|> < 0o}, and A is a closed linear operator.
i=1

Proof Define
Ayz = Z iz, 6i) i,

with domain D(A4;) = {z € Z | Z INi2|(z, #:)|> < oco}. We shall show that A is a closed
i=1
operator, and that A; equals A.
Since {¢;,i > 1} is an orthonormal basis, we have that z € Z if and only if 3" (2, ¢;)|? < co.
i=1
Next we prove that A; is a closed linear operator.

Assume that 2z, — z and Ay2,, — y as n — oco. Since z, — z, we have that (z,, ;) — (z, ¢;)
for all © € N. Furthermore, since A;z, — y we have that \;(z,,®:;) — (y,d:). So \i(z,¢;) =
(y, i), and since y € Z, this implies that z € D(A;) and A1z = y. Thus A; is closed. For
z € D(A;) it is easy to show that A='A;2z = 2, and since ran (A~!) = D(A), this implies that
D(A;) C D(A). Now we prove that Ay A~z = 2z forall zin Z. If zisin Z, then z,, := > (2, ¢:)¢;

i=1
1

n
converges to z as n — oo, and A7z, = 3 Az, ¢;)¢; converges to A”'z asn — oo (A7 is
i=1
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continuous). So A~1z, converges and so does z, = A; A~ 'z,. Thus by the closedefinitioness of
A; we have that A™'z € D(A4;) and A1A™'2 = 2z for all z € Z. Since ran (A7) = D(A), we
have D(A) C D(A;). So D(A) = D(A;) and A1z = AA ' Ayz = Az for 2 € D(A1) = D(A). n

We conclude with an illustration of this result.
Example A.4.26 Let Z = L5(0,1) and let A be given by

d?z

Ae=—m

for z € D(A),

where D(A) = {z € Z | z, % absolutely continuous and % € Ly(0,1) with 2(0) =0 = z(1)}. It

is easy to verify that the inverse of A may be expressed by

1
(A12)(z) = / o, 7)2(r)dr,
0

where
I-7)z for0<z<7<1
g(z,7) =
(I—z)r for0<7<z<l.

So A~! equals the operator from Example A.4.21. In that example, we showed that A~! was

self-adjoint and compact with eigenvalues {——,n > 1} and eigenvectors {sin(nmz),n > 1}.

Now, applying Theorem A.4.25 we see that A is closed and has the representation

Az = Z n?n2(z,V/2sin(nm-))v/2sin(nx-), with
n=1

D(A) = {z € Ly(0,1) | Y_ n*n*|(z, v2sin(nm))[* < oo}.

n=1

| O

A.5. Integration and differentiation theory

A.5.1. Integration theory

In this section, we wish to extend the ideas of Lebesgue integration of complex-valued functions
to vector-valued and operator-valued functions, which take their values in a separable Hilbert
space Z or in the Banach space £(Z1, Zs), where Zy, Z5 are separable Hilbert spaces. As main
references, we have used Diestel and Uhl [6], Dunford and Schwartz [8], and Hille and Phillips
[12].

Throughout this section, we use the notation € for a closed subset of R, and (€, B, dt) for the
measure space with measurable subsets B and the Lebesgue measure dt. It is possible to develop
a Lebesgue integration theory based on various measurability concepts.

Definition A.5.1. Let X be a Banach space. A function f : Q — X is called simple if there
exist 1,22,...,2, € X and E1, Es,...,E, € Bsuch that f = > | z;1p,, where 1, (t) = 1 if
t € E; and 0 otherwise.

Let Z1, Z be two separable Hilbert spaces, and let F':Q— L(Z1,Z3) and f:Q — Z;.
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a. F is uniformly (Lebesgue) measurable if there exists a sequence of simple functions F, :
Q — L(Z1,7Z5) such that

lim [|F' — Fy||z(z,,2,) = 0 almost everywhere.

n—oo

b. f is strongly (Lebesgue) measurable if there exists a sequence of simple functions f, : Q@ —
Z1 such that
lim ||f — fnllz, = 0 almost everywhere.
n—oo

F' is strongly measurable if Fz; is strongly measurable for every z; € Z;.
c. f is weakly (Lebesgue) measurable if (f, z1) is measurable for every z; € Z3.

F' is weakly measurable if F'z; is weakly measurable for every z; € Z;. &

It is easy to see that uniform measurability implies strong measurability, which implies weak
measurability. For the case that Z is a separable Hilbert space, the concepts weak and strong
measurability coalesce.

Lemma A.5.2. For the case that Z is a separable Hilbert space the concepts of weak and strong
measurability in definition A.5.1 coincide.

Proof See Hille and Phillips [12, theorem 3.5.3] or Yosida [31, theorem in Section V.4]. [ |

We often consider the inner product of two weakly measurable functions.

Lemma A.5.3. Let Z be a separable Hilbert space, and let f1, fo : Q@ — Z be two weakly
measurable functions. The complex-valued function {f(t), f2(t)) defined by the inner product
of these functions is a measurable function.

Proof This follows directly from Lemma A.5.2 and definition A.5.1. u

The notion of the Lebesgue integral follows naturally from the measurability concepts given
in definition A.5.1.

Definition A.5.4. Suppose that (€, B, dt) is the Lebesgue measure space and that E € B.

a. Let X be a Banach space and let f : Q@ — X be a simple function given by f =31 | 2;1g,,
where the E; are disjoint. We define f to be Lebesgue integrable over E if || f|| is Lebesgue
integrable over E, that is, > . ||z;||\(E; N E) < oo, where A(-) denotes the Lebesgue
measure of the set and we follow the usual convention that 0 - oo = 0. The Lebesgue
integral of f over E is given by ", 2;A(E; N E) and will be denoted by [, f(t)dt.

b. Let Z; and Z; be two separable Hilbert spaces. The uniformly measurable function F' :
Q — L(Z1,Z5) is Lebesgue integrable over E if there exists a sequence of simple integrable
functions F;, converging almost everywhere to F' and such that

n—oo

lim [ |[F(t) = Fu(t)l 2(2,,2,)dt = 0.
E
We define the Lebesgue integral by

/ F(tydt = lim | F,(t)dt.
E

n—oo E
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c. Let Z be a separable Hilbert space. The strongly measurable function f : Q@ — Z is
Lebesgue integrable over E if there exists a sequence of simple integrable functions f,
converging almost everywhere to f and such that

lim JU@—ﬁNNm#ZO

n—oo

We define the Lebesgue integral by

/ f)dt = lim [ fo(t)dt.
E n—eeJp

&

These integrals in the above definition are also called Bochner integrals in the literature. For
functions from R to a separable Hilbert space Z, there is a simple criterion to test whether a
function is Lebesgue integrable.

Lemma A.5.5. Let f(t) : Q — Z, where Z is a separable Hilbert space Z. [ f(t)dt is well
defined as a Lebesgue integral for E € B if and only if the function (z, f(t)) is measurable for
every z € Z and [, || f(t)||dt < oc.

Proof See Hille and Phillips [12, theorem 3.7.4], noting that weak and strong measurability are
the same for separable Hilbert spaces (Lemma A.5.2). -

In the case of operator-valued functions F'(t) : Q@ — L(Z1, Z3), where Z; and Z; are separable
Hilbert spaces, we need to distinguish between the Lebesgue integral ||  F'(t)dt for the case that
F(t) is uniformly (Lebesgue) measurable and the Lebesgue integral [, F/(t)zdt for the case that
F(t) is only strongly (Lebesgue) measurable.

Example A.5.6 Let T(t) be a Cy-semigroup on a separable Hilbert space Z. Since T'(t) is
strongly continuous, it is strongly measurable. In fact, Hille and Phillips [12, theorem 10.2.1]
show that the Cy-semigroup is uniformly measurable if and only if it is uniformly continuous. Now
the only uniformly continuous semigroups are those whose infinitesimal generator is a bounded
operator, Hille and Phillips [12, theorem 9.4.2], and so T'(t) will only be strongly measurable
in general. Thus fol T(t)zdt is a well defined Lebesgue integral for any z € Z, but fol T(t)dt is
not. (]

Example A.5.7 Next consider [ T'(1 —s)F(s)ds, where T'(t) is a Co-semigroup on a separable
Hilbert space Z, F(-) € L(U,Z), U is a Hilbert space, F' is weakly measurable, and ||F|| €
L1(0,7). Since T*(t) is also a Cp-semigroup, T*(¢)z is continuous and so strongly measurable.
Furthermore, by definition, we have that F(s)u is weakly measurable. Hence Lemma A.5.3 shows
that (z,T(7 — s)F(s)u) = (T*(7 — s)z, F(s)u) is measurable in s for all z € Z, uw € U. So from
Lemma A.5.5 we have that for each u € U [ T(7—s)F(s)uds is a well defined Lebesgue integral.
However, fOT T(t — s)F(s)ds need not be a well defined Lebesgue integral, since the integrand
will not to be uniformly measurable in general.

This example motivates the need for a weaker concept of integration based on weak measura-
bility. We now introduce the Pettis integral, which satisfies this requirement.

Lemma A.5.8. Let Z; and Zy be separable Hilbert spaces, and let F(t) : Q — L(Z1,Zs).
Assume furthermore, that for every z1 € Z1 and zo € Zs the function (ze, F'(t)z1) is an element
of L1(€2). Then for each E € B, there exists a unique zp g(z1) € Z2 satisfying

<22,ZF,E(21)>:/<22,F(t)z1>dt.

E
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Proof Set
G(ZQ) = / <22,F(t)21>dt
E

It is clear that G is well defined for every zo € Z5, and that it is linear on Z3. It remains to show
that G is bounded. To do this, we define the following operator from Z; to Li(E) : Q(z2) =
(22, F(t)z1) and we show that it is closed. This follows since if 25 — 29 and (27, F(t)z1) — h(t)
in L1(FE), we have (21, F(t)z1) — (22, F(t)z1) everywhere on E, and so (zq, F'(t)z1) = h(t). Thus
Q@ is a closed linear operator with domain Zs; so with the Closed Graph Theorem A.3.49, we
conclude that @ is a bounded linear operator. Thus

| G(z2) |< [E | (22, F(t)z1) | dt <[|Qff][22]I,

and G is bounded. Applying the Riesz Representation Theorem A.3.52, we obtain the existence
of a zp g(#1) such that

(22, 2r.8(%1)) = G(22) = /E<22,F(t)zl>dt. (A1)

In the next lemma, we shall show that zp p(z1) defines a bounded linear operator from Z; to
Zs.

Lemma A.5.9. The mapping zp g(z1) in (A.1) is a linear function of z1, and zp g defines a
bounded linear operator from Zy to Zs.

Proof The linearity of zp g(z1) in 21 follows easily from the uniqueness of zg g(21). The bound-
edefinitioness will follow from the closedefinitioness of the operator

zZ1 = ZF,E(Zl)-
If 20 — 21 in Z; and zp g(27) — 2%, then for all zo € Z5 we have

(z2,2p.8(21)) = (22,27,

and
ooy 2mm(s])) = [E (22, F(£)20)dt = [E (20, F*(8)z5)dt
= (2, 2p+ 5(22))
— {21, 2r+ p(22)) as n — 00
_ [E<22,F(t)zl>dt — (o, 2mm(21),
where we have used Lemma A.5.8. Thus 2 = 25 p(21). -

In fact, we have established the following result.

Theorem A.5.10. Let Z; and Z be separable Hilbert spaces, and let F(t) : Q — L(Z1, Z3).
Assume further that for all zy € Z1 and zo € Zs, the function (z9, F(t)z1) is an element of L1((2).
Then for each E € B, there exists a bounded linear operator, denoted by zr g, satisfying

<z2,zF,Ezl>:/E<z2,F(t)z1>dt.
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This last result leads naturally to the definition of the Pettis integral.

Definition A.5.11. Let Z; and Z5 be separable Hilbert spaces and let F': Q — L(Z1, Zs). If
for all z; € Z; and 23 € Z3 the function <22,F(t) > € L1(Q), then we say that F(-) is Pettis
integrable. Furthermore, for all E € B, we call [, F p F'(t)dt defined by

<22,/EF(t)dt2’1> = <ZQ,ZF7E21> = ‘/E<22,F(t)21>dt. (AQ)

the Pettis integral of F(t) over E and [, F(t)z1dt the Pettis integral of F(t)z, over E. &

One can easily prove the usual properties such as linearity of the integral

/ (aFy(t) + BFy(t)) dt = / Fi(t)dt + 8 / Fy(t)dt. (A.3)
E E E

From the definition of the Pettis integral, we always have that
/ [(z2, F(t)z1)]dt < oc. (A.4)
E

In particular, if [, ||F(t)||dt < co, then the condition (A.4) is satisfied. Furthermore, it is easy
to see that if F' is an integrable simple function, then the Pettis integral equals the Lebesgue
integral. From the definition of the Lebesgue integral, it follows easily that if the Lebesgue
integral of a function exists, then the Pettis integral also exists, and they are equal.

In the next example we shall show that a function may be Pettis integrable, but not Lebesgue
integrable.

Example A.5.12 Let Z be /5 from Example A.2.9 and define e,, to be the nth-basis vector.
Define the function

1
ft) = —ey forn—1<t<n.
n

[ rede =
0

So by Lemma A.5.5 we see that f is not Lebesgue integrable. On the other hand, we have that
for any z € {5,

It is easy to show that

JACH OIS LRI > o DMl = el
0 n=1 n=1

n=1
So (z, f(t)) € L1(0,00), and we conclude that the Pettis integral exists. O

In the following example, we re-examine Examples A.5.6 and A.5.7, which we considered as
Lebesgue integrals.

Example A.5.13 We recall from Example A.5.6 that the Cp- semigroup T'(t) on the separable
Hilbert Space Z is in general only strongly measurable and so while fo t)zdt exists as a Lebesgue

integral fo t)dt does not. We show that it does exist as a Pettis 1ntegral Since T'(t) is strongly
continuous, we have that (z1,T(t)z2) is measurable for every z1,22 € Z. From Theorem 2.5.1
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we have that fol IT(t)||dt < co. Thus by definition A.5.11 the Pettis integral fo t)dt is well
defined. If the infinitesimal generator A of T'(t) is invertible, then using Theorem 2 5 2 we can
even calculate this Pettis integral to obtain

/T(t)dt =A7'T(1) - A7
0 (I

Example A.5.14 From Example A.5.7 we recall that f T(1 — s)F(s)ds was not a well defined
Lebesgue integral. There we already showed that (z, T'(7 — s)F(s)u) is Lebesgue measurable for
all z € Z, u € U. Furthermore, we see that

/HTT—S (s)|lds < Moe*™ /HF Jllds < oo,

So by definition A.5.11 the integrals [ T'(7 — s)F(s)ds and [j T(7 — s)F(s)uds are well defined
as Pettis integrals. O

Most of the integrals we use in this text satisfy the conditions in Lemma A.5.5, and so we may
speak about the integral, as in the following example.

Example A.5.15 Consider fOT T(m — s)Bu(s)ds, where T'(t) is a Cp-semigroup on a separable
Hilbert space Z, B € L(U, Z), U is a separable Hilbert space and u € L1([0,7]; U) (see definition
A.5.16). Then, as in Example A.5.14, (z, T(T — s)Bu(s)) is measurable in s for all z € Z and
Jo IT(m — S)Bu( )lds < M,e“7||B|| fo [lu(s)||ds < oo. So by Lemma A.5.5, the integral is well
defined as a Pettis or as a Lebesgue integral. O

To avoid confusion between the Pettis and Lebesgue integrals we introduce the following
notation.

Definition A.5.16. Let 71, Z5, and Z be separable Hilbert spaces, and let €2 be a closed subset
of R. We define the following spaces:

P(Q, E(Zl, Zg)) = {F Q) — E(Zl, Zg) | <2’2, F()21> is mea-
surable for every z; € Z; and 23 € Zo}.
Py L(21,22)) = {F € PG L(Z1, 22)) | [|[Flp =
1/p
([1FO ) <150 <.
P L(Z1,22)) = {F € P(Q;L(Z1,22)) | |Flloo ==

esssupq | F(t)|lz(z,,2,) < o0}

L Z) == {f:Q— Z]{z f(-)) is measurable for all z € Z}.
1/p
L(@:2) = {reL@2) Il ( [ Ir0lga) " <o
1 <p<oo.
Loo(@:Z) = {f € L@ 2) | |fllo i= esssupg | £(2)]12 < o). *
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The reason for using the ” L” notation is that these integrals are also defined in the Lebesgue
sense. For example, if T'(¢) is a strongly continuous semigroup, then T'(t)z € L, ([0, 7]; Z) for all
z € Z, but we only have that T'(t) € P,([0, 7]; £(Z)) instead of the Lebesgue space L ([0, 7]; £L(Z))
(see Example A.5.13).

We remark that if Z; and Z5 are finite-dimensional, then £(Z1, Z») is also finite-dimension-
al, and so Loo(2; £(Z1, Z2)) is well defined as a Lebesgue space (see Lemma A.5.5) and equals
POO (Q, E(Zl, Zg))

Lemma A.5.17. If we do not distinguish between two functions that differ on a set of measure
zero, then the spaces P,(Q; L(Z1,22)), Pso (% L(Z1,Z2)), Lp(; Z), and Loo(Q; Z) are Banach
spaces.

Furthermore, Lo(); Z) is a Hilbert space with inner product

(h. f) = /Q<h(t)7f(t)>zdt- (A5)

Proof See Thomas [26] or [27].

The completeness property of L, is also shown in theorem II1.6.6 of Dunford and Schwartz
[8].

In Section 3.5 of Balakrishnan [2] it is shown that L2(f2, Z) is a Hilbert space. u

It is interesting to remark that P, is not a Banach space under the norm

1/p
1Elp == < sup / |<F(t)21722>|dt> ;
[z1]|=1,]|z2||=1 /2
see Thomas [27].

From Lemmas A.5.8 and A.5.9 it should be clear that the integrals share the usual properties
of their finite-dimensional Lebesgue counterparts.

Theorem A.5.18. If f € P1(Q; L(Z1, Z3)), where Z1 and Zs are separable Hilbert spaces, then
the following hold:

” fQ dt” < fQ ”f |dt;

b. A(%gn Ji f(t)dt =0, where \(E) denotes the Lebesgue measure of E € B.

Proof a. This follows easily from definitions A.5.16 and A.3.9 and Lemma A.3.30, since from
these last results, it follows that

Zg,f dtzl
I [ sl = s :
Q 21€21,22€ 25 ||21HH22||
= sup / (2 f(D)21) >dt‘
21€21,22€22 ‘21””22H
S sup | 227
21€21,22€ 25 ||21||||22||
< [ sw et ez, 1021}l 5, JRECIES
Q 21€21,22€Z2 ”21””22”
b. This follows directly from part a and the standard Lebesgue theory. m
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Lemma A.5.19. Let Z be a separable Hilbert space and let a and b be real numbers such that
—o00 < a<b<oo. Ly([a,b]; Z) has the following dense subspaces:

a. The space of all continuous functions on [a,b], C([a,bl; Z);
b. The space of all piecewise constant functions that are functions of the form f(x) =

> Zila, b, (x) witha =ag <by < ay...b, =band z; € Z.
i=0

Proof See page 86 of Hille and Phillips [12]. -

Lemma A.5.20. Let Z be a separable Hilbert space and let 1 < p < 00. L,((—00,00); Z) has
the following dense subspaces:

a. The functions in L,((—o0,00); Z) that are zero outside some finite interval;
b. Ly((—00,00); Z) N Lq((—00,00); Z) for every ¢ > 1.

Proof a. Let f be an arbitrary function in L,((—o00,00); Z). For sufficiently large N we have
that fn(t) := f(t)1j—n,n)(t) is arbitrarily close to f in the L,-norm, since

N oo 1/p
If = fnllp = l/ I\f(t)l\pdt+/N IIf(t)II”dt]

converges to zero as N approaches co.

b. Let ¢ > 0 and let N be chosen such that || f — fnl|l, < &, where f and fx be the same as
in part a. Now we have that fy € L,([—N, NJ; Z), so by Lemma A.5.19 there exists a function
gn € C([=N, NJ]; Z) such that ||fx — gn|lz,(-n~,n),z) < €. Since gy is continuous, it is easy to
see that it is an element of Ly((—N, N); Z). Now we define

B (t) forte [—-N,N]
g(t)—{ gN for t ¢ [N, N]

and so g € Ly((—00,00); Z) N Ly((—00,0); Z). Furthermore,

lg = fllo < llg = fnllo + 18 = fllp < 2e.

€ was arbitrary, so we have proved the result. m

We remark that part a of this lemma is false for L.

Theorem A.5.21. Lebesgue-Dominated Convergence Theorem. Let Z be a separable

Hilbert space and let f,, be a sequence in L1(€); Z). Suppose that f, converges almost everywhere

to f, ie., lim [[fn(t) — f(t)]] = 0 except for t in a set of measure zero. Assume further that
n—oo

there exists a fixed function g € L1(§2) such that || f, ()] < g(¢) for all n and almost all t € €.
Then f € L1(Q; Z) and
lim [ fa(t)dt = / F(6)dt

E E

n—oo

for all E € B.

Proof See theorem 3 on page 45 of Diestel and Uhl [6] or theorem III.3.7 in Dunford and
Schwartz [8]. -
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Theorem A.5.22. Fubini’s Theorem. Let (Qq,By,dt), (2, B3,dt) be two Lebesgue measure
spaces with A(€1) < oo and A\(22) < oo. We denote by By x B the o-algebra of subsets of 11 x Qs
generated by the class of all rectangular sets of the form E x F, where E € By, F € By and the
product measure is denoted by dt x ds.

For f(-,-) € L1(21 x Qa, Z) the functions

f(t,-)dt and f(,8)ds
Ql Q2
are in L1(Q9; Z) and L1(1; Z), respectively, and
/ ft,s)dt x ds = / ([ f(t, s)dt)ds = / (| f(t, s)dt)ds.
Q1 ><Q2 Ql Qz QZ Q1
Proof See Hille and Phillips [12, theorem 3.7.13]. -

Theorem A.5.23. Let Z, and Zs be separable Hilbert spaces, and let A be a closed linear
operator from D(A) C Zy to Zy. If f € Li(Z,1) with f € D(A) almost everywhere and

Af € L1(; Zs), then
A dt= | Af(t)d
/ f(t)at / f(t)dt

for all E € B.

Proof See Hille and Phillips [12, theorem 3.7.12]. -

Example A.5.24 Let —co < a < b < oo and let Z be a separable Hilbert space. Assume
further that {f,,n > 1} and {e;,, m > 1} are orthonormal bases for La(a,b) and Z, respectively.
We show that {¢n m,n,m > 1} with ¢, = fnen is an orthonormal basis for Ls([a,b]; Z).
From the definition of the inner product on Ly([a,b]; Z), (A.5), we have that

b b

(G big) = / (Fu(t)ems Filt)ey) zdt = / Fo D) (e 5) 2t

a a

b
/ Fu O T8yt = Sy oos £3) a0y = Oony

Thus {¢n,m, n,m > 1} is an orthonormal set. Next we show that it is maximal. If z is orthogonal

to every ¢, m, then
b

/<fn(t)€m, 2(t))zdt =0 for all n,m > 1.

a

If we fix m, then we see that for all n > 1,

b
[ $at)iem0) zae = 0.

But f,, is maximal in La(a,b), and so (em,2(t))z = 0 almost everywhere. This holds for all
m > 1. Now using the fact that ey, is maximal in Z, we obtain that z(¢) = 0 almost everywhere.
Thus z = 0 in La([a, b]; Z), which concludes the proof. O
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A.5.2. Differentiation theory

In the previous subsection, we concentrated on the integration of Hilbert-space-valued functions.
However, as is known from standard calculus, integration is naturally related to differentiation,
and in this subsection we summarize standard results on differential calculus for Hilbert-space-
valued functions. We start with the concept of the Fréchet derivative.

Definition A.5.25. Consider the mapping U from the Banach space X to the Banach space
Y. Given z € X, if a linear bounded operator dU (z) exists such that

i W@+ h) —Ulz) —dU(@)hlly _ 0
l[hlix—0 1Al x (X

then U is Fréchet differentiable at x, and dU () is said to be the Fréchet differential at .

It is easy to see that if U is identical to a bounded linear operator, then dU(z) = 0 for every
zeX.

One of the most important applications of the derivative is the determination of the maxima
and minima of functionals.

Theorem A.5.26. Let O be an open subset of the Banach space X. If the mapping f : O — R
has a minimum or a maximum at x € O, and df (x) exists, then df (z) = 0.

Proof We shall only give the proof for the case that f has a minimum. The proof for the other
case follows easily by replacing f by —f.
For sufficiently small h we have that  + h and = — h are in O. Furthermore, we have that

f(@+h) = f(z) = df(z)h
and
f(z—h) = f(z) = =df (x)h.

Since x is a minimum, the left-hand side of both equations is nonnegative. Looking at the right-
hand side of these equations we conclude that df () must be zero. m

Most of the applications of differential calculus in this book are to functions from R or C to
the Banach space X. Since this is frequently used we shall give a special definition for functions
of this class

Definition A.5.27. A function f : R — X is differentiable if f is Fréchet differentiable

L I+ ) = 70 = df b _

h—0 |h|

0. (A.6)

We shall denote the derivative of f at tg by %(to) or f(to). &

In applications, we apply definition A.5.27 to a function f(x,t) of two variables by considering
it to be a function of ¢ taking its values in an appropriate function space, corresponding to the
Banach space X. However, this Fréchet derivative may exist, whereas the usual partial derivative
does not, as the following example shows.
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Example A.5.28 Consider the function f(z,t) : [0,1] X [-1,1] — R defined by
f(z,0)=0

_ft for |z +[1] -3 < 3t
fla,t) = { 0 elsewhere,

where [%] denotes the integer part of %, that is, the largest integer smaller than or equal to %
We have that f(-,¢) € L2(0,1) for every ¢ € [—1, 1] and

1 min{1,%h|—[£]++}

1
[1r@m - s@opds = [1f@ i = [ e <a
0 0 max{0,— 3 [h|=[5]+4}
since the length of the integration interval is smaller than |h|. From this it is easy to see that the
Fréchet derivative at t = 0 exists and equals 0. Now we shall show that the partial derivative of
f with respect to t at t = 0 does not exist for any = € [0,1]. Let x be an element of [0, 1] and
1

consider the sequences {t,,n > 1} with ¢, = i and {Tn,n > 1} with 7, = % Both sequences

converge to zero, and for sufficiently large n f(z,t,) = t, and f(z,7,) = 0. So we have that

f(xatn) - f(x,())

lim =1,
n—oo tn
and 0
lim f(van)_f(Ia ) —0.
n—oo Tn
Hence the partial derivative with respect to t does not exist at t = 0. ([

The next theorem concerns differentiation of integrals.

Theorem A.5.29. Let u : [0,00) — Z be such that u € L([0,0), Z), where Z is a separable
Hilbert space. If v(t) = ft u(s)ds, then v is differentiable for almost all t, and

0
dv
E(t) = u(t) almost everywhere.
Proof See corollary 2 on page 88 in Hille and Phillips [12]. -

For operator-valued functions we can define three types of differentiability.

Definition A.5.30. Let U(:) be functions from C or R to L£(Z;,Zs), where Z; and Zy are
Hilbert spaces. Then

a. U(:) is uniformly differentiable at to if there exists a 4 (ty) € £L(Z1, Z>) such that

. dt
lim =
s |h

dUu
[U(to +h) = Ulto) = h—(t0)ll c(2:,22)

b. U(-) is strongly differentiable at to if there exists a 2 (to) € L(Z1, Z») such that

aU
|U(to +h)z1 — Ulto)z1 — hE(to)Zlﬂzz
lim =0
h—0 |h

for every z; € Z3
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c. U(-) is weakly differentiable at to if there exists a 2 (to) € L(Z1, Z») such that

|(22, U(to + h)z1) — (22, U(to)z1) — h{za, Cil—[t](to)zlﬂc
—0,

i
B0 In]

for every z1 € Z1 and 2z, € Z5

One can easily show that uniform implies strong, which implies weak differentiability, with
the same derivative. Furthermore, by the Riesz representation Theorem A.3.52 one can easily
show that U(-) is weakly differentiable at ¢¢ if and only if the complex-valued functions f(t) =
(29,U(t)z1) are differentiable at tg, for every z1 € Z; and 29 € Zs.

The next example shows that strong differentiability does not imply uniform differentiability.

Example A.5.31 Let Z be a Hilbert space with orthonormal basis {e,,n > 1}, and let V,,

denote the orthogonal complement of span{es, ..., e,}. Define the operator-valued function U(-)
by
0 if t<0or t>1
ut) = L1 1
tPVn if <t< —,
n+1 n
where Py, denotes the orthogonal projection on V;,. Then for HLn <h< % we have

U(h)z=nh Z (z,ei)e;.

1=n—+1

Thus

Uz - U] _ | i (2 e = [ i | <Z,ei>|2]1/27

|h| i=n-+1 i=n+1

and so U(+) is strongly differentiable at 0, with derivative 0. However,

au
1U(R) = U(0) = —-(0)] B Lo/ CO] [
So U() is not uniformly differentiable at zero. u O

The situation is different for operator-valued functions of a complex variable. As in finite
dimensions, we define holomorphicity of a complex-valued function as differentiability.

Definition A.5.32. Let Z; and Z be Hilbert spaces, and let U : T — L(Z7, Zs), where T is a
domain in C. Then U is holomorphic on Y if U is weakly differentiable on Y. &

Example A.5.33 Let A be a closed linear operator on the Hilbert space Z. Define U(A) :
p(A) — L(Z) by U(X) = (A\I — A)~L. We shall prove that this is holomorphic on p(A). We have
from the resolvent equation (A.5) that
<Zl, (()\ + h)] - A)_122> - <Zl, (AI - A)_122>
= (z1,—h(M — A" (AN +h)T — A) " 2). O

This implies that U()) is weakly differentiable with 95 (A) = —(A — A)~2. Thus the resolvent
operator is holomorphic, and this proves Lemma A.4.8.c.
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The following important theorem shows the equivalence of uniform and weak holomorphicity.

Theorem A.5.34. Let Z; and Zy be separable Hilbert spaces and let U(-) : T — L(Z1, Zs),
where Y is a domain of C. If U is holomorphic, then U(-) is uniformly differentiable in T and
furthermore,

d du
72 U)z1) = (22, —-21),
for every z1 € Z1, zo € Zs.
Proof See Hille and Phillips [12, theorem 3.10.1]. -

We remark that the above result is also valid in a general Banach space; for more details
see Hille and Phillips [12]. With this result is easy to extend results that hold for holomorphic
functions f : C — C to Hilbert-space-valued holomorphic functions f: C — Z.

Example A.5.35 Let T be a domain in C, and let I' be a positively oriented, closed, simple
contour in Y. Consider a holomorphic function f on T with values in a separable Hilbert space
Z. Then we have the following relation

1 [ f(s)
2y ) s—A
r

ds = f(X),

where A is any point inside I'.
First, we have to say what we mean by the integral on the left-hand side. Since T" is a
rectifiable, closed, simple curve there exists a differentiable mapping &k from [0, 1] onto I". The

integral is then defined to be
1
1 k(t)) -
1 / FOO) 4y
0

2y ) k() — A

This is well defined as a Pettis or Lebesgue integral by Lemma A.5.5.
From Theorem A.5.10, for every z € Z the following holds:

OO 0

— - d
<27T] 5—A 27 s—/\’Z1> y
I N
= L L) myds = (V). =) 0
- 27Tj S—A S), 21 S = 3 21)y
N

since (f(s),z1) is a holomorphic function. This proves the assertion. This result is known as
Cauchy’s theorem.

A.6. Frequency-domain spaces

A.6.1. Laplace and Fourier transforms

In this book, we consider both state- and frequency-domain representations. The relation be-
tween these two representations is provided by the Laplace or Fourier transform. In this section,
we take Z to be a separable Hilbert space.
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Definition A.6.1. Let h : [0,00) — Z have the property that e=#*h(t) € L1([0, 00); Z) for some
real 5. We call these Laplace-transformable functions and we define their Laplace transform h
by

h(s)= [ e th(t)dt (A1)
/
for s € C} := {s € C | Re(s) > f}. - *»

A good reference for Laplace transforms of scalar functions is Doetsch [7], and for vector-valued
functions a good reference is Hille and Phillips [12], where it is shown that A has the following
properties.

Proposition A.6.2. Laplace transformable functions h : [0,00) — Z have the following prop-
erties:

a. If e P'h(t) € Li([0,00); Z) for some real 3, then h is holomorphic and bounded on (Cér =

{s € C | Re(s) > B} and so h(- + ) € Hy(Z) (see definition A.6.14); furthermore, the
following inequality holds:

sup [|a(s + B)| < lle™ P h(-)|l 1, (10,000:2): (A.2)
Re(s)>0

b. Uniqueness of the Laplace transform: if hy and hy are Laplace transformable functions
such that hi(s) = ha(s) in (ng, for some € R, then hy = hy;

c. If e Pth(t) € Li([0,00); Z) for some real 3, then h(3 + jw) is continuous in w for w € R
and ||h(8 + jw)|| — 0 as |w| — oo;

d. If h is differentiable for t > 0 and % is Laplace-transformable, then

dh )
[E] (s) = sh(s) — h(0F); (A.3)

e. For o € R it holds that

et h(1))(s) = h(s + o); (A4)

[ If e Pth(t) € Lyi([0,00); Z) for some real (3, then the derivative of h in (C;r equals the
Laplace transform of —th(t);

(
g. If e Ph(t) € L1(]0,00); Z) for some real 3, then h(s) — 0 as |s| — oo in @, ie.,

lim | sup  [[A(s)]|| =0.
g {s€C ||s|>p} V)

Proof a. See Doetsch [7] for the scalar case. For the general case, consider the scalar functions
h.(t) := (h(t), z). Tt is easy to see that h.(s) = (h(s),z). This function is holomorphic for every
z € Z and so by definition A.5.32, h is holomorphic. Furthermore, for Re(s) > 0,

lits +8)1 < [Nl nie)lde < [ e o),
0 0
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where we have used Theorem A.5.18.
b. See Hille and Phillips [12, theorem 6.2.3].
c. For the scalar case see Bochner and Chandrasekharan [3, theorem 1]. This proof is based on
the denseness of the simple functions that are zero outside some interval. However, this fact also
holds for L1([0,00); Z) (see Lemma A.5.20) and so a similar proof is valid for the vector-valued
case.

This property is known as the Riemann-Lebesque lemma.
d and e. The proof of these properties is similar in the scalar and nonscalar cases; see Doetsch
[7] theorems 9.1 and 7.7, respectively.
f- For the scalar case see theorem 6.1 of Doetsch [7]. The general case is proven again by
introducing the functions h.(t) := (h(t), z) with Laplace transform h.(s) = (h,z). From the
scalar case we know that the derivative of h. equals the Laplace transform of —th, (t). Since h
is holomorphic we know by Theorem A.5.34 that the derivative of h. equals <d%fL(s), z). Hence
<d%fL(s), z) is the Laplace transform of (—th(t), z). Since this holds for any z € Z, the assertion
is proved.

g. This follows essentially from part ¢, see Doetsch [7, theorem 23.7]. m
The Laplace transform can be seen as a special case of the Fourier transform.

Definition A.6.3. For h € Li((—00,00); Z) we define the Fourier transform of h by

oo

h(jw) == e Ith(t)dt. (A.5)
/ ;

In fact, the Fourier transform can be extended to functions in Lo(R; Z); see Theorem A.6.13.
If h has support on R™ and its Fourier transform exists, then it is equal to its Laplace transform

h(jw) = h(jw). (A.6)
Sometimes it is convenient to introduce the two-sided Laplace transform for functions h defined

on all of R, that is, h(s) := J e *'h(t)dt. This then coincides with the Fourier transform

using (A.6). This connection with the Fourier transform makes it easy to deduce some further
properties of the Laplace transform.

The reason for using Laplace transforms in linear differential equations lies in Property A.6.2.d
and in the simple property for the convolution product. In this book we shall only need the scalar
version.

Definition A.6.4. For two functions h, g in L1(—00,00), we define the convolution product

(hxg)(t) := / h(t — s)g(s)ds. (A7)
oo &

Note that if h and g have their support on [0, 00), then h * g also has its support on [0, c0),
and for ¢ > 0 the convolution product is given by

t

(h*g)(t) := /h(t — 8)g(s)ds. (A.8)

0

The following are very useful properties of the convolution product.
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Lemma A.6.5. For two functions h, g from R to C the following hold:
a. If h € L1(—00,), g € Ly(—00,00), then h* g € L,(—00,0) and

17 gllp < l[Rll2llglp (A.9)
for 1 < p < oo;
b. If h € L1([0,00)) and g € Ly([0,00)), then h* g € Ly([0,00)) and
17+ gllp < [Pl llgllp (A.10)
for 1 < p < oo;

c. If h and g are zero on (—00,0) and are Laplace transformable, then h * g is Laplace
transformable and
h* g = hg; (A.11)

d. If h and g are in Ly(—00,00) N La(—00,00), then
v
hx g= hg. (A.12)

Proof a. See theorem 53 of Bochner and Chandrasekharan [3].

b. This follows from part a by defining extended functions on (—o0, 00)

h(t) >0,
hAﬂ—{ g)tzo

and g, similarly. See also the remark made after definition A.6.4.
¢ and d. See theorems 10.2 and 31.3 of Doetsch [7]. -

The definition of the convolution product for real- or complex-valued functions as given in
definition A.6.4 can easily be extended to vector-valued functions, and similar results to those
given in Lemma A.6.5 hold.

Lemma A.6.6. Let Z; and Zy be separable Hilbert spaces, H € Py((—00,0); £L(Z1,Z2)), and
g € Ly((—00,0); Z1) for ap, 1 < p < co. The convolution product of H and g is defined by

(H *g)(t) := / H(t — s)g(s)ds. (A.13)

Furthermore, H * g € Ly((—00,00); Z2) and
I1H * gllp < [1H|[1llglp- (A.14)

Proof Let z € Z;. Consider the function in s defined by (z, H(t — s)g(s)). This function
is the same as (H*(t — s)z,g(s)), which is measurable by Lemma A.5.3. Furthermore, since
1H(t = s)g(s)|l < [[H(t — 9)|lllg(s)]l, we have that integral (A.13) is well defined; see Lemma
A.5.5. Now inequality (A.14) follows directly from Lemma A.6.5. -

Inequalities (A.9) and (A.10), together with the Cauchy-Schwarz inequality, are used fre-
quently in this book. Another useful inequality is given in the next lemma.
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Lemma A.6.7. Gronwall’s Lemma. Let a € L1(0,7), a(t) > 0. If for some 3 > 0 the

function z € Loo(0,T) satisfies
¢

20 <0+ [ als)a(s)ds,

0
then
t
z(t) < ﬁexp(/ a(s)ds).
0
Proof See the lemma on page 169 and problem 8 on page 178 of Hirsch and Smale [13]. [ |

A.6.2. Frequency-domain spaces

In the text we frequently make use of the following Lebesgue frequency-domain spaces (see
Appendix A.5).

Definition A.6.8. Let Z, U, and Y be separable Hilbert spaces. We define the following
frequency-domain spaces:

Peo((=g00,900); L(U,Y))
measurable for every v € U (A.15)
and y € Y and G is bounded almost
everywhere on (—joo, j00) };

Ly((—y00,500); Z) = {z:(—y00,900) = Z | (2, ) is
mo(zasurable for all z € Z and (A.16)
[ l2(w)[1%dw < oo} &

We remark that in the case that U and Y are finite-dimensional spaces, we may write

Loo((—g00, 700); L(U,Y)) instead of Puo((—j00,300); L(U,Y)); see also the remark after defi-
nition A.5.16.

From Lemma A.5.17 we deduce the following results.

Lemma A.6.9. If Z, U, and Y are separable Hilbert spaces, P ((—j00,j00); L(U,Y)) is a
Banach space under the Ps,-norm defined by

”GHOO = €SSSUP_ ncw<oo ”G(jw)HL(U,Y) (A17)

and Lo((—700,y00); Z) is a Hilbert space under the inner product

(21, 22)9 := % /<Zl(]W>,ZQ(]W)>ZdW. (A.18)

— 00

We remark that the inner product on La((—j00, j00); Z) differs by a constant from the inner
product defined in Lemma A.5.17. This is important in the theory of Fourier transforms, as can
be seen from equation (A.24).

If U and Y are finite-dimensional, then we have a more explicit expression for the P,,-norm.
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Lemma A.6.10. Let U and Y be finite-dimensional Hilbert spaces. The Py,-norm for the space
Poo((—900, j00); L(U,Y)) is given by

1G]lo = €58 5UP_ 40 <oy Tmax(G(Iw)) = €855UD_ o iy coo{ Anta (G(W) G(w))},  (A.19)

where omax and Amax denote the maximum singular value and eigenvalue, respectively (see
Example A.3.13).

Continuous functions in L ((—j00, 700); L(U,Y")) can be approximated by strictly proper ra-
tional ones. By a strictly proper rational matrix we mean a quotient of polynomials such that it
has the limit zero at infinity.

Lemma A.6.11. Let U and Y be finite-dimensional Hilbert spaces. If F € Loo((—700,300);
L(U,Y)) is continuous and
lim F(w) = lim F(w) =0,

w—00 w——00

then F' can be approximated in the L.,-norm by strictly proper rational matrices with no poles
on the imaginary axis.

Proof We reduce this to an equivalent problem on the unit circle, by introducing the bilinear
transformation : C — C defined by

1tz
1z

0(z) : for z € C\{1}.

It is easy to see that it maps the unit circle excluding the point 1 onto the imaginary axis.
Furthermore, it is easy to see that Fy(z) := F(6(z)) is bounded and continuous on the unit

circle except for the point 1. For the point 1, we have

lim Fy(z) = lim F(yw)=0.
|z|=1,2—1 d( ) wER,|w|—00 (J )
Hence F}; is continuous on the unit circle.
From the Weierstrass Theorem [22, theorem 7.26], we have that for every e > 0 there exists a
polynomial @, such that

‘sz |Fa(z) — Q(2)| < e.
z|=1

Since Fy(1) =0, |Q:(1)| < €. Defining P. := Q. — Q(1) gives P-(1) = 0 and

sup |Fy(z) — P:(2)] < 2e.
|z|=1

Now using the bilinear transformation again, we see that

sup |F(jw) — P-(07' (yw))| = ﬁlpl |[Fa(2) — P-(2)] < 2e.

The function P.(671(-)) is a rational function with no poles on the imaginary axis. Furthermore,
we have that
lim  P.(0'(w)) = lim P.(z)=0,

wER,|w|—00 |z|=1,z—1

and so P-(0~1(+)) is strictly proper. -

The following lemma enables us to reduce many properties of the vector-valued function space
L2(9; Z) to analogous ones of the scalar function space La ().
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Lemma A.6.12. Let Z be a separable Hilbert space with an orthonormal basis {e,,n > 1}.
For every f € Lo(S2, Z) there exists a sequence of functions f, € La(Q) such that

F&)=>" falt)en (A.20)
n=1

and

||f||%2(sz,z) = Z an”i(sz)- (A.21)
n=1

On the other hand, if {f,,n > 1} is a sequence of functions in Lo()) such that anHiz(Q)
n=1
< 00, then f defined by (A.20) is in Ly(2, Z) and (A.21) holds.

Proof For f € Ly(2,Z), it is easy to see that the function f, defined by f,(t) := (fn(t),en)
is in Ly(Q2). Furthermore, (A.20) holds, since {e,,n > 1} is an orthonormal basis for Z (see
definition A.2.33). The norm equality follows from this because

1o = [ 1O = [ 3 10
Q

Q n=1

since the summant is positive

3 / 1£uIPdt = 3 a2, 00
n=1

n=19

For the other assertion, define the sequence of functions g, := Y ;_, frex. It is easy to see
that g, € L2(Q2, Z), and furthermore, for N > n,

N
low = gullZuizy = D Ifeliae)-
k=n+1
Since > po, ||fk|\%2(ﬂ) < oo, this implies that g, is a Cauchy sequence in Lo(Q, Z). Thus g,
converges, and now it is easy to show that (A.21) holds. -

We are interested in the relationships between the frequency-domain spaces Lo ((—j00, j00); Z)
and P ((—700,900); L(U,Y)) defined in definition A.6.8 and their time-domain counterparts
La((—00,00); Z) and Puo((—00,00); L(U,Y)), respectively (see Appendix A.5).

Theorem A.6.13. The frequency-domain space Lo((—700,j00); Z) is isomorphic to the time-
domain space L((—00,00); Z) via the Fourier transform. So the Fourier transform gives an
isometry from La((—00,00); Z) to La((—jo0, y00); Z). If h is the Fourier transform of h, then h
can be recovered via the inversion formula
o0
1 .
h(t) = 5 /ej‘”th(jw)dw. (A.22)
v
— 00
From the isometry we know that the norms are equivalent, and this equivalence is usually known
as Parseval’s equality

[ inolde= o= [ 1) Bde. (A23)
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In addition, for h, g € La((—00,0); Z),

[ gz = o [ (i) gz (A24)

So (h,g) = (h,§)2, where the first inner product is defined in Lemma A.5.17 and the second in
Lemma A.6.9.

Proof a. First we have to show that we can extend the Fourier transform to functions in
Ly(—00,0); Z). Let h € L1((—00,0); Z) N La((—00,00); Z) and let {e,,n > 1} be an orthonor-
mal basis of Z. From (A.5) it is easy to see that

() = (Rl0), ) = (B, en) ().

Furthermore, we know from Rudin [24, theorem 9.13] that

/|<h,en>(t)|2dt:% / Vo (00 2o

— 00

So with Lemma A.6.12 we see that i € La((—700, 700); Z) and (A.23) holds. This implies that
we can extend the definition of the Fourier transform to functions in Lo ((—00,00); Z) and that
equality (A.23) still holds.

So we have established that the Fourier transform maps the time-domain space
Lo((—00,00); Z) isometrically into the frequency-domain space Lo((—700,900); Z). It remains
to show that this mapping is onto, and that inversion formula (A.22) holds.

b. As in part a, one can show that for h € L ((—700,700); Z) N La((—700, 300); Z) the mapping

oo

. 1 .
Oh — — / e h(w)dw
2T
is well defined and that
i 2 1 i 2
| (®R) ()||Zdt = o= [ Ih(w)llzdw.

So this mapping can be extended to hold for all A € Ly((—700,J00); Z). Furthermore, we know
from Rudin [24, theorem 913] that ® is the inverse Fourier transform for functions of the form
hpen. Since, ® is linear this implies that ® is the inverse of the Fourier transform for all #. Thus
the Fourier transform is an isometry between the time- and frequency-domain Lg spaces.
Equality (A.24) follows from (A.23) and property d. after definition A.2.24. -

A.6.3. The Hardy spaces

In this subsection, we consider some special classes of frequency-domain functions that are holo-
morphic on the open half-plane.

Good general references for this section are Kawata [15] and Helson [11] for the scalar case
and Thomas [26] and Rosenblum and Rovnyak [21] for the vector-valued case.
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Definition A.6.14. For a Banach space X and a separable Hilbert space Z we define the
following Hardy spaces:

Ho(X) = {G:C{§ — X |G is holomorphic, and sup |[|G(s)]| < ooy ;
Re(s)>0
Hy(Z) = f:C§ — Z| f is holomorphic; and
1 oo
1918 = sup(r [ ¢+ po)lPe) < oo p (A.25)
¢>0 7T7 *

When the Banach space X or the Hilbert space Z equals C, we shall use the notation H,
and Hy for Ho(C) and Hy(C), respectively. In most of the literature, Hardy spaces on the disc
are usually treated; see, for example, Rosenblum and Rovnyak [21]. The following lemma shows
this is equivalent to considering Hardy spaces on the open right half-plane.

Lemma A.6.15. Denote by 0 the bilinear transformation 6(z) = 1£2. A function G is an

element of Hoo (X) if and only if fof is holomorphic and bounded on the unit disc D. Furthermore,
sup [|G(s)]| = Slelgl\GW(Z))ll-

SECJ

Lemma A.6.16. If X is a Banach space, then H,(X) from definition A.6.14 is a Banach space
under the H,,-norm
IGlloc :=_sup[G(5)]1x- (A.26)

e(s)>

Proof Combine Lemma A.6.16 with theorem D of Rosenblum and Rovnyak [21, section 4.7]. g

We now collect several important results in the following lemma.

Lemma A.6.17. The following are important properties of Hoo(L(U,Y)), where U, Y are sep-
arable Hilbert spaces:

a. For every F € Ho(L(U,Y)) there exists a unique function F € Pa((—700, j00); L(U,Y))
such that

h?& F(z + jw)u = F(jw)u for all w € U and almost all w € R

(i.e., F € Hoo(L(U,Y)) has a well defined extension to the boundary);

b. The mapping F +— F is linear, injective and norm preserving, i.e.,

sup [|F(s)|| cv.yy = esssupyep | F (0wl 2wy
Re(s)>0

(we identify F € Hy(L(U,Y) with its boundary function F € Pa((—7j00,j00); L(U,Y))
and we can regard Ho (L(U,Y)) as a closed subspace of Ps((—j00, j00); L(U,Y)));

c. Identifying F with F, the following holds:

sup ||[F(s)llcw,y) = esssupgeg [|[F(9w)|l o,y < oo
Re(s)>0
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Proof Combine Lemma A.6.15 with theorems A of sections 4.6 and 4.7 of Rosenblum and
Rovnyak [21]. -

We remark that Rosenblum and Rovnyak [21] use L* for P.. In general, the boundary
function F' will not have the property that F' is uniformly measurable in the £(U,Y’) topology;
see Rosenblum and Rovnyak [21, exercise 1 of chapter 4] or Thomas [26].

Lemma A.6.18. H(Z) is a Banach space under the Hz-norm defined by (A.25), and the fol-
lowing important properties hold:

a. For each f € Hy(Z) there exists a unique function f € Ly((—7j00,j00); Z) such that

h?& [+ gw) = fw) for almost all w € R

and -
lxi?(} (@4 ) = FOLa((=s00,100):2) = 05

b. The mapping [ — f is linear, injective, and norm preserving.
(we identify the function f € Hy(Z) with its boundary function f € Lo((—j00, j00);Z) and
regard Ho(Z) as a closed subspace of La((—j00, 300);7));

¢. For any f € Ho(Z) and any « > 0 we have that

lim sup  |f(s)] ] =0 (A.27)

p—o0 —
s€CL; |s|>p

(sometimes the terminology f(s) — 0 as |s| — oo in clis used).

Proof a and b. The proof for the scalar case as given by Kawata [15, theorem 6.5.1] is based on
Theorem A.6.13. Since this theorem holds for vector-valued function as well, the proof of parts
a and b is similar to that for the scalar case.

c. See Hille and Phillips [12, theorem 6.4.2]. -

We remark that in general part c¢ is not true for a = 0. From this lemma we deduce the
following result.

Corollary A.6.19. If Z is a separable Hilbert space, then H2(Z) is a Hilbert space under the

inner product
o0

(f.g) =~ / (F (), 9() o,

:271'

oo 'Y

Hy(Z) is a very special Hilbert space, as is apparent from the following lemma and the Paley-
Wiener theorem.

Lemma A.6.20. Let Z be a separable Hilbert space and let f € Hs(Z) be different from the
zero function. Then f is nonzero almost everywhere on the imaginary axis.

Proof Suppose that there is a subset V' of the imaginary axis with positive measure such that
f is zero on this set. Then for every z € Z, we have that (f,z) € Hy and it is zero on V. This

implies that
[ a0 91, _

N e 00.
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A.6. Frequency-domain spaces

By Theorem 6.6.1 of Kawata [15] this can only happen if (f, z) is the zero function. Since z € Z
was arbitrary, this would imply that f = 0. This is in contradiction to our assumption, and so
the set V' cannot have positive measure. m

Theorem A.6.21. Paley-Wiener Theorem. If Z is a separable Hilbert space, then under
the Laplace transform Ly(]0,00); Z) is isomorphic to Hz(Z) and it preserves the inner products.

Proof See Thomas [26]. -
An important consequence is the orthogonal decomposition of Lo ((—j00, j00); Z).
Theorem A.6.22. The following holds:
Ly((—j00, j00); Z) = Ha(Z) & Ha(Z)",
where Ho(Z)* is the orthogonal complement in La((—j00,300); Z) of Ha(Z) as in definition
A.2.30. Hy(Z)t is given by

Hy(Z)* =< f:Cy — Z| f is holomorphic, and

1 o0
1£13 = igﬁg(%/ 1£(C+ gw)|*dw) < 00 ¢ . (A.28)
Proof It is easy to see that
La((—00,00); Z) = L2((0,00); Z) & La((—00,0); Z) (A.29)

and that Ly((0,00); Z)* = La((—00,0); Z). Applying the Fourier transform to (A.29) and ap-
pealing to Theorems A.6.13 and A.6.21, we obtain that

Lo((—j00,900); Z) = Ha(Z) ® F (L2((0,00); Z) ™) .

By Parseval’s equality (A.24) we have that F (L2((0,00); Z2)*) = Ha(Z)*. So it remains to show
equality (A.25).

For h € L2((0,00); Z)* = La((—00,0); Z) it is easy to see that the two-sided Laplace transform
of h satisfies

h(s) = ﬁ:(—s) for s € Cy,

where h_(t) := h(—t) and h_ denotes the one-sided Laplace transform of h_. Now h_ is an
element of L3((0,00); Z) and thus by the Paley-Wiener Theorem A.6.21 f?:(—s) is an element of
the space defined in (A.28). On the other hand, if f is an element of the reflected Hy(Z) space
defined in (A.28), then f(—s) is an element of Hy(Z). Thus by Theorem A.6.21 f(—s) = f/L:(s)
for some h_ € L2((0,00); Z). Defining h(t) := h_(—t), it is easy to see that h € L((—0o0,0); Z)
and that h(s) = f(s) for s € Cj. u

Another consequence of the Paley-Wiener Theorem is the following corollary.

Corollary A.6.23. If f(-+ ) is in Hy(Z) for some real (3, then there exists a function h : RT —
Z such that e # h(-) € Ly([0,00); Z) and h(s) = f(s) almost everywhere. [ )
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Proof By Theorem A.6.21 f3(-) := f(- 4+ 3) € H2(Z) is the image under the Laplace transform
of a z € Ly([0,00); Z), 2(s) = fz(s). Thus from (A.4) we have that h(t) = e’'z(t) satisfies

h(s) = f(s)- n

It is often important to know when a function in Hu,(Z) corresponds to a Laplace-transformable
function. In general, it will only correspond to a distribution; for example, e~*® corresponds to
the delta distribution centred at a, §(t — «). In this direction we have the following result from
Mossaheb [18]; it is a direct consequence of Theorem A.6.21.

Lemma A.6.24. Let g be a holomorphic function on C} such that sg(s) is bounded on C}.
Then for any ¢ > 0 there exists an h such that g = h on Cl,., and [ e~ (@9 p(t)|dt < oo.
0

Other sufficient conditions for a holomorphic function to be the Laplace transform of a function
in L1(0,00) can be found in Gripenberg, Londen, and Staffans [10].

The Paley-Wiener Theorem A.6.21 gives a complete characterization of all functions with
Laplace transforms in Hy(Z). The following theorem gives a complete characterization in the
frequency domain of all Ls([0, 00); Z) functions with compact support. This result is also called
the Paley-Wiener Theorem.

Theorem A.6.25. Paley-Wiener Theorem. If h € L3([0,00); Z) has the Laplace transform
h, then necessary and sufficient conditions for h to be zero almost everywhere on (tg,c0) are

a. h is an entire function,
b. h e Hy(Z), and

c. |h(—z+ )| < Ceto® for x> 0.

Proof Necessity: By the Cauchy-Schwarz inequality (A.1) we see that

to

to to
Jlenlar< | [ emecrar [ nio)ae
0 0

0

IN

|y/e*“h@yﬁn
0

e—2Re(s)to _ L
Te(s)” | 22((0,00):2)-
So e Pth(t) € Li(]0,00); Z) for all B € R, and by Property A.6.2.a, h is holomorphic on every
(C'B". In other words, & is entire. Furthermore, we see that for Re(s) < 0, the inequality as stated
in ¢ holds. Part b follows directly from Theorem A.6.21.
Sufficiency: From part b and Theorem A.6.21 we know that h is the Laplace transform of an
L2([0,00); Z) function. Thus it remains to prove that it is zero on (tg,00). For z € Z consider

the scalar function h, := <fL, z). This clearly satisfies a, b, and ¢ with H2(Z) replaced by Ha.
Now by Theorem 19.3 of Rudin [24] it follows that h, is zero almost everywhere on (o, 00). Since
h. = (h, z) and Z is separable, we obtain that h is zero almost everywhere on (g, 00). -

The following theorem gives a characterization of bounded operators between frequency-
domain spaces.

Theorem A.6.26. Suppose that U and Y are separable Hilbert spaces.
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a. If F € Py ((—300,300); L(U,Y)) and u € La((—700,700);U), then Fu € La((—700,700);
Y). Moreover, the multiplication map Ar : u — Fu defines a bounded linear operator
from L((—j00,700); U) to La((—jo0,700);Y), and

”AFu”Lz((—]oo,joo);Y) < HF”OOHUHLQ((—]oo,]oo);U)a

where || - ||co denotes the norm on Puo((—700, 700); L(U,Y)). In fact,

|Ap| = sup |A Pl £y ((—j00,500):7)
uz0 Ul Lo((—g00,500):0)

= [|Floo-

b. If F € Hoo(L(U,Y)) and u € Ho(U), then Fu € Ho(Y'). Moreover, the multiplication map
Ap :u— Fu defines a bounded linear operator from Hy(U) to Hy(Y'), and

[AFull vy < I loollull my @)
where || - ||oo denotes the norm on Hoo(L(U,Y)). In fact,
A
wr0 vl )
¢. F € Py((—700,700); LU, Y)) is in Hoo (L(U,Y)) if and only if ApHa(U) C Hao(Y).

Proof a. See Thomas [26].

b. Tt is easy to show that for F' € Hy(L(U,Y)) the first inequality holds. So ||Ar|| < ||F|le- To
prove the other inequality, let A € C{, yo € Y and f € H,. Consider

= [[Flco-

<f7A;"SszA>H2 = <AFf7 +A>
_ 1 i Yo
= 5 | (FOw)fw), jw+A>de
= 5 [ FG10) )y e

= —20{FNfN),v0)y by Cauchy’s Theorem A.1.8
= —{fN), F(N)"yo)y

= 2w PR o)y —

27 Jw—A

dw

using Cauchy’s Theorem A.1.8 again

= (LFQ) 5)m

Since the above equality holds for every f € Ha, we have that

A}s?fx N F(X)*s?fx
This implies that ||A%] > || F*||, and Lemma A.3.60 concludes the proof.
c. See Thomas [26]. -
The proof of part b was communicated by George Weiss.

These frequency-domain operators have time-domain counterparts that are isometrically iso-
morphic under the Fourier or Laplace transform; see, for example, Thomas [26, section 5].
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Theorem A.6.27. Suppose that U and Y are separable Hilbert spaces.

a. Toevery F € Py ((—700,700); L(U,Y)) there corresponds a unique shift-invariant, bounded
linear operator F from La((—00,00);U) to La((—o00,00);U). Moreover, F and F are iso-
metrically isomorphic via the Fourier transform

§(w) = (Fu)(w) = F(w)a(w),
which holds for every u € La((—00,0);U).
b. Moreover, we have in part a that F' € Ho(L(U,Y)) if and only if

F € L(Lx([0,00); U), L2([0, 00); Y)).
Theorem A.6.28. Suppose that Q is a bounded, shift-invariant, linear operator from La(—j00, 700)

to itself; i.e.,
Q (e f() =" Qf().
Then there exists a function q € Lo (—700, 700) such that (Qf) (jw) = q(w) f (yw).

Proof See theorem 72 of Bochner and Chandrasekharan [3].
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uniformly, 137 inverse, 189
continuous on D(F’), 134 Fréchet derivative, 180
contour Fubini’s theorem, 179
closed, 118 functional, 132
positively oriented, 119
simple, 118 Gronwall’s lemma, 187
contraction mapping theorem, 133 group
contraction semigroup, 25 Co, 21
convergence strongly continuous, 21
strong, 137 unitary, 25
uniform, 137 growth bound, 35
weak, 144
curve Hahn-Banach theorem, 140
closed, 118 Hamiltonian, 14
rectifiable, 118 Hardy space, 191
simple, 118 heat conduction, 6, 105
Cp-semigroup, 21 Holder inequality, 142
growth bound, 35 homotopic, 122
measurable, 173
ind(g), 121
derivative index, see Nyquist index
Fréchet, 180 infinitesimal generator, 24
differentiable integral
strongly, 181 Bochner, 173
uniformly, 181 complex, 119
weakly, 182 Lebesgue, 172
differential, see Fréchet differential Pettis, 175
Dirac structure, 12 invariant
domain, 24 shift, 196
complex, 117 inverse
of an operator, 133 algebraic, 134
bounded, 160
effort, 12 inverse Fourier transform, 189
effort space, 12 inviscid Burgers’s equation, 10
eigenfunction, see eigenvector isolated eigenvalue, 161
eigenvalue isomorphic
isolated, 161 isometrically, 125
multiplicity, 161 topologically, 125
order, 161
eigenvector ker, 134
generalized, 161
Euler-Bernoulli beam, 4 Laplace transform
exponential solution, 62 two-sided, 185
exponentially stable, 93 Lebesgue-dominated convergence theorem, 178
linear, 62
feed-through, 77 linear functional
flow, 12 bounded, 139
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linear space, see linear vector space
normed, 124
Liouville’s theorem, 118

measurable

of semigroups, 173

strong, 172

uniform, 172

weak, 172
mild solution, 45

boundary control system, 48
multiplicity

algebraic, 161

nonzero limit at oo in (C(J)r, 121
norm
equivalent, 125
induced by inner product, 127
operator, 134
Nyquist plot, 69
Nyquist theorem, 121

open mapping theorem, 138
operator
adjoint
bounded, 152
unbounded, 154
algebraic inverse, 134
bounded, 134
closed, 146
coercive, 157
compact, 138
dual
bounded, 145
unbounded, 149
finite rank, 134
inverse, 134, 160
linear, 133
nonnegative, 157
norm, 134
positive, 157
self-adjoint, 156
square root, 157
symmetric, 156
unbounded, 146
order
of a pole, 119
of a zero, 118
orthogonal projection, 158
orthogonal projection lemma, 158

Index

Paley-Wiener theorem, 193, 194
poles, 119

positive real, 69

power, 12

power product, 12

principle of the argument, 120

ran, 134

Rayleigh beam equation, 4
regular, 77

Riemann-Lebesgue lemma, 185
Riesz representation theorem, 149
Rouché’s theorem, 118

self-adjoint

spectrum, 165
semigroup

Cop, 21

contraction, 25

strongly continuous, 20
set

bounded, 125

closed, 125

compact, 125

dense, 125

maximal, 130

open, 125

orthogonal, 130

relatively compact, 125
Sobolev space, 24
solution, 25, 45

classical, 44

boundary control system, 47
exponential, 62
mild, 45
boundary control systems, 48

spectrum

continuous, 161

point, 161

residual, 161
stable

exponentially, 93

strongly, 93
state, 21
state space, 21, 26
strong convergence, 137
strongly continuous group, 21
strongly continuous semigroup, 20
strongly measurable, 172
strongly stable, 93
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suspension system, 16
system
general, 62

time-invariant, 62
Timoshenko beam, 4
topological dual space, 140
transfer function, 62
regular, 77
transfer function at s, 62
transmission line, 1, 102
transport equation
controlled, 43

uniform boundedefinitioness theorem, 138
uniformly measurable, 172

uniqueness of the Laplace transform, 184
unitary group, 25

variation of constant formula, 44
vector space

complex, 123

linear, 123

real, 123
vibrating string, 3

weak convergence, 144
weakly measurable, 172
well-posed, 75
well-posedness, 73

zero, 118
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